
PERFECT F -GAUGES AND FINITE FLAT GROUP SCHEMES

KEERTHI MADAPUSI AND SHUBHODIP MONDAL

Abstract. We show an equivalence of categories, over general p-adic bases, between finite locally pn-torsion com-
mutative group schemes and Z/pnZ-modules in perfect F -gauges of Tor amplitude [−1, 0] with Hodge-Tate weights
0, 1. By relating fppf cohomology of group schemes and syntomic cohomology of F -gauges, we deduce some con-
sequences: These include the representability of relative fppf cohomology of finite flat group schemes under proper
smooth maps of p-adic formal schemes, as well as a reproof of a purity result of Česnavičius-Scholze. We also give
a general criterion for a classification in terms of objects closely related to Zink’s windows over frames and Lau’s
divided Dieudonné crystals, and we use this to recover several known classifications, and also give some new ones.
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1. Introduction

The goal of this article is to give a classification of finite flat group schemes over general p-adic formal bases, as
well as to give some applications of this classification.

1.1. Classification by perfect F -gauges. To state our first main result, we need the p-adic cohomological stacks
that arose in recent work of Bhatt-Lurie [10, 11, 8] and Drinfeld [19]. These authors have shown that one can
associate with every p-adic formal scheme X a p-adic formal stack1 Xsyn, its syntomification, whose coherent
cohomology computes the p-adic syntomic cohomology of X. If X = Spf R is affine, we will also denote this by
Rsyn.2 Perfect complexes on this stack and its mod-pn fibers—which are examples of objects known as F -gauges
over X—have a naturally defined subset of integers associated with them, which are called the Hodge-Tate weights.
We prove:

Theorem A (Theorem 7.1.1). Suppose that X is a p-adic formal scheme. Let FFG(X) be the category of finite
locally free p-power torsion commutative group schemes over X, and let Psyn

{0,1}(X) be the category of perfect 3 F -
gauges over X with Hodge-Tate weights in {0, 1}, with Tor amplitude in [−1, 0], and with cohomology sheaves killed

1This is actually a derived formal stack that is in general not a classical object. We will attempt to ignore this fact in this introduction.
2We have adopted this notation from the lecture notes of Bhatt [8] and it is also employed in [23].
3Here perfect means dualizable object in the category of F -gauges.
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by a power of p.4 Then there is a canonical (covariant) exact equivalence of categories

G : Psyn
{0,1}(X)

≃−→ FFG(X)

compatible with Cartier duality.5

Remark 1.1.1. The category Psyn
{0,1}(X) admits an alternate description that does not require the introduction of

the syntomification of p-adic formal schemes, but only the absolute prismatization as described in [10], or even just
the absolute prismatic cohomology of semiperfectoid rings. The reader interested mainly in this and more concrete
classifications can skip ahead to § 1.2 and § 1.3 below, where they will also find a discussion of some already known
classifications and their connection with the work here.

Remark 1.1.2. The compatibility with Cartier duality takes the following shape (cf. [43, Proposition 3.87]): There
is a canonical object Osyn{1}, called the Breuil-Kisin twist, that is a line bundle F -gauge over X. By our conventions
in the current paper, the Hodge-Tate weight of Osyn{1} is 1. We can tensor Osyn{1} with any perfect complex
M over Xsyn to obtain the twist M{1}. If M belongs to Psyn

{0,1}(X), then so does M∨[1]{1}, and we now have a
canonical isomorphism of finite flat group schemes

G(M∨[1]{1}) ≃−→ G(M)∗,

where the right hand side is the Cartier dual of G(M).

Remark 1.1.3. The functor G is given by truncated syntomic cohomology: Given M ∈ Psyn
{0,1}(X) and any map

SpecR → X with R p-nilpotent, the values of G(M) on R are given by τ≤0RΓ(Rsyn,M|Rsyn). As such, it is
completely canonical, compatible with arbitrary base-change and satisfies quasisyntomic (and in fact fpqc) descent.

Remark 1.1.4. When X is p-quasisyntomic, the inverse of the functor G is given by the functor that sends
G ∈ FFG(X) to M(G∗) {1}, where the F -gauge M is constructed using Nygaard filtered prismatic cohomology of
the (higher) classifying stack B2G as in [43]. Note that M is equivalent to the classical contravariant Dieudonné
module of G over a perfect field (cf. [42]). While we do not give an explicit description of the inverse of G over
a general base X, it could be seen as a moduli theoretic extension of the functor M (see the discussion before
Theorem K).

Remark 1.1.5. The theorem above generalizes and refines our previous results in [23] and [43], in different direc-
tions. The first cited reference proves Theorem A, but only for n-truncated Barsotti-Tate groups (for some n ≥ 1)
over X, matching them up with mod-pn vector bundle F -gauges in Psyn

{0,1}(X).6 In the second reference, one finds
an equivalence of FFG(X) with a certain full subcategory of Psyn

{0,1}(X), but only for X that are p-quasisyntomic.

We also show that the classification in Theorem A is compatible with various cohomological realizations on either
side. As a particular instance, we have

Theorem B (Syntomic cohomology and fppf cohomology, Proposition 8.1.1). Suppose that we haveM∈ Psyn
{0,1}(X)

with G = G(M). Then there is a canonical isomorphism

RΓfppf(X,G)
≃−→ RΓ(Xsyn,M).

A variant of the above theorem for cohomology of G in the quasisyntomic topology was proven in [43, Propo-
sition 3.84]. As a consequence of Theorem B, and general representability results from [23] for the cohomology
of F -gauges with Hodge-Tate weights bounded by 1, we obtain the following generalization of a result of Bragg-
Olsson [12, Theorem 1.8]:

4See §7 in the body of the paper for the precise definition of this category.
5In the body of the paper, we only state results for p-adic formal affine schemes X = Spf R. However, since our constructions and

statements will satisfy fpqc and in particular Zariski descent, they globalize immediately to the case of p-adic formal schemes, and in
fact to p-adic formal algebraic stacks.

6The exactness of the equivalence was not addressed in loc. cit. however. This is the content of § 5 of this article.
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Theorem C (Representability of relative fppf cohomology, Theorem 8.2.1). Let π : X → S be a proper smooth
map of p-adic formal algebraic spaces, and that G ∈ FFG(X). If Rifppfπ∗G is represented by a flat formal algebraic
space over S for all i < n, then Rnfppfπ∗G is also represented by a finitely presented formal algebraic space over S.

Remark 1.1.6. Suppose that G = lµ.. p. In this special case, the cited result of Bragg-Olsson already proves the
theorem when X and S are schemes of finite type over a field. But in the generality here, even this case appears to
be new. Here, it says that R1π∗lµ.. p is represented by a finitely presented formal algebraic space over S (which can
also be deduced from the theory of the Picard scheme), and that, when this algebraic space is also flat over S, then
R2π∗lµ.. p is also representable.

We can also use Theorem B and an idea of Bhatt-Lurie in [10, Corollary 8.5.7] to recover the following (special
case of a) result of Česnavičius-Scholze [15, Theorem 7.1.2]:

Theorem D (Česnavičius-Scholze purity theorem, Corollary 8.3.7). Let X be a qcqs scheme and let Z ⊂ X(p=0) be
a constructible closed subset such that, for all z ∈ Z, OX,z is a local complete intersection ring of dimension ≥ d.
Then, if G is a finite locally free p-power torsion group scheme over X, the map

Hi
fppf(X,G)→ Hi

fppf(X\Z,G)

is injective for i < d and an isomorphism for i < d− 1.

1.2. Classification by divided Dieudonné complexes. The classification in terms of F -gauges, while powerful
in its generality, might appear somewhat abstract. In Section 9, we deduce several more explicit classifications that
recover known ones and also yield some new examples.

First, under some weak finiteness conditions, we extract from Theorem A a somewhat less abstract classification
that is very close to those found in [2] and [33]. To explain this, let ∆−,cl be the sheaf of rings S 7→ H0(∆S)sep
on the site Rqsyn of quasisyntomic semiperfectoid R-algebras S, equipped with the quasisyntomic topology. This
assigns to each S the classically complete quotient of the classical truncation of its initial prism. For instance, if
S is a semiperfect Fp-algebra, then ∆S,cl is simply the classical p-adically completed divided power envelope of the
surjection W (S♭)→ S, usually denoted Acrys(S). There is a natural map ∆−,cl → O, where O is the structure sheaf
S 7→ S. There is also a lift of the mod-p Frobenius φ : ∆−,cl → ∆−,cl. Moreover, ∆−,cl admits a canonical generalized
Cartier divisor I−,cl → ∆−,cl arising from the prism structure with (derived) quotient ∆−,cl. The precomposition of
the quotient map with the Frobenius lift factors through a map O → ∆−,cl

The following objects can be used to classify p-divisible groups under some conditions:

Definition 1.2.1 (Prismatic divided Dieudonné modules). Let DDC
[0,0]
∆cl

(R) be the category of tuples

(M−
ΨM−−→ φ∗M−,Fil

0
Hdg M ⊂M, ξ)

where:
(1) M− is a (quasicoherent) vector bundle over ∆−,cl of finite rank;
(2) M is the finite locally free R-module corresponding to the base-change of M− along ∆−,cl → O and

Fil0Hdg M ⊂M is a local direct summand;
(3) ΨM : M− → φ∗M− is a map of ∆−,cl-modules whose cofiber is equipped with an isomorphism ξ to

∆−,cl ⊗R gr−1
Hdg M where gr−1

Hdg M = M/Fil0Hdg M .

Remark 1.2.2. One can alternately define the category DDC
[0,0]
∆cl

(R) using the approach taken in [33], as a category
of windows over a sheaf theoretic frame with underlying sheaf of rings ∆−,cl. The reader can extrapolate this from
Remark 9.2.10. We have chosen the presentation here because it is the one that generalizes most easily when one
wants to classify finite flat group schemes.

Remark 1.2.3. The usual convention would have been to consider effective objects equipped with φ-semilinear
endomorphisms rather than a map ΨM as above. The reason for our choice here is that it is the sort of structure
that arises naturally when considering F -gauges of Hodge-Tate weights 0, 1. It might also be worth emphasizing
once again here that the equivalences of categories we construct in this paper are naturally covariant.
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To classify finite flat group schemes, we need to consider perfect complexes.

Definition 1.2.4 (Prismatic divided Dieudonné complexes). Let ModZ/pnZ(DDC
[−1,0]
∆cl

(R)) be the category of tuples

(M−
ΨM−−→ φ∗M−,Fil

0
Hdg M →M, ξ)

where:
(1) M− is a (quasicoherent) perfect complex over ∆−,cl with Tor amplitude [−1, 0] and with cohomology killed

by pn;
(2) M is the perfect complex over R corresponding to the base-change ofM− along ∆−,cl → O and Fil0Hdg M →

M is a map of perfect complexes with Tor amplitude in [−1, 0] and whose cofiber gr−1
Hdg M also has Tor

amplitude in [−1, 0];
(3) ΨM :M− → φ∗M− is a map of complexes over ∆−,cl whose cofiber is equipped with an isomorphism ξ to

∆−,cl ⊗R gr−1
Hdg M .

Theorem E (Classification in terms of divided Dieudonné complexes, Theorem 9.9.7). Suppose that one of the
following holds:

(1) R is p-quasisyntomic.
(2) R/pR is F -finite and F -nilpotent [33].

Then there is a canonical exact equivalence of categories

FFGn(R)
≃−→ ModZ/pnZ(DDC

[−1,0]
∆cl

(R))

and also an equivalence of categories
BT(R)

≃−→ DDC
[0,0]
∆cl

(R).

Remark 1.2.5. Via the translation to the language of windows and frames, as explained in Remark 1.2.2, the
presentation can be brought closer to that found in [33] or [2]. Indeed, in case (1), the second assertion of the
theorem is simply a reinterpretation of the main result of [2]; see Remark 9.2.12. In case (2), we are obtaining a
generalization of the main result of [33], which deals with the case where R is an Fp-algebra.

Remark 1.2.6. The proof of the theorem involves first proving a more general version that works for all R but
uses the untruncated derived absolute prismatic cohomology sheaf ∆−, in the guise of the (derived) prismatization
R∆. We then make crucial use of a construction of Lau from [33] to show that the classical prismatization already
does the job under further finiteness hypotheses.

1.3. Some concrete classifications. A substantial chunk of this paper is devoted to the proof of results leading
up to Theorem E as well as some more explicit classifications. To give some further instances of the latter, we need
another definition. This expands on the notion of Breuil windows, which was introduced in [46], following the work
of Breuil [13] and Kisin [31].

Definition 1.3.1 (A generalization of Breuil windows, Definition 9.5.7). Suppose that (A, I ′) is a p-torsion-free
prism with R = A/I ′. Set I = φ∗I ′ and A = A/I. For each n ≥ 1, let BKA,n(R) be the category of tuples
(N, FN, VN) where N is a pn-torsion A-module of projective dimension 1 and

FN : φ∗N→ N ; VN : I ′ ⊗A N→ φ∗N

are A-module maps such that VN ◦ (1⊗FN) and FN ◦VN are the canonical maps I ′⊗φ∗N→ φ∗N and I ′⊗A N→ N,
respectively.

Remark 1.3.2. In this situation, there is a canonical functor FFGn(R)→ BKA,n(R). See Remark 9.5.10.

Definition 1.3.3 (Nilpotence conditions). Suppose that c ⊂ B
defn
= (R/pR)red is a finitely generated ideal. An

object (N, FN, VN) in BKA,n(R) is c-nilpotent if FN∗ : φ∗N∗ → N∗7 is nilpotent after base-change to B/c. Write
BKc-nilp

A,n (R) for the subcategory of BKA,n(R) spanned by such objects.

7Here, ∗ denotes Cartier duality; see Remark 9.5.8.
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Theorem F (Classification of connected group schemes, Corollary 9.6.9). Suppose that B is c-adically derived
complete. Then the functor from Remark 1.3.2 restricts to an exact equivalence of categories

FFGc-conn
n (R)

≃−→ BKc-nilp
A,n (R)

where the left hand side is the subcategory of FFGn(R) spanned by the objects whose restriction to SpecB/c is
connected.

Remark 1.3.4. When R is an Fp-algebra (so that I ′ = pA), this is essentially due to Zink and Lau; see Re-
mark 9.6.10. The special case where R is a regular complete local ring is also already known by work of Lau [34].

Remark 1.3.5. The methods used for the proof here also recover the classification, due to Zink and Lau, of
connected group schemes in terms of Witt vector displays; see Remark 9.6.11.

Theorem G (Classification for semiperfectoid rings, Corollary 9.9.10, Remark 9.8.10). Suppose that R is semiper-
fectoid with R/pR F -nilpotent and that R0 → R is a surjection from a perfectoid ring. Set K = ker(Ainf(R0)→ A),
and suppose that the semilinear operator δ on K/K2 induced from the δ-structures on Ainf(R0) and A is topologically
locally nilpotent. Then the functor from Remark 1.3.2 is an exact equivalence.

