





















































































Pythagorean triples

x ty Z x yize 2 7

Euclid's formula

x z Given money
x m m

y 2mn

Y Z m n

is a Pythagorean triple
In fact all
Pythagorean triples Can be shown using unique

can be obtained in factorization in the
Gaussian integers 21 ithis way up to scaling
























































































Fermat's Last Theorem
1634
























































































Fermat's Last Theorem
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Fermat's Last Theorem

"It is impossible for a cube to be 
the sum of two cubes, a fourth 
power to be the sum of two fourth 
powers, or in general for any 
number that is a power greater 
than the second to be the sum of 
two like powers. I have discovered 
a truly marvelous demonstration 
of this proposition that this 
margin is too narrow to contain."



Themethodof infinite descent

24 y
4 z edit rel prime

y event
mane 212 sit

x m n y 2mn z m4n
1

x n m is a Pythagoreantriple
I

page 217 s t

x p2q n 2pq m p q
I

Y 4pq p q Pp E

a 64 c

But C cEm z



Sophie Germain
1776 18317 p 2 odd prime

xp yr ZP 09,812 rel prime

Sophie Germain's theorem

Suppose there is an auxiliary prime
q s t a There is no integer m sit

M Mtt are both p th
powers modulo q

f x p mud a has no solns

Then
p divides one of x y z

SophieGermain primes p sit 2ptl is prime
In this case 2ptl is an auxiliary fire



Ernst Kummer
1810 1893

Kummer's Theuren 1850

FLT holds for regulars
primes

Expectation
About 60.65 of

primes are regular

Example
The only irregular primes
4100 are
37 59 67



Mordellconjecture Faltings theorem
1983

For any n 3 there are

only finitely many integer
solutions to the Fermat

equation
Louis Mordell OCH y Zn
1888 1972

Finitely man

integersolute

n e s

Gerd Faltings topology Arithmetic

1954



The Frey Hellegonarch Curve
1975 1982 p old prime
suppose that
AP up CP a h c rel

prime
is a non trivial solution to

the Fermat equation
GerhardFrey Then the equation
1944

y x x a ortho

has very interesting
geometric properties

It is a
if b is even semi stable

Yves Hellegonarsh a 3 mod 4 ellipticcurve
1936 2022 Tver IQ



The trichotomy of cubic equations

y x or A 01 B

921

Elliptic curve Nodal cutic cuspidalcutis

OIA BIO O A B A B 0

Δ A B CA B Emnft ftp.t.hr



Back to the Frey curve

y x for ar Ditto ar hr CP

If we view at t as rational numbers
then we get an elliptic curve over Q

Disciminant

a
P L P c p

The discriminant is
a geometric invariant

but it is keeping
track of arithmetic
information



semi stability of the Frey curve

But we can also view attic as integers

modulo l for any prime l

i.e as elements of 2104

In this case the conditions on a b c

tell us that we obtain An elliptic curve
Ntt A mode ela if exate

W mode ell A nodal critic
or f mode I C otherwise

This is telling us that the Frey Hellesonarch
curve is semistable of conductor ate



Shimura Taniyama modularity

GoroShimura YutakaTaniyama

1930 2019 1927 1958

Conjecture Every elliptic curve over
1950s

Q with conductor is

modular of level BCN



cuspidal
Modular forms
of wt 2 level to Ins

f 1H I sit

i f is complex diffille or holomorphic
i 4 EPOCH ICE

weightz1H REQ Retro f Ef cared f e levelPolm

Poh
ii flat Eyanetine cuspidal

condition

a I modularity An elliptic curve

y self A b B is
P.CN a moduler ffcetotstsa.ttprimer lKate

1 7 Ae of solns to G in 21 121

modularmodp if It sit for almost
all I

1 1 are of subs to G in2112 mod p



S T conjecture FLT

1986

Theorem

If the Taniyama Shimura
conjecture holds for

Barry Mazur Imitable elliptic curves Q
1937 7 then

arty CP semistable Freycurve
of discriminant aWc

HEIKEcuspidalmodular formof
weight 2 level Po 2 Itching cuspided modularform

of weight2
Ken Ribet 14h level to atc

1948 7 Doesn't exist



Hopeless

John Coates

a

impossible to 
actually prove

completely 
inaccessible



Wills Taylor Wills

RichardTaylor
1962 7

Theorem
1994 95

The Taniyama Shimura
Andrew Wills conjecture holds
1953 for semistable elliptic

curves over Q



Modularity lifting

theorem suppose that E is

Wiles a semistate elliptic curve y

sit for some prime 1 2

i E is modular mud l

Ii E is absolutely irreducible
mude

Then E is modular

We still need a

starting point



Langlands Tunnell

Jerry Tunnell Robert Langlands
1950 2022 1936

Theorem Suppose that E is absolutely
irreducible mod 3 Then E

ism
p

mod 3



Wills's strategy

E Q semistable elliptic curve

Want to show it's modular

A k rd

Yes mud 5

L
Theoren If E is ats irred

Tunnell mud 5 another
in 5 stable ell curve E a

lifting sit i E 2 12 E 2119217 mod 5

for almost all l
i E is ats ined mod 3

E is
modular E modula Iid mismar