Remark 1.3.6. This theorem recovers the following already known classifications:
(1) (Gabber, Lau) Over perfect rings R in terms of p-power torsion Dieudonné modules over W (R) (Re-

mark 9.5.13).
(2) (Scholze-Weinstein, Anschütz-LeBras, Lau) Over perfectoid rings R in terms of p-power torsion Breuil-Kisin

modules over Ainf(R) (Example 9.5.11).
(3) (Lau) Over F -nilpotent semiperfect rings, in terms of torsion Dieudonné modules [32, §10.3]. Lau’s result

applies more generally, however.

We also obtain the following generalization of the main Theorem from [18], where it is shown when the residue
field is perfect (Example 9.11.13).

Theorem H (Classification over complete local Fp-algebras, Remark 9.11.12). Suppose that R is a complete local
Noetherian ring with maximal ideal m whose residue field admits a finite p-basis. Suppose also that the divided
Frobenius operator ‘dφ/p′ on Ω̂1

A induces a nilpotent endomorphism of Ω1
R/Fp

/mΩ1
R/Fp

, and that a certain operator
γA on pαp(R) = {a ∈ R : ap = 0} is nilpotent mod-m. Then the functor from Remark 1.3.2 is an exact equivalence.

Remark 1.3.7. Some of the results flowing into the proof of Theorem H can also be used to recover results of Lau
from [34] for regular local rings, which have their antecedents in [31] and related works. See Example 9.10.11.

1.4. Strategy of the proof of Theorem A. Starting from the recent work in [2], [23] and [43], the basic idea
behind the proof of Theorem A is quite simple, and one that appears quite often in the subject: Reduce the
classification of finite flat group schemes to that of p-divisible groups using Raynaud’s theorem [6, Théorème 3.1.1],
which tells us that every such group scheme is Zariski locally the kernel of an isogeny of p-divisible groups. However,
there are subtleties arising from the lack of functoriality of these choices of p-divisible groups. Using our functor G
partially resolves this issue. Indeed, using Raynaud’s theorem and [23, Theorem A], one finds that our functor G is
Zariski locally essentially surjective. But, in order to see that it is fully faithful and (hence) essentially surjective
on the nose, we find ourself needing to a priori show an F -gauge analogue of Raynaud’s theorem (as well as certain
exactness properties of our constructions):

Theorem I (Raynaud for F -gauges, Theorem 6.2.1). Given M ∈ Psyn
{0,1}(R), there exists an affine p-completely

pro-étale cover Spf R′ → Spf R, and a cofiber sequence of perfect F -gauges over R′

V1 → V2 →M|R′,syn

where V1 and V2 are vector bundle F -gauges over R′ of Hodge-Tate weights {0, 1}

In the process of proving Theorem I, we also obtain the following linear algebraic reinterpretation of a classical
fact about p-divisible groups.
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Theorem J (Bartling-Hoff for F -gauges, Corollary 6.4.4). Suppose that V is a vector bundle F -gauge over R with
Hodge-Tate weights 0, 1. Consider the formal prestack XV (n) over Spf R parameterizing maps f : V → V ′ of vector
bundle F -gauges such that there exists f̂ : V ′ → V with f ◦ f̂ and f̂ ◦ f both equal to multiplication by pn. Then
XV (n) is represented by a finitely presented formal scheme over Spf R.

Remark 1.4.1. Via Theorem A—or more directly, its antecedent in [23] for truncated Barsotti-Tate groups—V
corresponds to a p-divisible group G over R, and the above theorem translates to the assertion that isogenies G → G′
of degree ≤ pn are represented by a finitely presented formal scheme. This is of course a consequence of the fact
that finite flat subgroups of G[pn] are parameterized by a projective formal scheme over Spf R. The point here
is that we are able to give a ‘linear algebraic’ proof of this in the setting of F -gauges, which generalizes to other
contexts where such a translation is not possible. This is partly inspired by a result of Bartling and Hoff [5], who
did the same, but in the context of the Witt vector displays of Lau and Zink.

With Theorem I in hand, the remaining key point for establishing full faithfulness turns out to be the exactness
of the equivalence established in [23]. For quasisyntomic rings, this exactness is shown in [43]. Our strategy is to
reduce to this case (see Remark 1.1.4) by proving the next result, which was anticipated by Grothendieck [24]. This
is combined with the F -gauge analogue of this smoothness, shown in [23], to complete the reduction.

Theorem K (Smoothness of Ext stacks, Theorem 5.2.2). Suppose that we are given two n-truncated Barsotti-Tate
group schemes G(n), H(n) over Spf R with pn−1-torsion subgroups G(n − 1), H(n − 1). Then the formal prestack
Ext(G(n), H(n)) over Spf R parameterizing n-truncated Barsotti-Tate groups exhibited as extensions of G(n) by
H(n) is p-completely smooth over Spf R. Moreover, the natural map

Ext(G(n), H(n))→ Ext(G(n− 1), H(n− 1))

is smooth and surjective.
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2. Conventions

Our conventions and notational choices will be as in [23]. In particular, we will freely use∞-categories and all our
constructions will be derived unless otherwise noted. Since we will be working mainly with (derived) p-complete
objects, all tensor products and cotangent complexes appearing here are the p-complete versions, again, unless
otherwise noted.

3. Cohomological stacks and F -gauges

We will be using the formal stacks defined by Drinfeld and Bhatt-Lurie [10, 11, 8, 19] geometrizing p-adic
cohomology theories. For a quick summary and a refresher on the notation, the reader is referred to [23, §6]. Here,
we recall what is needed in this paper.

3.1. Prismatization. In this subsection, we review the story of the prismatization of p-complete animated com-
mutative rings from [11]. Most of this material will not be used until Section 9. Unless otherwise specified, R

will always denote a derived p-complete animated commutative ring. We assume that the reader is familiar with
animated δ-rings and prisms; see for instance [11, §2] or [23, §5.3]. We will also assume familiarity with the theory
of absolute prismatic cohomology from [10].

Definition 3.1.1 (Cartier-Witt divisors). A Cartier-Witt divisor on R is a surjective map π : W (R) ↠ W (R)

of animated commutative rings such that two properties hold:
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• I = fib(π) is a locally free W (R)-module of rank 1;
• The map π0(I) ≃ I ⊗W (R) W (π0(R))→W (π0(R)) is a Cartier-Witt divisor in the sense of [10, §3.1.1].

The second condition means that, Zariski-locally on SpecR, we have a W (π0(R))-linear isomorphism π0(I) ≃
W (π0(R)) such that the composition W (π0(R)) ≃ π0(I)→W (π0(R)) is given by multiplication by a distinguished
element d ∈ Wdist(π0(R)), given in Witt coordinates by (d0, d1, . . .) with d0 ∈ π0(R) nilpotent mod-p and with
d1 ∈ π0(R)×. We will usually denote the Cartier-Witt divisor by the map I →W (R).

Definition 3.1.2 (Prismatizations). The p-adic formal prestack Z∆
p (also known as the Cartier-Witt stack

WCart) is the fpqc sheaf on p-complete animated commutative rings whose values on R are given by the ∞-
groupoid of Cartier-Witt divisors on R. Over Z∆

p we have the ring stack G∆
a associating with any Cartier-Witt divisor

I → W (R) the quotient W (R). For any p-complete animated commutative ring C, we can now use the process of
transmutation to get its prismatization C∆, which is the formal (derived) prestack over Z∆

p parameterizing maps
C →W (R) = G∆

a(R) of p-complete animated commutative rings.

Remark 3.1.3. The prismatization of Zp is the Cartier-Witt stack. We have G∆
a = (Zp[x]∧p )∆.

Remark 3.1.4. The assignment Spf C → C∆ is an étale sheaf that preserves all limits and takes p-completely étale
maps to p-completely étale maps of formal p-adic stacks. In particular, one can extend it to a functor X → X∆ on
p-adic formal (derived) algebraic spaces such that (Spf C)∆ = C∆.

Remark 3.1.5 (δ-structure on C∆). There is a canonical endomorphism φ : C∆ → C∆ lifting the Frobenius
endomorphism of the Fp-stack C∆ ⊗ Fp: This takes a Cartier-Witt divisor I →W (R) to its pullback F ∗I →W (R)

under the endomorphism F : W (R)→W (R) and replaces C →W (R) with its composition with the map W (R)→
W (R)/LF ∗I induced by F .

Definition 3.1.6 (The Hodge-Tate locus). The Hodge-Tate locus ZHT
p → Z∆

p is the locus where the map
I ⊗W (R) R→ R vanishes. For any R, we set RHT = R∆ ×Z∆

p
ZHT
p , and refer to it as the Hodge-Tate locus of R∆.

Remark 3.1.7. There is a canonical map Spf Zp → ZHT
p given by the Cartier-Witt divisor W (Zp)

V (1)−−−→ W (Zp).
This presents ZHT

p as the classifying stack BG♯m. See [10, Theorem 3.4.13].

Construction 3.1.8 (The de Rham point). There is a canonical map xdR : Spf C → C∆ obtained as follows: The
underlying Cartier-Witt divisor is W (C)

p−→W (C), and the map C →W (C)/Lp is obtained as the one canonically
factoring the composition W (C)

F−→W (C)→W (C)/Lp.

Remark 3.1.9 (Prisms and the prismatization). Suppose that we have (A, I,R → A) in the (animated) absolute
prismatic site for R. Endow A with the (p, I)-adic topology. As in [11, Construction 3.10], we find a canonical map
ι(A,I) : Spf A→ R∆ classifying the Cartier-Witt divisor I ⊗A W (A)→W (A) obtained from the prism structure on
A, along with the structure map

R
φ−→ A→ A⊗A W (R) = W (R)/L(I ⊗A W (R)).

The next result follows from [11, Corollary 7.18]. See also [27, Theorem 3.3.7].

Theorem 3.1.10 (Prismatizations via prismatic cohomology I). Suppose that R is semiperfectoid. Then the
absolute prismatic cohomology ∆R underlies the initial (animated) prism (∆R, IR, R→ ∆R) for R, and the associated
map Spf ∆R → R∆ is an isomorphism.

Definition 3.1.11. A map R → S in CRingp-comp is quasisyntomic if it is p-completely flat (that is, S/Lp is
flat over R/Lp), and if LS/R has p-complete Tor amplitude [−1, 0]: that is, LS/R/Lp has Tor amplitude [−1, 0] over
S/Lp. The map R→ S is a quasisyntomic cover if it is quasisyntomic and S/Lp is faithfully flat over R/Lp.

Proposition 3.1.12 (Prismatizations via prismatic cohomology II). For any R ∈ CRingp-comp, let R → R∞ be
a quasisyntomic cover with R∞ semiperfectoid. Then the map Spf ∆R∞ ≃ R∆

∞ → R∆ is a flat cover. If R is also
semiperfectoid, then the map is in fact (p, I)-completely faithfully flat.
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Proof. See [11, Lemma 6.3] for the first statement and [23, Corollary 6.12.7] for the second. □

Remark 3.1.13 (Relative affineness of prismatizations and base-change for prisms). Suppose that S is an R-algebra
such that S∆ → R∆ is relatively formally affine. If we have (A, I,R→ A) in the absolute prismatic site for R, then
the base-change

Spf A×R∆ S∆ → S∆

is of the form Spf B for some (p, I)-complete A-algebra B. Moreover, B is in fact a(n animated) δ-ring: The
Frobenius lift is obtained from that on A and the endomorphism φ of S∆. Therefore, B underlies a prism (B, J)

over (A, I) equipped with a map S → B.

Remark 3.1.14 (Semiperfectoid base-change for prisms). If S is a semiperfectoid R-algebra, then S∆ → R∆ is
relatively formally affine, and so Remark 3.1.13 applies. Indeed, it suffices to check this after p-completely faithfully
flat base-change. Here, we can choose a quasisyntomic cover R→ R∞ such that R∞ is semiperfectoid. In this case,
R∆

∞ → R∆ is a flat cover by Proposition 3.1.12, and

R∆
∞ ×R∆ S∆ ≃ Spf ∆R∞ ×R∆ Spf ∆S → S∆

is affine by [10, Corollary 3.2.9].

Remark 3.1.15 (Flat covers of prisms from quasisyntomic maps). Choose a quasisyntomic cover R → R∞ with
R⊗Rm

∞ semiperfectoid for all m ≥ 1. Then by Remark 3.1.14, we have

Spf A×R∆ (R⊗R•+1
∞ )∆ ≃ Spf(A(•)

∞ )

for a cosimplicial prism (A
(•)
∞ , I

(•)
∞ ) such that A(m)

∞ ≃ A
⊗A(m+1)
∞ . Here we have set (A∞, I∞)

defn
= (A

(0)
∞ , I

(0)
∞ ): this is

a prism over (∆R∞ , IR∞). Moreover Spf A∞ → Spf A is (p, I)-completely faithfully flat. All these assertions follow
from Proposition 3.1.12.

Remark 3.1.16 (Base-change for prisms along closed immersions). Suppose that R→ S is a surjective map. Then
S∆ → R∆ is relatively formally affine and so Remark 3.1.13 applies. To see this, we can use Proposition 3.1.12 to
reduce to the case where R, and therefore S, are semiperfectoid, and here the result is clear from Theorem 3.1.10.

3.2. Syntomification. Here, we review some facts about the Nygaard filtered prismatization and syntomification
of p-complete rings. Since we will not need many details about these stacks in what follows, we will be somewhat
terse, and direct the reader to the references given above for precise definitions and explanation of the notation
used.

Remark 3.2.1 (Filtered prismatization of Zp). To begin we have the filtered prismatization ZN
p , which is a

p-adic formal prestack over A1/Gm × Z∆
p . For its definition on classical inputs, see [8, §5.3] and for its values on

animated inputs, see [23, Definition 6.4.4]. Over this prestack we have a filtered Cartier-Witt divisor, which is
a map M

d−→ W of W -module schemes that is the fiber of a map W → W/dM of animated W -algebras (these are
all sheaves in the flat topology over ZN

p ). This map sits in a commutative diagram of W -modules with exact rows

L⊗G♯a > M > F∗M
′

G♯a

t♯

∨
> W

d

∨
F

> F∗W

F∗d
′

∨

(3.2.1.1)

where t : L→ Ga is the tautological line bundle with cosection over A1/Gm and M ′ →W is obtained by sheafifying
the tautological Cartier-Witt divisor over Z∆

p into a map of W -modules.

Remark 3.2.2 (The de Rham and Hodge-Tate embeddings). There are two physically disjoint open immersions
jdR, jHT : Z∆

p → ZN
p . The first is the pre-image of the open substack Gm/Gm ⊂ A1/Gm, and is the locus where

the right square in (3.2.1.1) is Cartesian. The second is the locus where M
d−→ W is obtained from a Cartier-Witt

divisor and d′ = F ∗d.
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Definition 3.2.3 (Filtered prismatization of p-complete rings). The sheaf of animated commutative rings W/dM is
represented by a ring stack GN

a → ZN
p . We can therefore use transmutation to associate with each C ∈ CRingp-comp

its filtered prismatization CN → ZN
p which parameterizes maps of p-complete animated commutative rings

C → GN
a (R).

Construction 3.2.4 (The filtered de Rham point). There is a canonical map xN
dR : A1/Gm × Spf C → CN whose

restriction over the open Gm/Gm × Spf C is the de Rham point xdR from Construction 3.1.8. The underlying
filtered Cartier-Witt divisor associates with every cosection t : L→ R over a p-nilpotent C-algebra R the map

F∗W ⊕ (L⊗G♯a)
(V,can◦t♯)−−−−−−→W

where can : G♯a = W [F ] → W is the canonical map. The quotient by this map is also a quotient of Ga, and so its
R-points are naturally equipped with the structure of a C-algebra.

Definition 3.2.5 (Syntomification of p-complete rings). The de Rham and Hodge-Tate embeddings for ZN pullback
to disjoint open immersions jdR, jHT : C∆ → CN . The syntomification Csyn is the coequalizer in p-adic formal
stacks. of these open immersions.

Remark 3.2.6 (Nygaard filtered absolute prismatic cohomology). In [10, §5.5], Bhatt and Lurie construct the
Nygaard filtration Fil•N ∆R on absolute prismatic cohomology. When R is quasiregular semiperfectoid (qrsp), we
have

FiliN ∆R = {x ∈ ∆R : φ(x) ∈ FiliIR ∆R},
where Fil•IR ∆R is the IR-adic filtration. When R is perfectoid, then Fil•N ∆R has the structure of a (p, IR)-complete
filtered animated commutative ring; see [23, Lemma 6.11.6]. In general, for any semiperfectoid ring R, the Frobenius
lift φ : ∆R → ∆R lifts to a map

Φ : Fil•N ∆R → Fil•IR ∆R
of (p, IR)-complete filtered animated commutative rings.

Remark 3.2.7 (Rees stacks). We refer the reader to [23, §4.3, 5.2] for the conventions on filtered animated
commutative rings and Rees stacks used here. For semiperfectoid R, associated with Fil•N ∆R is the Rees stack
R(Fil•N ∆R). This is a formal stack over A1/Gm, and is equipped with two open immersions

σ, τ : R∆ ≃ Spf ∆R → R(Fil•N ∆R),

where τ is the pullback of Gm/Gm → A1/Gm, while σ is obtained as the composition

Spf ∆R
≃−→ R(Fil•IR,± ∆R) ↪→ R(Fil•IR ∆R)

R(Φ)−−−→ R(Fil•N ∆R).

Here, Fil•IR,± ∆R is the two-sided IR-adic filtration on ∆R given by FilmIR,± ∆R = I⊗mR for all integers m.

Remark 3.2.8. Quasicoherent sheaves over R(Fil•N ∆R) are equivalent as a symmetric monoidal ∞-category to
that of (p, IR)-complete filtered complexes over Fil•N ∆R. Pullback along τ amounts to forgetting the filtration, and
pullback along σ amounts to filtered base-change to Fil•IR,± ∆R followed by taking Fil0. Symbolically one can write
this as

Fil•M 7→Mσ =
∑
m

I−⊗mφ∗ FilmM.

Theorem 3.2.9 (Filtered prismatization of semiperfectoid rings). Suppose that R is a semiperfectoid ring. Then
there is an isomorphism of A1/Gm-stacks

R(Fil•N ∆R)
≃−→ RN

identifying τ with jdR and σ with jHT

Proof. See [23, Theorem 6.11.7]. □

Proposition 3.2.10. If R→ S is a quasisyntomic cover, then SN → RN is surjective in the p-completely flat topol-
ogy. In fact, if R and S are semiperfectoid, then this map is faithfully flat. Moreover, there exists a quasisyntomic
cover R→ R∞ such that R⊗Rm

∞ is semiperfectoid for all m.
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Proof. See [23, Corollaries 6.12.3, 6.12.5]. □

3.3. F -gauges.

Definition 3.3.1. An F -gauge over R is a quasicoherent sheaf M over Rsyn (over Rsyn ⊗ Z/pnZ). It is perfect
(resp. a vector bundle F -gauge) if it is a perfect complex (resp. a vector bundle) over Rsyn. One obtains
corresponding notions for F -gauges of level n by replacing Rsyn with Rsyn ⊗ Z/pnZ in the definitions.

Remark 3.3.2. When R = κ is a perfect field, this notion is an instance of the Frobenius gauges or φ-gauges
introduced by Fontaine and Jannsen [22]. The general definition here was introduced by Bhatt-Lurie under the
term prismatic F -gauges [8, Definition 6.1.1]. For economy of language, we have dropped the adjective ‘prismatic’
here.

Construction 3.3.3. Given an F -gaugeM over R, its pullback along the map xN
dR from Construction 3.2.4 yields

a quasicoherent sheaf over A1/Gm × Spf R, which is equivalent to a p-complete filtered complex Fil•Hdg M over R.

Example 3.3.4 (Breuil-Kisin twist). Over Zsyn
p we have a canonical line bundle, the Breuil-Kisin twist O{1};

see [23, §6.6] for a quick summary of its construction and properties. We will denote its pullback over Rsyn by the
same symbol. For any F -gaugeM over R, we will set M{1} =M⊗O{1}.

Definition 3.3.5. The Hodge-Tate weights of an F -gauge M are the integers m such that gr−mHdg M is not
nullhomotopic.

Remark 3.3.6. With this convention, the Breuil-Kisin twist has Hodge-Tate weight 1.

Remark 3.3.7 (F -gauges over a semiperfectoid ring). Using Theorem 3.2.9 and Remark 3.2.8, we see that giving
an F -gauge over a semiperfectoid ring R is equivalent to giving a (p, IR)-complete filtered complex Fil•M over
Fil•N ∆R equipped with an isomorphismMσ ≃M.

Remark 3.3.8 (Quasisyntomic descent). By Proposition 3.2.10, F -gauges satisfy quasisyntomic descent, and one
can use this descent to reduce many questions to the situation of semiperfectoid rings, which is addressed by the
previous remark.

Remark 3.3.9 (Cohomology in the quasisyntomic site). The assignment

Fil•N ∆− : C 7→ Fil•N ∆C

is a sheaf of animated filtered commutative rings over the site Rqsyn formed by semiperfectoid algebras C that are
quasisyntomic over R, equipped with the p-quasisyntomic topology. An F -gauge M can be viewed as a sheaf of
filtered modules

Fil•M− : C 7→ Fil•MC

over this sheaf. Moreover the structure of an F -gauge on M yields maps

φi : Fil
iM− → I⊗i ⊗∆− M−

where I is the sheafification of the assignment C 7→ IC on semiperfectoid R-algebras C. Unwinding definitions, one
now finds a canonical isomorphism

RΓ(Rsyn,M)
≃−→ fib

(
RΓqsyn(Spf R,Fil0M−)

φ0−can−−−−−→ RΓqsyn(Spf R,M−)
)
,

where can : Fil0M− → colimn 7→−∞ FilnM− ≃M− is the natural map.

4. Representability and Dieudonné theory

The purpose of this section is to recall some results from [23] regarding the representability of stacks associated
with perfect F -gauges and the classification of truncated Barsotti-Tate group schemes in terms of F -gauges.
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4.1. Stacks of perfect F -gauges of Hodge-Tate weights 0, 1. For integers a ≤ b, consider the p-adic formal
prestack Perf

syn,[a,b]
n,{0,1} : This associates with every R ∈ CRingp-nilp the ∞-groupoid Perf

[a,b]
{0,1}(R

syn ⊗ Z/pnZ)≃ of
perfect F -gauges of level n over R with Hodge-Tate weights 0, 1 and with Tor amplitude in [a, b].

Over this prestack we have a canonical filtered perfect complex Fil•Hdg Mtaut obtained via Construction 3.3.3.

Theorem 4.1.1. The prestack Perf
syn,[a,b]
n,{0,1} is represented by a p-adic formal locally finitely presented derived Artin

stack over Zp with cotangent complex (gr−1
Hdg Mtaut)

∨⊗Fil0Hdg Mtaut. Moreover, if (C ′ ↠ C, γ) is a nilpotent divided
power thickening of p-complete algebras, then we have a Cartesian square

Perf
syn,[a,b]
n,{0,1} (C ′) > Perf

[a,b]
{0,1}(A

1/Gm × SpecC ′/Lpn)

Perf
syn,[a,b]
n,{0,1} (C)

∨

> Perf
[a,b]
{0,1}(A

1/Gm × SpecC/Lpn)×Perf[a,b](C/Lpn) Perf
[a,b](C ′/Lpn).

∨

Proof. This follows from [23, Theorem 8.13.1] and its proof. Here, Perf [a,b]{0,1}(A
1/Gm×SpecB) is the∞-groupoid of

filtered perfect complexes over B with Tor amplitude in [a, b], and with their associated graded complexes supported
in graded degrees 0,−1. □

4.2. Sections of F -gauges of Hodge-Tate weights ≤ 1.

Theorem 4.2.1. Let M be a perfect F -gauge of level n over R ∈ CRingp-comp with Hodge-Tate weights bounded
by 1; then the p-adic formal prestack given on CRingp-nilp

R/ given by

C 7→ τ≤0RΓ
(
Csyn ⊗ Z/pnZ,M|Csyn⊗Z/pnZ

)
is represented by a finitely presented derived p-adic formal Artin stack Γsyn(M) over Spf R. Moreover, if (C ′ ↠ C, γ)

is a nilpotent divided power thickening of in CRingp-comp
R/ , then we have a Cartesian square

Γsyn(M)(C ′) > C ′ ⊗R Fil0Hdg Mn

Γsyn(M)(C)
∨

> (C ⊗R Fil0Hdg Mn)×C⊗RMn (C ′ ⊗R Mn).

∨

Here, Fil•Hdg Mn is the filtered perfect complex over R obtained by viewing M as a perfect complex over Rsyn and
pulling back along xN

dR,R. In particular, Γsyn(M) admits a perfect tangent complex over R given by the pullback of
gr−1

Hdg Mn[−1].

Proof. See [23, Theorem 8.12.1]. □

Corollary 4.2.2 (Deformation theory for syntomic cohomology). With the notation as above, let ιn : Rsyn ⊗
Z/pnZ → Rsyn be the tautological closed immersion, and set I = fib(C ′ ↠ C). Then we have a canonical fiber
sequence

RΓ(C
′,syn, ιn,∗M|C′,syn)→ RΓ(Csyn, ιn,∗M|Csyn)→ I ⊗R gr−1

Hdg Mn.

Proof. Apply the theorem to M[j] for j ≥ 1 to get canonical fiber sequences of (−j)-connective animated abelian
groups

τ≤jRΓ(C
′,syn, ιn,∗M|C′,syn)→ τ≤jRΓ(Csyn, ιn,∗M|Csyn)→ I ⊗R τ≤j gr−1

Hdg Mn.

Now, one finishes by taking the colimit over j. □
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Remark 4.2.3 (Shape of stacks given by syntomic cohomology). The proof of Theorem 4.2.1 in [23] yields more
information. When R is an Fp-algebra and n = 1, then we have a Cartesian diagram (see the proof of [23, Corollary
8.7.6])

Γsyn(F) > ΓFZip(F)

ΓFZip(F)
∨

> S(N,ψ)[1],
∨

where the other objects involved are as follows:
(1) ΓFZip(M) is the F -zip cohomology associated with an F -zip as defined in [44]. Explicitly, its values on an

R-algebra C are given by

ΓFZip(F)(C) ≃ τ≤0 fib
(
C ⊗R

(
Filconj0 F ×F Fil0Hdg F

)
→ C ⊗R grconj0 F

)
where Fil•Hdg F and Filconj0 F are filtered perfect complexes over R with the same underlying perfect complex
F .

(2) S(N,ψ)[1] is a derived Artin stack over ΓFZip(F), whose classical truncation is in the category of (classical)
ΓFZip(F)cl-stacks obtained by taking the subcategory spanned by height 1 finite flat p-torsion group schemes
and their iterated classifying stacks, and then closing this up under pullbacks; see the proof of [23, Theorem
7.1.5]. This stack was first systematically considered by Bragg-Olsson [12]. Explicitly, it is the cofiber of a
map

N ⊗R Z1
∆ → N ⊗R H1

∆,

where N is a perfect complex over R, H1
∆ is the quasisyntomic sheaf of R-modules C 7→ LC/Fp

, and Z1
∆ is

another quasisyntomic sheaf of R-modules sitting in a fiber sequence

fib(Ga
φ−→ Ga)→ Z1

∆ → H1
∆.

Remark 4.2.4 (Fpqc descent for syntomic cohomology). The stack Γsyn(F) satisfies p-complete fpqc descent. To
see this, one can reduce using derived descent to the case of Fp-algebras, and then by dévissage to the case where
n = 1. Here, the description in Remark 4.2.3 shows that it suffices to establish fpqc descent for ΓFZip(F) and for
S(N,ψ)[1] separately. Given the explicit descriptions of these sheaves in the remark, we are reduced to checking that
perfect complexes and the cotangent complex satisfy fpqc descent, and this is well-known.

Alternatively, one can also follow the proof of [10, Proposition 7.4.7] and prove the more general result that
Γsyn(F) satisfies p-complete fpqc descent for any F -gauge F , with bounded above Hodge-Tate weights. To do this,
one uses the description of syntomic cohomology given in Remark 3.3.9, but shows in addition that one can use
the Nygaard completed sheaves instead. With this, the desired descent statement can be ultimately reduced as in
the argument of Bhatt-Lurie to the fact that the p-complete cotangent complex of an animated commutative ring
tensored with a module satisfies p-complete fpqc descent (see [39, Proposition 3.2]).

4.3. Dieudonné theory and F -gauges. The following theorem is a generalization of work of Anschütz-Le Bras [2]:

Theorem 4.3.1. Suppose that R is a classical p-complete ring in CRingp-comp. Set

Vect{0,1}(R
syn ⊗ Z/pnZ) = Perf

[0,0]
{0,1}(R

syn ⊗ Z/pnZ).

Then the functor M 7→ Γsyn(M) yields a canonical equivalence of (∞-)categories

Vect{0,1}(R
syn ⊗ Z/pnZ) ≃−→ BTn(R),

where the right hand side is category of n-truncated Barsotti-Tate groups over R. This equivalence is compatible
with arbitrary base-change and satisfies fpqc descent. Moreover, it is compatible with Cartier duality: There is a
canonical non-degenerate pairing

Γsyn(M∨{1})× Γsyn(M)→ µpn

yielding an isomorphism Γsyn(M∨{1}) ≃−→ Γsyn(M)∗.
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Proof. This is [23, Theorem 11.1.4]. The only point to be explained perhaps is the compatibility with arbitrary
base-change and fpqc descent. This is a by-product of the fact that the equivalence is obtained via an isomorphism
of p-adic formal (smooth) algebraic stacks Vectsynn,{0,1}

≃−→ BTn, where the source is the stack Perf
syn,[0,0]
n,{0,1} from

Theorem 4.1.1 with a different name, and where the target is the stack of n-truncated Barsotti-Tate group schemes.
□

We now present some complements to the theorem, beginning with the observation that fppf cohomology of
n-truncated Barsotti-Tate group schemes can be computed using syntomic cohomology.

Proposition 4.3.2 (Syntomic cohomology and fppf cohomology). Suppose that R is p-nilpotent. If G is an n-
truncated Barsotti-Tate group scheme over R presented as G = Γsyn(M) for M ∈ Vect{0,1}(R

syn ⊗ Z/pnZ), then
there is a canonical isomorphism

RΓfppf(SpecR,G)
≃−→ RΓ(Rsyn, ιn,∗M) ≃ RΓ(Rsyn ⊗ Z/pnZ,M).

In fact, for every m ≥ 1 there is a canonical isomorphism of smooth Artin m-stacks

BmG
≃−→ Γsyn(M[m]).(4.3.2.1)

Proof. The second assertion implies the first: Indeed, evaluating both sides of (4.3.2.1) on R and shifting gives
isomorphisms

τ≤mRΓfppf(SpecR,G)
≃−→ τ≤mRΓ(Rsyn, ιn,∗M)

whose colimit over m yields the isomorphism in the first assertion.
Now, note that BmG is smooth over R (by the flatness of G), and the description of the tangent complex of

G = Γsyn(M) in Theorem 4.2.1 shows that the tangent complex of BmG is given by the pullback of gr−1
Hdg M [−m+1],

a perfect complex with Tor amplitude in [−m,−m+1]. The same theorem also shows that Γsyn(M[m]) is a locally
finitely presented derived algebraic stack with the same tangent complex. In particular, this implies that Γsyn(M[m])

is in fact a smooth (and hence classical) Artin m-stack over R.
Now, BmG is the fppf sheafification of the ModcnZ/pnZ-valued presheaf

C 7→ G(C)[m] ≃
(
τ≤0RΓ(Csyn,M)

)
[m],

on R-algebras. The canonical map(
τ≤0RΓ(Csyn,M)

)
[m]→ (τ≤mRΓ(Csyn,M))[m]

sheafifies to a natural map of smooth Artin stacks BmG→ Γsyn(M[m]), which the description of tangent complexes
above shows is actually an étale map. To finish, it is enough to know that, when C = κ is an algebraically closed
field, Hi(κsyn,M) vanishes for i > 0. By dévissage, we can reduce what remains to be shown to the case n = 1.
Now, givingM is equivalent to giving maps of finite dimensional κ-vector spaces

M
V−→ φ∗M

F−→M

such that the sequence is exact in the middle. Furthermore, we have

RΓ(κsyn,M) ≃ fib(M
V−φ∗

−−−−→ φ∗M).

Therefore, we have to know the surjectivity of V −φ∗, which reduces to the classical fact that, for any φ-semilinear
endomorphism T : κh → κh, the map

T − id : κh → κh

is surjective. □

Remark 4.3.3. By [23, Remark 6.8.2], every vector bundle F -gauge over Rsyn ⊗ Z/pnZ gives rise to a crystal
of vector bundles D(M) over the mod-pn crystalline site of Spf R relative to Zp with its p-adic divided powers.
Moreover, this crystal is filtered in the sense that its evaluation D(M)(C ′) on any (animated) divided power
thickening of p-nilpotent R-algebras C ′ ↠ C admits a canonical Hodge filtration Fil•Hdg D(M)(C ′) compatible with
the (animated) divided power filtration on C ′. Concretely, this is obtained via quasisyntomic descent from the
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universal divided power thickening Acrys(C) ≃ ∆C ↠ C of semiperfect R-algebras C, where the filtration arises
from the filtered Fil•N ∆C-module underlying the restriction of M to Csyn ⊗ Z/pnZ. On the other hand, if M is
associated with an n-truncated Barsotti-Tate group scheme G by Theorem 4.3.1, then we also have the Dieudonné
crystal D(G∗) defined in [6, §3.1, Théorème 3.3.10], given as the internal Ext sheaf Ext1(G∗,Ocrys) in the big
crystalline topos of Spf R equipped with the fppf topology with Ocrys its structure sheaf. This has a filtration by a
subsheaf Ext1(G∗, Icrys), where Icrys ⊂ Ocrys is the tautological divided power ideal sheaf in the crystalline topos,
whose evaluation on C ′ ↠ C gives a canonical submodule Fil0Hdg D(G∗)(C ′) ⊂ D(G∗)(C ′).

Proposition 4.3.4 (The filtered Dieudonné crystal via F -gauges). In the above set up, there is a canonical iso-
morphism of crystals

D(M)
≃−→ D(G∗).

mapping Fil0Hdg D(M)(C ′) isomorphicaly onto Fil0Hdg D(G∗)(C ′) for all divided power thickenings C ′ ↠ C of p-

nilpotent R-algebras. In particular, if Lie(G)
defn
= e∗L∨

G/R is the Lie complex of G over R (where e ∈ G(R) is the
identity section), then there is a canonical isomorphism of perfect complexes

gr−1
Hdg Mn

≃−→ Lie(G)[1].

Proof. This follows from the argument used for [23, Proposition 11.7.4], and reduces in the end to the comparison
between prismatic and crystalline Dieudonné theory appearing in [2, §4.3] or [43] (cf. Remark 1.1.4). □

The next result—which is immediate from Propositions 4.3.2 and 4.3.4 and Corollary 4.2.2—should be compared
with [15, Theorem 5.2.8]. In loc. cit., one finds the statement for arbitrary finite locally free commutative group
schemes, but only for square-zero extensions. The proof there is via the Bégueri resolution by smooth affine
commutative group schemes. We will recover the more general assertion in Corollary 8.1.6 below using our main
classification theorem.

Corollary 4.3.5 (The Mazur-Roberts carpet). Suppose that (C ′ ↠ C, γ) is a nilpotent divided power extension of
discrete p-nilpotent R-algebras with I = ker(C ′ ↠ C). Then we have a canonical fiber sequence

RΓfppf(SpecC
′, G)→ RΓfppf(SpecC,G)→ Lie(G)⊗R I[1]

Remark 4.3.6 (Étale realization of F -gauges). Via [8, Constructions 6.3.1, 6.3.2], we find a canonical functor

Tét : Perf(R
syn)→ Db

lisse(Spf(R)adη ,Zp)

where the right hand side is the bounded derived category of lisse Zp-sheaves on the adic generic fiber of Spf R.
Since both sides satisy quasisyntomic descent, it suffices to specify the equivalence for semiperfectoid R. This is
given as

Tét(M) = (M[1/IR]
∧)
φ=id

.

Here, we are viewingM as a perfect complex of ∆R-modules, where (∆R, IR) is the initial prism for R, andM[1/IR]
∧

is the p-adic completion of M[1/I]. The F -gauge structure on M yields a canonical φ-semilinear isomorphism
M[1/IR]

∧ ≃−→M[1/IR]
∧, and Tét(M) is the module of invariants for this operator. Note that the p-adic completion

is not required ifM has cohomology sheaves supported along the p = 0 locus.

Proposition 4.3.7 (Compatibility with étale realization). With the notation of Proposition 4.3.2, suppose that R
is instead p-complete. Then there is a canonical isomorphism Tét(M) ≃ Gad

η , where Gad
η is the adic generic fiber of

G, viewed as a perfect complex of lisse Zp-sheaves over Spf(R)adη .

Proof. It is enough to consider the case where R is quasisyntomic (since the moduli stack of n-truncated BTs is
p-completely smooth), where this follows from [43, Proposition 3.99]. □

Remark 4.3.8 (Compatibility with étale cohomology). The assignment

M−[1/I] : C 7→ MC [1/IC ]
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is a sheaf on Rqsyn. We now have a canonical isomorphism [43, Remark 3.100]

RΓqsyn(Spf R,M−[1/I])φ=id ≃−→ RΓét(Spf(R)adη , Gad
η ).

Note that the p-adic completion is unnecessary here since we are dealing with Z/pnZ-modules.

5. Exactness

5.1. From extensions of F -gauges to extensions of BTs. Our goal for this section is to prove the following
result:

Theorem 5.1.1 (Exactness). The functor M 7→ Γsyn(M) from Theorem 4.3.1 is an exact equivalence. More
precisely, a sequence

M1 →M2 →M3

in Vectsynn,{0,1}(R) is a fiber sequence if and only if

0→ Γsyn(M1)→ Γsyn(M2)→ Γsyn(M3)→ 0

is an exact sequence of n-truncated Barsotti-Tate group schemes over R.

Remark 5.1.2. Suppose thatM1 →M2 →M3 is a fiber sequence: It corresponds to a mapM3 →M1[1], which
gives rise via Proposition 4.3.2 to a map

Γsyn(M3)→ Γsyn(M1[1])
≃←− BΓsyn(M1)

classifying the exact sequence
0→ Γsyn(M1)→ Γsyn(M2)→ Γsyn(M3)→ 0

of fppf sheaves. The difficult part of the theorem now is to show that exactness of syntomic cohomology implies
that the original sequence is a fiber sequence.

Remark 5.1.3 (The case of qrsp rings). If R = κ is an algebraically closed (or even perfect) field, then the theorem
holds. More generally, when R is a qrsp ring, we have an explicit inverse to Γsyn, described in [43, §3] (see also [23,
§11.5]), which carries exact sequences to fiber sequences [43, Remark 3.83]. Therefore, the theorem holds in this case
as well. Our plan of action now is to reduce to this situation by studying the geometry of the stack of extensions
of truncated Barsotti-Tate groups.

Remark 5.1.4 (Translation to a geometric statement). Set N =M∨
3 ⊗M1[1]: this is a perfect F -gauge over R

with Hodge-Tate weights bounded by 1. Therefore, by Theorem 4.2.1, Γsyn(N ) is represented by a p-adic formal
locally finitely presented derived Artin stack over R with tangent complex gr−1

Hdg Nn[−1]. Since N [−1] is a vector
bundle over Rsyn⊗Z/pnZ, we see that the tangent complex is in fact connective, and so Γsyn(N ) is a smooth, hence
classical, formal Artin stack over R. It parameterizes, for each C ∈ CRingp-nilp,f

R/ , maps of vector bundles

M3|Csyn⊗Z/pnZ →M1[1]|Csyn⊗Z/pnZ.

Giving such a map is precisely equivalent to giving a fiber sequence of vector bundles

M1|Csyn⊗Z/pnZ →M2 →M3|Csyn⊗Z/pnZ.

On the other hand, set Gi = Γsyn(Mi). Then we also have the classical formal algebraic stack Ext(G3, G1) over
R parameterizing extensions of G3 by G1 in fppf sheaves of Z/pnZ-modules. Remark 5.1.2 can be interpreted as
giving a map of formal classical algebraic stacks

Γsyn(N )cl → Ext(G3, G1).(5.1.4.1)

Theorem 5.1.1 would follow if we knew that this is an isomorphism.
By taking Spf R to be a formal affine cover of the smooth formal stack Vectsyn[0,1],n × Vectsyn[0,1],n, we can assume

that R is p-completely smooth. Further, Remark 5.1.3, combined with quasisyntomic descent, tells us that

Γsyn(N )(C)→ Ext(G3, G1)(C)
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is an isomorphism for p-quasisyntomic R-algebras C. If we knew that Ext(G3, G1) is also smooth, then it would
follow that (5.1.4.1) is an isomorphism.

5.2. Smoothness of the stack of extensions.

Remark 5.2.1 (Truncating extensions of BT group schemes). Suppose that G(n) and H(n) are n-truncated
Barsotti-Tate groups, and suppose that we have a short exact sequence 0 → H(n) → T (n) → G(n) → 0 of fppf
sheaves of Z/pnZ-modules over R. Then one has the following observations:

(1) T (n) is an n-truncated Barsotti-Tate group.
(2) If n > k ≥ 1 and we use (k) to denote the pk-torsion subgroups, then the sequence 0 → H(k) → T (k) →

G(k)→ 0 is a short exact sequence of k-truncated Barsotti-Tate groups.
See [6, Lemme 3.3.9].

By Remark 5.1.4, the following theorem implies Theorem 5.1.1.

Theorem 5.2.2. Suppose that G(n), H(n) are two n-truncated Barsotti-Tate group schemes over R. Then:
(1) Ext(G(n), H(n)) is p-completely smooth over Spf R.
(2) If n ≥ 2, the natural map

Ext(G(n), H(n))
T (n) 7→T (n−1)−−−−−−−−−→ Ext(G(n− 1), H(n− 1))

is smooth and surjective.

Remark 5.2.3. The statement of the above theorem was anticipated by Grothendieck a long time ago: See the
discussion on p. 10 of [30], which references p. 15 of Grothendieck’s letter [24]. The method of proof we follow here
is essentially Grothendieck’s as explained in [29]: It was used there to prove (among other things) the smoothness
of the stack of truncated Barsotti-Tate groups. The key point is to set up the obstruction theory correctly, which
we do in Proposition 5.2.9 below.

Lemma 5.2.4 (Surjectivity on geometric points). For any algebraically closed field κ over R the map

Ext(G(n), H(n))(κ)
T (n) 7→T (n−1)−−−−−−−−−→ Ext(G(n− 1), H(n− 1))(κ)

is surjective

Proof. Without loss of generality we can assume R = κ. By the discussion in Remark 5.1.4, this would follow from
the following assertion: Suppose that Q is a vector bundle F -gauge of level n over κ; then the map

Γsyn(Q[1])(κ)→ Γsyn(Q[1]⊗Z/pnZ Z/pn−1Z)(κ)

is surjective. This reduces to knowing that we have

H1(κsyn,Q[1]⊗Z/pnZ Z/pZ) = H2(κsyn,Q⊗Z/pnZ Z/pZ) = 0,

which is clear since RΓ(κsyn,Q⊗Z/pnZZ/pZ) is computed by a two-term complex whose terms are in degrees 0, 1. □

Proposition 5.2.5 (Ext against coherent sheaves). Suppose that M is an R-module and that pnR = 0. Viewing
M as a quasicoherent fppf sheaf over SpecR:

(1) There is a canonical isomorphism

Ext1Z(G(n),M)
≃−→ HomZ/pnZ(G(n),M),

(2) We have8

Ext1Z/pnZ(G(n),M) = 0.

(3) The natural map
Ext2Z/pnZ(G(n),M)→ Ext2Z(G(n),M)

is an isomorphism.

8This is the internal Ext sheaf computed in the category of fppf Z/pnZ-modules over SpecR.
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Proof. This follows from [29, Proposition 2.2.4]. □

Notation 5.2.6. For any finite flat group scheme H over a base R set

tH = H0(Lie(H)) ; vH = H1(Lie(H)).

Lemma 5.2.7 (Tangent complexes of BTs). Consider the tangent complex Lie(H(n)) over R, and let m ≥ 1 be
such that pm = 0 ∈ R with n ≥ m. Then:

(1) Lie(H(n)) is perfect with Tor amplitude in [0, 1]. In fact, tH(n) and vH(n) are both finite locally free over R

and the canonical fiber sequence

tH(n) → Lie(H(n))→ vH(n)[−1].

is split.
(2) For m ≤ n′ ≤ n (resp. m ≤ n′ ≤ n−m), the map tH(n′) → tH(n) (resp. vH(n′) → vH(n)) induced from the

inclusion H(n′) ⊂ H(n) as the pn
′
-torsion subgroup is an isomorphism (resp. identically zero).

(3) For m ≤ n′ ≤ n (resp. m ≤ n′ ≤ n −m) the map vH(n) → vH(n′) (resp. tH(n) → tH(n′)) induced by the
multiplication-by-pn−n

′
map H(n)→ H(n′) is an isomorphism (resp. identically zero).

Proof. See [29, Proposition 2.2.1]. □

Lemma 5.2.8. Suppose that we have a surjection of rings R → R0 with kernel I, and suppose that n ≥ m. Then
for A = Z,Z/pnZ, we have canonical short exact sequences

0→ Ext1A(G(n), I ⊗R tH(n))→ Ext1A(G(n), I ⊗R Lie(H(n)))→ HomA(G(n), I ⊗R vH(n))→ 0

0→ Ext2A(G(n), I ⊗R tH(n))→ Ext2A(G(n), I ⊗R Lie(H(n)))→ Ext1A(G(n), I ⊗R vH(n))→ 0.

Moreover, for M(n) = I ⊗R tH(n) or M(n) = I ⊗R vH(n), the following hold:

(1) Ext1Z(G(n),M)
≃−→ HomZ/pnZ(G(n),M);

(2) Ext1Z/pnZ(G(n),M) = 0;
(3) Ext2Z/pnZ(G(n),M)

≃−→ Ext2Z(G(n),M).

Proof. The first part is clear from (1) of Lemma 5.2.7. For the numbered assertions, first note that HomA(G(n),M) ≃
tG(n)∗ ⊗RM is a quasicoherent sheaf over SpecR; see [29, (2.1.6.1)]. The lemma now follow from Proposition 5.2.5
by taking global sections and observing that the quasicoherent sheaf ExtiA(G(n),M) for A = Z,Z/pnZ and i = 0, 1

has no higher cohomology. □

Proposition 5.2.9 (Obstruction theory for extensions of BTs). Suppose that R is an Fp-algebra and that ϖ :

R ↠ R0 is a square zero extension with kernel I. Use a subscript 0 to denote base-change of objects from R to
R0. Suppose that we have T0(n) ∈ Ext(G0(n), H0(n))(R0) corresponding to a map f0(n) : G0(n) → H0(n)[1] of
complexes of fppf sheaves over R0. Then there exists a canonical class

ob(f0(n)) ∈ Ext2Z/pnZ(G0(n), I ⊗R tH(n)) ≃ Ext2Z(G0(n), I ⊗R tH(n))

with the following properties:
(1) T0(n) lifts to T (n) ∈ Ext(G(n), H(n))(R) if and only if ob(f0(n)) vanishes.
(2) The class ob(f0(n)) maps to ob(f0(n− 1)) under the restriction map

Ext2Z(G0(n), I ⊗R tH(n))→ Ext2Z(G0(n− 1), I ⊗R tH(n))
≃←− Ext2Z(G0(n− 1), I ⊗R tH(n−1))

induced by the inclusion G0(n) ⊂ G0(n−1). Here, we are using the following observation from Lemma 5.2.7:
The map tH(n−1) → tH(n) induced from the inclusion H(n− 1) ⊂ H(n) is an isomorphism.

(3) If ob(f0(n)) vanishes, then the groupoid of lifts T (n) is a torsor under

(5.2.9.1) Ext1Z/pnZ(G0(n), I ⊗R Lie(H(n))) ≃ HomZ/pnZ(G0(n), vH0(n))
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and the map from the space of lifts of T0(n) to those of T0(n− 1) is equivariant for the isomorphism

HomZ/pnZ(G0(n), I ⊗R vH0(n))
≃−→ HomZ/pn−1Z(G0(n)⊗L

Z/pnZ Z/pn−1Z, I ⊗R vH0(n))(5.2.9.2)
≃−→ HomZ/pn−1Z(G0(n− 1), I ⊗R vH0(n−1))

induced by the multiplication-by-p map H0(n)→ H0(n− 1).

Proof. Let ι : (SpecR0)fppf → (SpecR)fppf be the map of fppf sites associated with ϖ. From Corollary 4.3.5 or
directly from [15, Theorem 5.2.8], one finds a fiber sequence of complexes of fppf sheaves

H(n)→ Rι∗H0(n)→ Rι∗(I ⊗R Lie(H(n))[1]),

where we are treating I ⊗R Lie(H(n))[1] as a complex of quasi-coherent sheaves over (SpecR0)fppf .
Applying RHomZ/pnZ(G(n),__) to this fiber sequence, using the standard adjunction between ι∗ and Rι∗, and

taking cohomology yields an exact sequence

Ext1Z/pnZ(G(n), H(n))→ Ext1Z/pnZ(G0(n), H0(n))→ Ext2Z/pnZ(G0(n), I ⊗R Lie(H(n)))

The class ob(f0(n)) that we seek is exactly where the class of T0(n) in Ext1Z(G0(n), H0(n)) ends up on the right
hand side via the isomorphism

Ext2Z/pnZ(G0(n), I ⊗R Lie(H(n)))
≃←− Ext2Z/pnZ(G0(n), I ⊗R tH(n))

obtained from Lemma 5.2.8. It is clear that this class has property (1), and it’s also not hard to check that it has
property (2).

As for property (3), first note that (5.2.9.1) is a consequence of Lemma 5.2.8. Moreover, the first isomorphism
in (5.2.9.2) follows from (3) of Lemma 5.2.7 and the second from the flatness of G(n) over Z/pnZ. Now, we use the
exact sequence

Hom(G(n), H(n))→ Hom(G0(n), H0(n))→ Ext1Z/pnZ(G0(n), I ⊗R Lie(H(n)))→ · · ·

· · · → Ext1Z/pnZ(G(n), H(n))→ Ext1Z/pnZ(G0(n), H0(n)).

Assuming the vanishing of the obstruction class, this shows that the set of isomorphism classes of lifts of T0(n) is a
torsor under the image of Ext1Z(G0(n), I⊗RLie(H(n))), and one now upgrades to the statement about the groupoid
of lifts in a standard way. For the stated equivariance, note that, for any lift T (n), multiplication-by-p yields a
commutative diagram with exact rows where the top right and the bottom left squares are Cartesian:

0 > H(n) > T (n) > G(n) > 0

0 > H(n)

wwwwwwwww
> T ′(n)

∨
> G(n− 1)

p

∨
> 0

0 > H(n− 1)

p

∨
> T (n− 1)

∨
> G(n− 1)

wwwwwwwww
> 0

□

Remark 5.2.10 (Construction of obstruction classes using higher stacks). There is an alternative to the use of
the Mazur-Roberts carpet that proceeds by looking at the deformation theory of maps of higher classifying stacks.
Here is a sketch:

(1) We begin by assuming that we have p-divisible groups G,H over R such that G[pn] = G(n) and H[pn] =

H(n), and that we have an extension T0 ∈ Ext(G,H)(R0) such that T0[p
n] ≃ T0(n) ∈ Ext(G(n), H(n))(R0).
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(2) We now note that the obstruction to lifting the map of fppf sheaves of animated abelian groups f0(n) :

G0(n) → H0(n)[1] classifying T0 vanishes if and only if the obstruction to lifting the map BmG0(n) →
Bm+1H0(n) of higher classifying stacks vanishes for m ≥ 1.

(3) By standard deformation theory this latter obstruction class lives in

Ext1BmG0(n)(f0(n)
∗LBm+1H0(n)/R0

,OBmG0(n) ⊗ I) = Hm+2(BmG0(n), I ⊗R Lie(H(n))).

(4) Using classical facts about the cohomology of Eilenberg-MacLane spaces [20], one sees that there is a short
exact sequence

(5.2.10.1)
0→ Ext2Z(G0(n), I⊗RLie(H(n)))→ Hm+2(BmG0(n), I⊗RLie(H(n)))→ HomZ(M2⊗L

ZG0(n), I⊗RLie(H(n)))→ 0,

where M2 = π2(Z⊗S Z)9 is a finite abelian group. Moreover, we have

Ext1Z(G0(n), I ⊗R Lie(H(n))) ≃ Hm+1(BmG0(n), I ⊗R Lie(H(n))).

(5) Since M2 is perfect with Tor amplitude in [−1, 0] as a Z-module with perfect dual M∨
2 with Tor amplitude

[0, 1], the right hand side of (5.2.10.1) can be rewritten using Lemma 5.2.7 as

HomZ(G0(n), I ⊗R Lie(H(n))⊗Z M∨
2 )

≃−→ HomZ(G0(n), I ⊗R tH(n) ⊗Z M∨
2 ).

(6) Now, one uses the functoriality of the obstruction class and the invariance of tH(n) under passing to the
pk-torsion subgroups H(k) ⊂ H(n) to show that the image of the obstruction class in HomZ(G0(n), I ⊗R
tH(n) ⊗Z M∨

2 )vanishes, and so it actually lives in Ext2Z(G0(n), I ⊗R Lie(H(n))). See the argument in the
proof of Theorem 5.2.2 below.

(7) A similar functoriality argument also shows that the image of the resulting class under the map

Ext2Z(G0(n), I ⊗R Lie(H(n)))→ Ext1Z(G0(n), I ⊗R vH(n))

vanishes, finally yielding the obstruction class in

Ext2Z(G0(n), I ⊗R tH(n)) ≃ Ext2Z/pnZ(G0(n), I ⊗R tH(n))

Proof of Theorem 5.2.2. Given Lemma 5.2.4, standard arguments reduce us to showing the following statement:
Suppose that we are in the situation of Remark 5.2.10. Then, for all n ≥ 2, T0(n−1) can be lifted to a BT extension
T (n−1) of H(n−1) by G(n−1), and every such lift can further be lifted to a BT extension T (n) of H(n) by G(n).
By Proposition 5.2.9, for all n ≥ 1, we have the obstruction class

ob(f0(n)) ∈ Ext2Z/pnZ(G0(n), I ⊗R tH(n)).

Given (3) of Proposition 5.2.9, it is enough now to show that ob(f0(n)) = 0 for all n ≥ 1. This follows from (2) of
Proposition 5.2.9 and the fact that the map

Ext2Z(G0(n), I ⊗R tH(n))→ Ext2Z(G0(n− 1), I ⊗R tH(n))

induced via restriction along G0(n− 1) ⊂ G0(n) is identically zero; see [29, Corollaire 2.2.7]. □

Proof of Theorem 5.1.1. Follows from Theorem 5.2.2 (see Remark 5.1.4 and Remark 5.1.3). □

6. An analogue of a result of Raynaud

6.1. Isogenies. For any stable Z-linear ∞-category C, write ModZ/pnZ(C) for the stable ∞-category of Z/pnZ-
module objects in C. Effectively, we are looking at the∞-category of objects M ∈ C equipped with a nullhomotopy
for the endomorphism pn : M →M given by multiplication by pn. The following observation will be useful:

Lemma 6.1.1. Suppose that we have a map f : M1 →M2 in C. Then the following are equivalent:
(1) Giving cofib(f) the structure of an object in ModZ/pnZ(C).
(2) Giving a map f̂ : M2 →M1 equipped with an isomorphism f ◦ f̂ ≃ pn (resp. f̂ ◦ f ≃ pn) as endomorphisms

of M2 (resp. of M1).

9This is a smash product of spectra over the sphere spectrum.
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Definition 6.1.2. With C as above, a height-n isogeny is the data of a pair of maps M1
f−→ M2

f̂−→ M2 along
with homotopies f ◦ f̂ ≃ pn and f̂ ◦ f ≃ pn. We will denote such an object simply by the pair (f, f̂), and refer to
it as a height-n isogeny between M1 and M2.

6.2. Raynaud’s theorem for F -gauges. For any R ∈ CRingp-nilp, let Psyn
n,{0,1}(R) be the ∞-subcategory of

ModZ/pnZ(Perf{0,1}(R
syn)) spanned by the objects F with Tor amplitude in [−1, 0]. Our goal in this section is to

prove the following syntomic analogue of a theorem of Raynaud [6, Théorème 3.1.1]:

Theorem 6.2.1. Suppose that R is discrete and that we haveM∈ Psyn
n,{0,1}(R). Then there exist an ind-étale cover

R→ R̃, vector bundle F -gauges
V−1,V0 ∈ Vect{0,1}(R̃

syn),

of Hodge-Tate weights 0, 1, a map f : V−1 → V0, and an equivalence

M|R̃syn ≃ cofib(V−1 f−→ V0)

of perfect complexes over R̃syn.

Remark 6.2.2. Raynaud’s theorem in the context of finite flat group schemes actually allows one to restrict to
Zariski localization to achieve the analogous result. A posteriori, combined with Theorem 7.1.1 below, this implies
that Zariski localization is sufficient in Theorem 6.2.1 as well. However, our methods, which are moduli theoretic,
cannot yield this stronger assertion directly.

Remark 6.2.3. It might be possible to give a more streamlined proof of the theorem using the results of § 9.
However, the more scenic route taken here yields additional information about the moduli of F -gauges, such as
Corollary 6.4.4 below, and also illustrates principles that will prove useful in other contexts beyond that of this
paper.

The proof will take some preparation. For now, here are some useful corollaries.

Corollary 6.2.4. Suppose that R is discrete and that M ∈ Psyn
n,{0,1}(R). Then, pro-étale locally on SpecR, there

exist Vn,Wn ∈ Vectsynn,{0,1}(R) and cofiber sequences of perfect F -gauges

M→ Vn →M′ ; M′ →Wn →M

with M′ in the image of Psyn
n,{0,1}(R).

Proof. We can assume that we have a cofiber sequence

V−1 f−→ V0 →M

with V−1,V0 in Vectsyn{0,1}(R). Then by Lemma 6.1.1 we have f̂ : V−1 → V0 with f ◦ f̂ and f̂ ◦ f homotopic to
multiplication by pn. It is now easy to see that we now have cofiber sequences

cofib(f̂)→ V0/Lpn →M ; M→ V−1/Lpn → cofib(f̂)

□

Corollary 6.2.5 (Discreteness of the categories). Suppose that R is discrete. Then:
(1) Psyn

n,{0,1}(R) is a classical category and the forgetful functor

Psyn
n,{0,1}(R)→ Perf [−1,0](Rsyn)

is fully faithful.
(2) Psyn

n,{0,1}(R) has the structure of an exact additive category where the exact sequences are given by fiber
sequences of perfect complexes. Moreover, Vect{0,1}(Rsyn ⊗ Z/pnZ) is a thick subcategory10 of Psyn

n,{0,1}(R).

10By this, we mean that it has the ‘two-out-of-three’ property for exact sequences of objects.
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Proof. Assertion (1) will follow from knowing that the full subcategory of Perfsyn,[−1,0]
{0,1} (R) spanned by the image

of Psyn
n,{0,1}(R) has discrete mapping spaces between objects.

By pro-étale descent, and Theorem 6.2.1, we can assume that we have cofiber sequences

V−1 f−→ V0 →M ; W−1 h−→W0 → N .

We want to know that the mapping space Map(M,N ) is 0-truncated. For this, it is enough to know that the spaces
Map(Vi,N ) are 0-truncated for i = 0,−1. This in turn would follow if we knew that the cofiber of

Map(Vi,W−1)→ Map(Vi,W0)

is 0-truncated. Since multiplication by pn factors through h, we see that there is a sequence of maps

Map(Vi,W−1)→ Map(Vi,W0)→ Map(Vi,W−1)

whose composition is pn.
It is now enough to know that Map(Vi,Wj) is a flat Zp-module for j = 0,−1. This can be checked ‘linear

algebraically’, but it is also immediate from Theorem 4.3.1, and the analogous assertion for homomorphisms between
p-divisible groups.

As for the second assertion, the only part that requires proof is that the subcategory Vectsynn,{0,1}(R) has the
two-out-of-three property. Suppose that we have a fiber sequence

M1 →M2 →M3

in Psyn
n,{0,1}(R). IfM1 andM3 are vector bundles over Rsyn⊗Z/pnZ, then it is clear that so isM2. Similarly clear

is the case where M2 and M3 are vector bundles. The remaining case now follows from Cartier duality. □

6.3. Preparations for the proof. We can now begin preparations for our proof of the theorem. R will always be
discrete in what follows.

Lemma 6.3.1 (The case of a geometric point). The theorem holds when R = κ is an algebraically closed field.

Proof. By [8, Remarks 3.4.6, 4.2.8], giving a perfect F -gauge of Hodge-Tate weights 0, 1 amounts to giving maps
M0 u

↼−−⇁
t

M−1 of perfect complexes over W (κ) with u ◦ t = p · idM0 and t ◦ u = p · idM−1 , as well as a homotopy

equivalence φ∗M0 ≃−→M−1. The lemma follows easily from this explicit description. □

Remark 6.3.2 (F -gauges over perfect rings). In fact, the description of perfect F -gauges of Hodge-Tate weights
0, 1 used in the proof above is valid with κ replaced by any perfect Fp-algebra R. We will see a similar, but somewhat
more involved, description that holds for any R in Section 9 below.

Lemma 6.3.3. Suppose that M ∈ Psyn
[0,1],n(R), and let Mn ∈ Perf

syn,[−1,0]
n,{0,1} (R) be its image. Suppose that we have

a height n isogeny (f, f̂) between two vector bundle F -gauges V−1 and V0 over R such that the image of cofib(f)
in Perf

syn,[−1,0]
n,{0,1} (R) is isomorphic to Mn. Then there is an isomorphism cofib(f)

≃−→M of perfect complexes over
Rsyn.

Proof. Set M′ = cofib(f) and let M′
n be its image in Perf

syn,[−1,0]
n,{0,1} (R). By hypothesis, we have an isomorphism

M′
n

≃−→Mn.
Now, observe that the Z/pnZ-module structures on M′ and M (the former arising from Lemma 6.1.1 and our

hypothesis) yield isomorphisms
M′

n
≃−→M′ ⊕M′[1] ; Mn

≃−→M⊕M[1]

of perfect complexes over Rsyn. Therefore, we obtain an isomorphism

M′ ⊕M′[1]
≃−→M⊕M[1]

of objects in Perf
syn,[−2,0]
{0,1} (R). We claim that the resulting map M′[1] → M, which is the top-right corner of a

‘matrix’ representation of the isomorphism, is nullhomotopic. This would then imply that the ‘diagonal’ entries
M′ →M and M′[1]→M[1] are both isomorphisms in Perf

syn,[−1,0]
{0,1} (R).
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It remains to prove the claim. For this, it is enough to know that any map V0[1]→M is nullhomotopic. Write
F = V0,∨[−1]⊗M: this is a perfect F -gauge of Hodge-Tate weights −1, 0, 1 and Tor amplitude [0, 1]. For m ≥ 1,
let Fm be the image of F in Perf

syn,[0,1]
m,{0,1} (R).

By Theorem 4.2.1, its space of sections

Γsyn(F) = lim←−
m

Γsyn(Fm)

is a quasisyntomic sheaf, and for every square zero extension C ′ ↠ C of discrete R-algebras with kernel I, we have

Γsyn(F)(C ′)
≃−→ τ≤0 fib

(
Γsyn(F)(C)→ I ⊗R gr−1

Hdg F [−1]
)
,

where gr−1
Hdg F is a perfect complex over R with Tor amplitude [0, 1]. In particular, this shows that we have

Γsyn(F)(C ′) ≃ 0 whenever Γsyn(F)(C) ≃ 0.
To finish, we need to know that Γsyn(F)(R) ≃ 0. By the deformation theory explained in the previous paragraph,

we can reduce to the case where R is an Fp-algebra. Then, by quasisyntomic descent, we can reduce to the case
where R is semiperfect. By considering the direct limit perfection R → Rperf , which is a nilpotent thickening, we
can use deformation theory once again to reduce to the case where R is perfect.

Here, Rsyn is a classical stack, and the desired claim follows because H−1(M) = 0, as can be seen for instance
from the explicit description of the objects involved provided by Remark 6.3.2. □

Next, we prove the following m-truncated version of the theorem

Lemma 6.3.4 (m-truncated analogue of Raynaud). Suppose that we have M ∈ Psyn
n,{0,1}(R), and, for m ≥ 1, let

Mm
defn
= M/Lpm ∈ Perf

syn,[−1,0]
m,{0,1} (R) be its image. Then there exists an integer h ≥ 1 such that, for any m ≥ 1,

there exist:
• An étale cover R→ R̃;
• Vector bundles

V−1
m ,V0

m ∈ Vectsynm,{0,1}(R)

of rank h;
• and a map f : V−1

m → V0
m of vector bundle F -gauges

such that there is an equivalence
Mm|R̃syn⊗Z/pmZ ≃ cofib(V−1

m
f−→ V0

m).

Proof. By Theorem 4.1.1, the assignment

Xm : R 7→ Perf
[−1,0]
{0,1} (Rsyn ⊗ Z/pmZ)≃

is represented by a locally finitely presented derived p-adic formal Artin stack over Zp. Similarly, by Theorem 4.2.1,

we have a derived Artin stack Ym over Zp assigning to R the ∞-groupoid of maps V−1
m

f−→ V0
m of objects in

Vect{0, 1}(Rsyn ⊗ Z/pmZ). We have the obvious ‘forgetful’ map Ym → Xm, which remembers only the cofiber of
the map f .

Let Ym,h ⊂ Ym be the open and closed substack where the source and target of f both have rank h. The lemma
now comes down to the assertion that there exists h ≥ 1 such that, for every m ≥ 1, Mm ∈ Xm(R) is étale locally
in the image of Ym,h

We will see this as follows:
• Some geometry: The map Ym → Xm is smooth.
• Given the previous point, it is now enough to check the lemma under the additional assumption that R is

an algebraically closed field, where Lemma 6.3.1 does the trick.
To show that Ym is smooth over Xm, let us set up some notation. Write Y for the algebraic stack over Zp

parameterizing maps of vector bundles V −1 → V 0, and X for the (derived) algebraic stack over Zp parameterizing
perfect complexes of Tor amplitude [−1, 0]. Over Y (resp. X), we have the algebraic stack Y − (resp. X−)
parameterizing maps of filtered vector bundles Fil• V −1 → Fil• V 0, whose associated gradeds are supported in
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degrees 0,−1 (resp. filtered perfect complexes Fil• M whose associated gradeds are nullhomotopic outside of degrees
0,−1). If Z is any one of Y, Y −, X,X−, let Zm be the derived Weil restriction

Zm : C 7→ Z(C/Lpm).

This is also a derived Artin stack over Zp.
Pullback along xN

dR gives canonical maps Ym → Y −
m and Xm → X−

m, and a quick analysis of the deformation
theory explained in Theorems 4.1.1 and 4.2.1 now shows that, for any square zero thickening C ′ ↠ C, we have
canonical Cartesian squares

Ym(C ′) > Y −
m (C ′)

Ym(C)
∨

> Y −
m (C)×Ym(C) Ym(C ′)

∨

;

Xm(C ′) > X−
m(C ′)

Xm(C)
∨

> X−
m(C)×Xm(C) Xm(C ′)

∨

,

which can be combined to obtain a Cartesian square

Ym(C ′) > Y −
m (C ′)

Ym(C)×Xm(C) Xm(C ′)
∨

> Y −
m (C)×Ym(C)×Xm(C)X

−
m(C) (Ym(C ′)×Xm(C′) X

−
m(C ′)).

∨

Therefore, the smoothness of the map Yn → Xn reduces to that of the map Y −
n → Yn ×Xn

X−
n , which in turn

reduces to that of the map Y − → Y ×X X−.
Explicitly, this means the following: Suppose that Fil• V −1 Fil• α−−−−→ Fil• V 0 is a map of filtered vector bundles

over C (with associated gradeds supported in degrees −1, 0). Suppose also that the following conditions hold:
• The underlying map of vector bundles admits a lift α′ : V

′,−1 → V
′,0, a map of vector bundles over C ′;

• M ′ = cofib(α′) admits a lift to a filtered perfect complex Fil• M ′ over C ′ whose base-change over C is
equipped with an isomorphism to cofib(Fil• α).

Then there exists a filtered lift Fil• α′ : Fil• V
′,−1 → Fil• V

′,0 of α′ that is also a lift of Fil• α.
The condition on the filtration allows us to simplify this even further. The map Fil• α is given simply by a

commuting square

Fil0 V −1 Fil0 α
> Fil0 V 0

V −1
∨

α=Fil−1 α
> V 0.

∨

Viewed in this way, it is enough to know that, for any vector bundle Fil• V
′,0 lifting Fil• V 0, we can fit it into a

commuting diagram
Fil0 V

′,0 > Fil0 M ′

V
′,0

∨

> M ′
∨

lifting the one over C. This reduces to the fact that sections of the perfect complex

(Fil0 V
′,0)∨ ⊗ (V

′,0 ×M ′ Fil0 M ′),
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which has Tor amplitude in [−1, 0], are parameterized by a smooth Artin stack over C ′.
□

Proposition 6.3.5 (Lifting truncated isogenies). Fix integers h, n ≥ 1. Then there exists an integer M(h, n) ≥ n

with the following property: Given:
• A discrete Z/prZ-algebra R;
• A vector bundle F -gauge over R, V ∈ Vectsyn{0,1}(R) of rank h;

• An integer N ≥M(h, n) + r and a height-n isogeny (fN , f̂N ) between VN
defn
= V/LpN and another mod-pN

vector bundle F -gauge WN ;
there exists a height-n isogeny (f, f̂) between V and a vector bundle F -gauge W of height h, and an isomorphism
between the mod-pN−M(h,n)−r+1 reductions of (f, f̂) and (fN , f̂N ).

Remark 6.3.6. This proposition is a special case of some finite presentation results that can be found in [38], and
is related to similar results appearing in the work of Bartling-Hoff [5] in the context of Witt vector displays. It
admits a translation into the setting of truncated Barsotti-Tate groups via Theorem 4.3.1, and one can prove this
translated result directly, yielding another proof of the proposition. However, since this seems to offer no substantial
simplification, we have chosen to stick with the linear algebraic perspective here.

The proof will be given in the next subsection. For now, let us return to the main result of this section.

Proof of Theorem 6.2.1. Suppose that R is a Z/prZ-algebra. Let h ≥ 1 be as in Lemma 6.3.4, and let M(h, n) be
as in Proposition 6.3.5.

Choose m ≥M(h, n) + r+ n, and use Lemma 6.3.4 to find, after an étale localization, a map fm : V−1
m → V0

m of
mod-pm vector bundle F -gauges of rank h such that cofib(fm) ≃Mm. By Lemma 6.1.1, we can complete fm to a
height-n isogeny (fm, f̂m) between V−1

m and V0
m.

After a further pro-étale localization, we can assume that V−1
m lifts to a vector bundle F -gauge V−1 ∈ Vect(Rsyn).

Proposition 6.3.5 now tells us that the reduction-mod-pm−M(h,n)−r+1 of (fm, f̂m) lifts to a height-n isogeny (f, f̂)

between V−1 and V0, and Lemma 6.3.3 tells us that there is an isomorphism cofib(f)
≃−→M. □

6.4. Lifting isogenies. Here, we will give a proof of Proposition 6.3.5.

Construction 6.4.1 (Some local models). Suppose that we have a filtered vector bundle Fil• V over a ring R such
that the underlying vector bundle V has rank h ∈ Z≥1. Suppose also that the filtration is supported in degrees
−1, 0 with gr−1 V of rank d ∈ Z≥0.

For any n ≥ 1, we will define X−
Fil• V (n) → SpecR to be the (derived) stack parameterizing height-n isogenies

Fil• V
f̂
↼−−⇁
f

Fil• W of filtered vector bundles with

rank griW =


d if i = −1
h− d if i = 0

0 otherwise.

We will define XV (n)→ SpecR to be the (derived) stack parameterizing height-n isogenies V
f̂
↼−−⇁
f

W with W of

rank h.
For m ≥ 1, we will also need the Weil restricted versions of these stacks:

Xm,Fil• V (n) : C 7→ XFil• V (n)(C/Lpm) ; Xm,V (n) : C 7→ XV (n)(C/Lpm)

Construction 6.4.2 (More local models). Suppose that we have R ∈ CRingp-nilp and a vector bundle F -gauge V
over R of rank h and Hodge-Tate weights 0, 1. For m ≥ 1, write Vm for the image of V in Vectsynm,{0,1}(R).

For n ≥ 1, write XV(n) → SpecR for the prestack parameterizing height-n isogenies V
f̂
↼−−⇁
f
W of vector bundle

F -gauges with Hodge-Tate weights in {0, 1}.
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Given another integer m ≥ 1, write Xm,V(n) → SpecR for the prestack parameterizing height-n isogenies

Vm
f̂m
↼−−−−⇁
fm
Wm of vector bundle F -gauges of level m with Hodge-Tate weights in {0, 1}.

Reduction mod-pm yields a canonical map of prestacks XV(n) → Xm,V(n). Pullback along xN
dR yields a filtered

vector bundle Fil• V over R with associated graded supported in degrees −1, 0, as well as canonical maps

XV(n)→ X−
Fil• V (n) ; Xm,V(n)→ X−

m,Fil• V (n).

Proposition 6.3.5 will be implied by the following more refined assertion:

Proposition 6.4.3. There exists M(h, n) ≥ n, depending only on h and n, such that, for any discrete R-algebra C

with ps = 0 ∈ C, any N ≥M(h, n)+ s, and any m ≤ N −M(h, n)− s+1 we have a canonical commuting diagram

XV(n)(C) > XN,V(n)(C) > XV(n)(C)

Xm,V(n)(C)
∨ <

>

(6.4.3.1)

where the composition of the horizontal arrows is the identity. Moreover, XV(n)(C) is discrete for any such C.

Corollary 6.4.4. The p-adic formal prestack XV(n), a priori an inverse limit of finitely presented formal schemes
over Spf R is in fact itself a finitely presented formal scheme over Spf R.

Remark 6.4.5. As observed in the introduction, the corollary is related to results appearing in the proof of the
main result of [5]. From the optic of p-divisible groups, this finite presentation can be easily deduced from that of
the scheme parameterizing finite flat subgroups of the pn-torsion of a fixed p-divisible group.

The rest of this section is devoted to the proof of Proposition 6.4.3.

Proposition 6.4.6 (Reduction to the case of perfect rings). It suffices to find M(h, n) ≥ n, depending only on
h and n, such that Proposition 6.4.3 holds for perfect R-algebras C (with s = 1). In particular, we can assume
without loss of generality that R is perfect.

Proof. We will prove this using deformation theory.
First, let us reduce to the case s = 1. Suppose that we have a discrete R/psR-algebra C and integers N ≥

M(h, n)+s, m ≤ N−M(h, n)−s+1 such that XV(n)(C) is discrete and that we have the commuting diagram (6.4.3.1)
where the composition of the horizontal arrows is the identity.

Using Lemma 6.4.7 below, we find that, for any square-zero extension C ′ ↠ C of discrete R-algebras, we have
for any k ≥ 1,

XV(n)(C
′) ≃ XV(n)(C)×X−

Fil• V
(n)(C)×

X
−
V

(n)(C)
X−

V (n)(C′) X
−
Fil• V (n)(C

′);

Xk,V(n)(C ′) ≃ Xk,V(n)(C)×X−
Fil• V

(n)(C/Lpk)×
X

−
V

(n)(C/Lpk)
X−

V (n)(C′/Lpk) X
−
Fil• V (n)(C

′/Lpk).(6.4.6.1)

The first isomorphism tells us that the fibers of XV(n)(C
′) → XV(n)(C) are discrete, and therefore, XV(n)(C

′)

is itself discrete.
Suppose now that C ′ is a Z/ps′Z-algebra, and that we have 1 ≤ m ≤ N − M(h, n) − s′ + 1. Then, since

N ≥ N −m ≥ s′, the map
C ′ ⊕ C ′[1]

≃−→ C ′/LpN → C ′/Lpm

factors through the natural surjection C ′⊕C ′[1] ↠ C ′. Therefore, the isomorphisms from (6.4.6.1) now tell us that
the assumed factoring

XN,V(C)→ XV(C)→ Xm,V(C)

lifts to a similar factoring over C ′.
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Therefore, via induction on s, we are reduced to the case of R/pR-algebras. We need to find the integer M(h, n)

such that, for any N ≥ M(h, n) + 1, we have a canonical retraction XN,V(C)→ XV(C) on discrete R/pR-algebras
C. For this, using quasisyntomic descent, we can reduce to the case where C is semiperfect.

Consider the map C → Cperf to the direct limit perfection of C: this is surjective with locally nilpotent kernel
J . Using [9, Corollary 1.5] (and also the first part of Lemma 6.4.7 below), we find that we have

XN,V(C)
≃−→ lim←−

k

XN,V(C/Jk) ; XV(C)
≃−→ lim←−

k

XV(C/Jk).

Next, the deformation argument above shows that, if I ⊂ C is a square zero ideal, then, given the desired
retraction over C/I, we can lift it canonically to a retraction over C. Repeated application of this principle tells us
that the conclusion is valid even if I is only assumed to be nilpotent.

Combining the last three paragraphs now completes the reduction to the case of perfect R-algebras. □

Lemma 6.4.7 (Application of Grothendieck-Messing). For each m ≥ 1, Xm,V(n) is represented by a finitely
presented derived Artin stack over C. Moreover, suppose that (C ′ ↠ C, γ) is a nilpotent divided power thickening
in CRingR/. Then we have canonical Cartesian squares

XV(n)(C
′) > X−

Fil• V (n)(C
′)

XV(n)(C)
∨

> X−
Fil• V (n)(C)×X−

V (n)(C) X
−
V (n)(C

′)

∨

;

Xm,V(n)(C ′) > X−
m,Fil• V (n)(C

′)

Xm,V(n)(C)
∨

> X−
m,Fil• V (n)(C)×X−

m,V (n)(C) X
−
m,V (n)(C

′)

∨

.

Proof. This follows from Theorems 4.1.1 and 4.2.1. □

Remark 6.4.8 (Explication of problem in the perfect case). We can use Remark 6.3.2 to make the problem in the
perfect case quite explicit. The data of the F -gauge V is equivalent to that of maps V 0 t

↼−−⇁
u

V −1 of finite locally

free W (R)-modules of rank h with u ◦ t and t ◦ u both equal to multiplication-by-p, along with an isomorphism
ξ : φ∗V 0 ≃−→ V −1. In other words, we are in the classical remit of Zink’s theory of displays. Here, the height-n
isogeny (fN , f̂N ) amounts to giving:

• Maps V
′,0
N

t′N↼−−−−⇁
u′
N

V
′,−1
N of finite locally free WN (R)-modules of rank h with u′

N ◦ t′N = t′N ◦ u′
N = p;

• An isomorphism ξ′N : φ∗V
′,−0
N

≃−→ V
′,−1
N
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• Height-n isogenies V i/pNV i = V i
N

f
(i)
N↼−−−−⇁
f̂
(i)
N

W i
N of finite locally free WN (R)-modules for i = 0,−1 such that

we have commuting diagrams

V 0
N

tN=t(mod pN )
> V −1

N

uN=u(mod pN )
> V 0

N

V
′,0
N

f
(0)
N

∨
t′N > V

′,−1
N

f
(−1)
N

∨
u′
N > V

′,0
N

f
(0)
N

∨

V 0
N

f̂
(0)
N

∨
tN

> V −1
N

f̂
(−1)
N

∨
uN

> V 0
N ;

f̂
(0)
N

∨

;

φ∗V 0
N

ξN=ξ(mod pN )
> V −1

N

φ∗V
′,0
N

φ∗f
(0)
N

∨
ξ′N > V

′,−1
N

f
(−1)
N

∨

φ∗V 0
N

φ∗f̂
(0)
N

∨
ξN

> V −1
N

f̂
(−1)
N

∨

The problem we are now concerned with is the following: Find an integer M(h, n) ≥ 1 such that, for N ≥
M(h, n)+ 1, we can find a canonical lift (up to isomorphism) of the mod-pN−M(h,n) reduction of the above data to
a commuting diagrams of locally free W (R)-modules:

V 0 t
> V −1 u

> V 0

V
′,0

f(0)

∨
t′

> V
′,−1

f(−1)

∨
u′

> V
′,0

f(0)

∨

V 0

f̂(0)

∨
t

> V −1

f̂(−1)

∨
u

> V 0

f̂(0)

∨

;

φ∗V 0 ξ
> V −1

φ∗V
′,0

φ∗f(0)

∨
ξ′

> V
′,−1

f(−1)

∨

φ∗V 0

φ∗f̂(0)

∨
ξ

> V −1.

f̂(−1)

∨

such that, in the first diagram, the composition along all columns is multiplication-by-pn, while that along all the
rows is multiplication-by-p.

The problem was addressed by Bartling-Hoff [5] in the more general context of Zink displays over arbitrary
p-nilpotent rings, but these authors impose a nilpotency hypothesis in their arguments, and so we cannot use their
results directly. For now, note that such commuting diagrams have no non-trivial automorphisms that restrict to
the identity on V 0. This already shows that XV (n)(R) is discrete when R is perfect.

Remark 6.4.9 (Banal F -gauges). We will say that the F -gauge V (resp. VN ) is banal if V 0 (resp. V
′,0
N ) is free

over W (R) (resp. over WN (R)). In this case, we can assume that we have bases

W (R)h
≃−→ V 0 ; W (R)h

≃−→ V −1 ; WN (R)h
≃−→ V

′,0
N ; WN (R)h

≃−→ V
′,−1
N

such that with respect to these bases t, t′N are given by the matrix J1 =

(
p · 1h−d 0

0 1d

)
, while u, u′

N are given by

the matrix J2 =

(
1h−d 0

0 p · 1d

)
. The identification φ∗V 0 ≃−→ V −1 is now given by an element g ∈ GLh(W (R)),

while φ∗V
′,0
N

≃−→ V
′,−1
N is given by an element g′N ∈ GLh(WN (R)). The maps f

(i)
N , f̂

(i)
N are given by matrices

A
(i)
N , B

(i)
N ∈ Math×h(WN (R)) satisfying A

(i)
N B

(i)
N = B

(i)
N A

(i)
N = pn · Ih. Moreover, if gN ∈ GLh(WN (R)) is the image
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of g, we have the identities

A
(0)
N J2 = J2A

(−1)
N ; J1A

(0)
N = A

(−1)
N J1 ; B

(0)
N J2 = J2B

(−1)
N ; J1B

(0)
N = B

(−1)
N J1;

A
(−1)
N gN = g′Nφ(A

(0)
N ) ; B

(−1)
N g′N = gNφ(B

(0)
N ).

Remark 6.4.10 (Reduction to a matrix problem). Now, lifting the mod-pN−m reduction of (fN , f̂N ) to an isogeny
(f, f̂) out of V becomes equivalent to finding matrices A(i), B(i) ∈ Math×h(W (R)) and g′ ∈ GLh(W (R)) with the
following properties:

(1) A(i)B(i) = B(i)A(i) = pnIh;
(2) A(0)J2 = J2A

(−1) ; J1A
(0) = A(−1)J1 ; B(0)J2 = J2B

(−1) ; J1B
(0) = B(−1)J1;

(3) A(−1)g = g′φ(A(0)) ; B(−1)g′ = gφ(B(0));
(4) (A(−1), B(−1), A(0), B(0), g′) ≡ (A

(−1)
N , B

(−1)
N , A(0), B

(0)
N , g′N ) (mod pN−m).

Note that, since J1 and J2 are invertible after inverting p and W (R) is p-torsion free, A(−1) determines the remaining
three matrices, and, therefore, A(−1) and g together determine g′ as well.

Remark 6.4.11. In the situation of the previous remark, if (Ã(i), B̃(i), g̃′) is another tuple with the same properties,
then it gives an isomorphic lift if there exists (a necessarily unique) α ∈ GLh(W (R)) with the following properties:

• J2αJ
−1
2 = J−1

1 αJ1 ∈ GLh(W (R));
• α ≡ Ih (mod pN−m);
• Ã(−1) = αA(−1);
• g̃′ = α−1g′φ(J2αJ

−1
2 ).

Construction 6.4.12 (A scheme of matrices). The previous remarks make it clear that it will be profitable to study
the geometry of the schemeM(h, n) over Zp parameterizing pairs of h×h-matrices (A,B) with AB = BA = pnIh.
This is an affine scheme; let S(h, n) be the Zp-algebra such that M(h, n) = SpecS(h, n). The scheme also has an
action of GLh given by

g · (A,B) = (gA,Bg−1).

Over Qp, projection onto the first coordinate gives a GLh-equivariant isomorphismM(h, n)Qp

≃−→ GLh,Qp
. Consider

the group action map

GLh×M(h, n)
(g,(A,B)) 7→((A,B),(gA,Bg−1))−−−−−−−−−−−−−−−−−−−−→M(h, n)×M(h, n).

If GLh = SpecT , then this corresponds to a map S(h, n)⊗Zp
S(h, n)→ T ⊗Zp

S(h, n) that is an isomorphism after
inverting p. In particular, there exists an integer t(h, n) ≥ 0 such that we have

pt(h,n)(T ⊗Zp
S(h, n)) ⊂ im(S(h, n)⊗Zp

S(h, n)).

Lemma 6.4.13. Suppose that S is a flat Zp-algebra, and that we are given (A1, B1), (A2, B2) ∈ M(h, n)(S),
m ≥ t(h, n), and g ∈ GLh(S) such that

(gA1, B1g
−1) ≡ (A2, B2) (mod pm).

Then there exists (a necesarily unique) g̃ ∈ GLh(S) such that (g̃A1, B1g̃
−1) = (A2, B2).

Proof. We can interpret ((A1, B1), (A2, B2)) as a map of Zp-algebras γ : S(h, n) ⊗Zp S(h, n) → S, and we want
to know that this map can be extended to a map T ⊗Zp S(h, n) → S. More precisely, we want to know that the
composition

γ′ : (T ⊗Zp
S(h, n))[1/p]

≃−→ (S(h, n)⊗Zp
S(h, n))[1/p]→ S[1/p]

carries T ⊗Zp
S(h, n) into S. By the definition of t(h, n), for any element x ∈ T ⊗Zp

S(h, n), we have γ′(pth,nx) ∈ S.
Therefore, it is enough to know that we have γ′(pt(h,n)x) ∈ pt(h,n)S for all such x. But, by our hypothesis of the
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existence of g, there exists a map δ : T ⊗Zp S(h, n)→ S/pmS such that we have a commuting diagram

S(h, n)⊗Zp
S(h, n)

γ
> S

T ⊗Zp
S(h, n)
∨

δ
> S/pmS.

∨

This tells us that we have
γ′(pt(h,n)x) ≡ δ(pt(h,n)x) ≡ pt(h,n)δ(x) (mod pm).

Since m ≥ t(h, n), this completes the proof. □

Construction 6.4.14 (Controlling p-torsion in the automorphism groups). For any pair (A,B) ∈ M(h, n)(C),
let I(A,B) → SpecC be the affine group scheme obtained as the stabilizer in GLh,C of (A,B): this organizes
into a relative group scheme I → M(h, n) whose restriction over the generic fiber is the trivial group scheme.
Suppose that I = SpecD, and let D → S(h, n) be the augmentation map associated with the identity section. Set
J = ker(D → S(h, n)); then, since J [1/p] = 0, there exists an integer c(h, n) ≥ 1 such that pc(h,n)J = 0

Lemma 6.4.15. Let m(h, n) = max{t(h, n), c(h, n)}. Let the hypotheses and notation be as in Lemma 6.4.13, but
assume in addition that m ≥ m(h, n) + 1. Then there exists g̃ ∈ GLh(S) such that (g̃A1, B1g

−1) = (A2, B2), and
moreover we have

g̃ ≡ g (mod pm−m(h,n)).

Proof. The existence of g̃ is clear since m(h, n) ≥ t(h, n). The element g−1g̃ belongs to I(A,B)(S/pmS), and so is
associated with a Zp-algebra map D → S/pmS. Since pc(h,n)J = 0, this map must map J into pm−c(h,n)S/pmS.
Therefore, the composition D → S/pmS → S/pm−m(h,n) kills J , and hence factors through the augmentation map.
In other words, g−1g̃ is congruent to the identity mod-pm−M(h,n). □

Lemma 6.4.16. Suppose that S is a p-complete flat Zp-algebra and that, for m ≥ n+1, we have A,B ∈ Math×h(S)

such that AB ≡ pnIh (mod m). Then there exists (A′, B′) ∈M(h, n)(S) such that

(A,B) ≡ (A′, B′) (mod pm−n)

Proof. By hypothesis, there exists an h × h-matrix C such that AB = pn(Ih + pm−nC). Now, A′ = A and
B′ = B(Ih + pm−nC)−1 does the job. □

Proof of Proposition 6.4.3. Let m(h, n) be as in Lemma 6.4.15, and set M(h, n) = n+2m(h, n). We will show that
this does the job.

By Proposition 6.4.6, we can assume that R is perfect. Suppose that we are in the banal situation of Remark 6.4.9.
If N ≥M(h, n)+ 1, then by Lemma 6.4.16, the reduction (A

(−1)
N−n, B

(−1)
N−n) of (A(−1)

N , B
(−1)
N ) mod-pN−n can be lifted

to a pair (A(−1), B(−1)) ∈M(h, n)(W (R)).
Suppose that, with respect to the direct sum decomposition W (R)h = W (R)h−d ⊕W (R)d, we have

A
(i)
N =

(
A

(i)
N,1 A

(i)
N,2

A
(i)
N,3 A

(i)
N,4

)
; B

(i)
N =

(
B

(i)
N,1 B

(i)
N,2

B
(i)
N,3 B

(i)
N,4

)
Then the identities A

(0)
N J2 = J2A

(−1)
N and B

(0)
N J2 = J2B

(−1)
N tell us that A

(0)
N and B

(0)
N are essentially determined

by A
(−1)
N and B

(−1)
N , except that there is an ambiguity up to p-torsion in the choice of A(0)

N,2 and B
(0)
N,2 such that

pA
(0)
N,2 = A

(−1)
N,2 and pB

(0)
N,2 = B

(−1)
N,2 . In particular, all such choices agree mod-pN−1.

This shows that we have

A(0) = J2A
(−1)J−1

2 , B(0) = J2B
(−1)J−1

2 ∈ Math×h(W (R)),

and also that their images mod-pN−n agree with those of A(0)
N and B

(0)
N .
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Now, consider the pairs
(A(−1), B(−1)), (φ(A(0)), φ(B(0))) ∈M(h, n)(W (R)).

If g̃′N ∈ GLh(W (R)) is a lift of gN , then we have

(g̃′NA(−1), B(−1)(g̃′N )−1) ≡ (φ(A(0)), φ(B(0)) (mod pN−n).

Therefore, Lemma 6.4.15 gives us a unique g′ ∈ GLh(W (R)) such that
• g′ ≡ g̃′N (mod pN−n−m(h,n));
• (g′A(−1), B(−1)(g′)−1) = (φ(A(0)), φ(B(0))).

By Remark 6.4.10, we find that we have constructed a lift (f, f̂) of the reduction of (fN , f̂N ) mod-pN−n−m(h,n).

If (Ã(−1), B̃(−1), Ã(0), B̃(0), g̃′) is another such lifting datum, then applying Lemma 6.4.15 once again gives us
unique elements α(−1), α(0) ∈ GLh(W (R)) such that, for i = 1, 2,

• (α(i)A(i), B(i)(α(i))−1) = (Ã(i), B̃(i));
• α(i) ≡ 1 (mod pN−M(h,n)).

The uniqueness ensures that α(0) = J2α
(−1)J−1

2 , and so we see, using Remark 6.4.11, that α = α(−1) gives us the
unique isomorphism between the lifts determined by these data, lifting the identity mod-pN−M(h,n).

Let
X ban

V (n)(R) ⊂ XV(n)(R) ; X ban
m,V(n)(R) ⊂ Xm,V(n)(R)

be the subgroupoids spanned by the banal objects. Then in the preceding paragraphs we have constructed a
canonical commuting diagram

X ban
V (n)(R) > X ban

N,V(n)(R) > X ban
V (n)(R)

X ban
N−M(n,h),V(n)(R)

∨ <
>

where the composition of the horizontal arrows is the identity.
Since every F -gauge is banal Zariski locally on SpecR, we can now complete the proof using Zariski descent. □

7. Classifying finite flat group schemes

In this section, R will be a discrete object in CRingp-comp.

7.1. The main theorem. Let FFG(R) be the category of finite locally free commutative p-power torsion group
schemes over R, and let FFGn(R) be the subcategory spanned by the pn-torsion objects. These are exact additive
categories. Also, write Psyn

{0,1}(R) for the∞-subcategory of Perf [−1,0]
{0,1} (Rsyn) spanned by the objects that can be lifted

to Z/pnZ-modules for some n ≥ 1: By Corollary 6.2.5, this is a discrete exact additive subcategory that is a union
of its subcategories Psyn

n,{0,1}(R). Here, we will prove the main theorem of this paper:

Theorem 7.1.1. There is a natural exact equivalence of categories

G : Psyn
{0,1}(R)

≃−→ FFG(R)

carrying Psyn
n,{0,1}(R) onto FFGn(R), functorial in R ∈ CRingp-comp

♡ , compatible with arbitrary base-change, satisfy-
ing fpqc descent, and compatible also with the equivalence in Theorem 4.3.1 for n-truncated Barsotti-Tate groups.
For each M∈ Psyn

{0,1}(R) there exists a canonical Cartier duality isomorphism11

G(M∨{1}[1]) ≃−→ G(M)∗

11The dual on the left hand side is in the category of perfect complexes over Rsyn.
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Remark 7.1.2 (Local finite presentation of Psyn
{0,1}). The theorem implies that the classical truncation of the formal

prestack R 7→ Psyn
{0,1}(R) is represented by a locally finitely presented p-adic formal Artin stack. Independently

of the theorem, one can show directly that, even as a derived prestack, it is represented by a locally finitely
presented quasi-smooth derived formal Artin stack over Spf Zp: It admits as cotangent complex the perfect complex
(gr−1

Hdg Mtaut)
∨⊗Fil0Hdg Mtaut, which has Tor amplitude in [−1, 1]. Moreover, by Theorem 4.1.1, it is a filtered colimit

of the stacks Psyn
n,{0,1}, which are themselves inverse limits of the locally finitely presented derived formal algebraic

stacks
P
syn,(m)
n,{0,1} : C 7→ ModZ/pnZ

(
Perf

[−1,0]
{0,1} (Rsyn ⊗ Z/pmZ)

)
.

The key point now is to establish the local finite presentation of these inverse limits. For this, one proves an
analogue of Proposition 6.4.3, showing that for any n, s ≥ 1 there exist integers N ≥ m such that, for any discrete
Z/psZ-algebra C, we have a canonical commuting diagram

Psyn
n,{0,1}(C) > P

syn,(N)
n,{0,1} (C) > Psyn

n,{0,1}(C)

P
syn,(m)
n,{0,1} (C).

∨ <
>

The line of argument is very similar to that of the proposition (though one category level higher) and involves the
use of deformation theory to reduce to the case of perfect rings where one can work concretely with Witt vectors.

The rest of this section is devoted to the proof of the theorem.

7.2. The functor G. We can assume that R is p-nilpotent. The functor is defined using syntomic cohomology:
Given M∈ Psyn

n,{0,1}(R), we take Γsyn(M) to be the functor on CRingR/ given by

Γsyn(M) : C 7→ τ≤0RΓ (Csyn,M|Csyn) .

This is a quasisyntomic sheaf over R, and to check that it is represented by a finite flat group scheme, we can
work pro-étale locally. Therefore, by Theorem 6.2.1, we can assume thatM is the cofiber of a map of vector bundle
F -gauges V−1 f−→ V0. Now, Theorem 4.3.1 gives us p-divisible groups H−1 and H0 associated with V−1 and V0 and
a map α : H−1 → H0.

Lemma 7.2.1. α is an isogeny of p-divisible groups and the classical truncation G(M) of Γsyn(M) is represented
by the finite flat group scheme ker(α).

Proof. Note that we have a map f̂ : V0 → V−1 with f ◦ f̂ and f̂ ◦ f both equal to multiplication by pn. This yields
a map α̂ : H0 → H−1 with α ◦ α̂ and α̂ ◦ α equal to multiplication by pn. In particular, α is surjective.

It remains to verify that kerα is finite flat over R and that it is isomorphic to G(M). The first actually follows
from the existence of the map α̂, since it shows that kerα is a quotient of the finite flat group scheme H0[pn]12but
we can give a simultaneous proof of both facts by studying G(M).

Theorem 4.2.1 tells us that Γsyn(M) is an inverse limit of the locally finitely presented derived algebraic stacks

Γsyn,m(M)
defn
= Γsyn(M⊗ Z/pmZ).

Moreover, if Fil•Hdg M is the perfect complex over R with Tor amplitude in [−1, 0] obtained by pulling M back
along xN

dR,R, Γsyn(M) admits a tangent complex over R given by the pullback of gr−1
Hdg M [−1], which of course is

perfect with Tor amplitude in [0, 1], and also has virtual rank 0.

12This fact doesn’t seem to have a ready reference in the literature, but here is an argument conveyed to us by Alex Youcis: Suppose
that G1 → G2 is a map of finitely presented affine group schemes that is a quotient map for the fppf topology, with G1 finite flat over
the base. We want to know that G2 is also finite flat. We reduce to the case of a Noetherian base. Then the fiber-by-fiber criterion for
flatness tells us that G1 is faithfully flat, and hence finite flat, over G2. This, combined with the finite flatness of G1 over the base, then
finishes the proof.
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Now, since M is isomorphic to a direct summand of M⊗ Z/pnZ, we see that Γsyn(M) is also locally finitely
presented.

Combining the three previous paragraphs now shows that Γsyn(M) is represented by a quasi-smooth derived
algebraic stack over R of virtual codimension 0.

On the other hand, for every m ≥ 1, we have an isomorphism

Γsyn,m(M)cl
≃−→ cofib(H−1[pm]→ H0[pm]),

and taking inverse limits yields an isomorphism G(M)
≃−→ kerF .

This shows that the classical truncation of Γsyn(M) takes discrete values; thus Γsyn(M) is a quasi-smooth derived
algebraic space over R of virtual rank 0. It also shows that, on algebraically closed fields, it takes finite values.
Therefore, by [23, Lemma 11.3.4], it is in fact a quasi-finite flat lci scheme over R, and, since it is a closed subscheme
of G1[pk] for k sufficiently large, it is in fact finite flat.

This verifies all the assertions of the lemma. □

Remark 7.2.2 (Cartier duality pairing). We have a canonical pairing

Γsyn(M∨[1]{1})× Γsyn(M)→ Γsyn(M∨ ⊗M[1]{1})→ Γsyn(Osyn{1}[1]).

Here, Osyn is the structure sheaf of Rsyn, and we have used the tautological pairing M∨ ⊗ M → Osyn. By
Proposition 4.3.2 and [23, Proposition 11.4.1], we have a canonical isomorphism of formal stacks

Γsyn(Osyn{1}[1]) ≃−→ lim←−
m

Blµ.. pm ,

where the transition maps are induced by the p-power map lµ.. pn+1 → lµ.. pn . IfM is in Psyn
n,{0,1}(R), then this factors

canonically through the fiber of the pn-power map

fib(lim←−
m

Blµ.. pm
pn−→ lim←−

m

Blµ.. pm)
≃−→ lim←−

m
lµ.. pm ⊗L

Z Z/pnZ ≃−→ lµ.. pn .

Explicitly, the inverse to the composition of these isomorphisms takes a section x ∈ lµ.. pn(C) to the compatible family
of lµ.. pm−n-torsors (for m ≥ n) parameterizing sections xm ∈ lµ.. pm(C) such that xp

m−n

m = x.
In sum, forM∈ Psyn

n,{0,1}(R) we have a canonical pairing

G(M∨[1]{1})× G(M)→ lµ.. pn .(7.2.2.1)

7.3. Full faithfulness and essential surjectivity. Next, we show:

Lemma 7.3.1. The functor G is fully faithful.

Proof. We want to show that the map

Hom(M1,M2)→ Hom(G(M1),G(M2))

is an isomorphism forM1,M2 ∈ Psyn
n,{0,1}(R).

By pro-étale descent and Theorem 6.2.1, we can assume that we have, for i = 1, 2, cofiber sequences

V−1
i

fi−→ V0
i →Mi

with V?
i vector bundle F -gauges over R.

Theorem 4.3.1 gives us maps of p-divisible groups H−1
i → H0

i for i = 1, 2 associated functorially with fi.
Set Gi = G(Mi). We first claim that there are canonical isomorphisms

Hom(M1,V?
2 [1])

≃−→ Hom(G1,H?
2)

for ? = −1, 0.
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For this, note that we have a diagram with exact rows

0 > Hom(V0
1 ,V?

2) > Hom(V−1
1 ,V?

2) > Hom(M1,V?
2 [1]) > Hom(V0

1 ,V?
2 [1]) > Hom(V−1

1 ,V?
2 [1])

0 > Hom(H0
1,H?

2)
∨

> Hom(H−1
1 ,H?

2)

∨
> Hom(G1,H?

2)
∨

> Ext(H0
1,H?

2)
∨

> Ext(H−1
1 ,H?

2).

∨

The vertical maps are all obtained via the functor Γsyn, and the three vertical arrows on the right also use
Proposition 4.3.2. All arrows except the middle one are known to be isomorphisms: the first two from Theorem 4.3.1
and the last two from Theorem 5.1.1. From this and the five lemma it follows that the middle arrow is also an
isomorphism.

Now, consider another diagram

0 > Hom(M1,M2) > Hom(M1,V0
2 [1]) > Hom(M1,V−1

2 [1])

0 > Hom(G1,G2)
∨

> Hom(G1,H0
2)

∨
> Hom(G1,H−1

2 )

∨

Once again, the maps here are induced by Γsyn. The bottom row is exact, and we have just seen that the right two
vertical arrows are isomorphisms. It is now enough to know that the top row is also exact, which certainly would
follow if we knew Hom(M1,V−1

2 ) = 0. This can be checked just as in the proof of Lemma 6.3.3: This is the space
of sections of F =M∨

1 ⊗ V−1
2 , which is a perfect F -gauge of Hodge-Tate weights {0, 1} and Tor amplitude [0, 1].

We reduce to the case where R is a perfect Fp-algebra, where the conclusion follows since V−1
2 is a vector bundle

over the Zp-flat stack Rsyn. □

Let us now verify essential surjectivity. By the full faithfulness shown above, it suffices to check that any finite
flat group scheme is étale locally in the image of the functor. By Raynaud’s theorem [6, Théorème 3.1.1], we can
assume that the group scheme is the kernel of an isogeny between p-divisible groups. But now we can simply invoke
Theorem 4.3.1, and combine it with Lemma 7.2.1, to see that such a group scheme is in the image of G.

7.4. Exactness. Let us turn to the exactness of the equivalence. As in the proof of Theorem 5.1.1, for anyM1,M2

in Psyn
n,{0,1}(R) with Gi = G(Mi) for i = 1, 2, we have a canonical map

Hom(M1,M2[1])→ Ext(G1, G2)(7.4.0.1)

and it remains to prove:

Lemma 7.4.1. The map (7.4.0.1) is a bijection.

Proof. By étale descent and Corollary 6.2.4, we can assume that there exist V,W ∈ Vectsynn,{0,1}(R) and fiber
sequences

M2 → V →M′
2 ; M′

2 →W →M2

in Psyn
n,{0,1}(R). Set H = G(V) and G′

2 = G(M′
2). Then we get the following commuting diagram with exact rows:

Hom(M1,V) > Hom(M1,M′
2) > Hom(M1,M2[1]) > Hom(M1,V[1]) > Hom(M1,M′

2[1])

Hom(G1, H)
∨

> Hom(G1, G
′
2)

∨
> Ext(G1, G2)

∨
> Ext(G1, H)

∨
> Ext(G1, G

′
2).

∨

The two vertical maps on the left are isomorphisms. Suppose that we knew that the fourth vertical arrow is an
isomorphism. This would tell us that the third arrow is injective. If we knew further that the fifth arrow is also
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injective, then we could also conclude that the third arrow is in fact an isomorphism. This injectivity would however
be implied by the same argument applied with the fiber sequence M′

2 → W →M2. In summary, it is enough to
know that (7.4.0.1) is an isomorphism when M2 ∈ Vectsynn,{0,1}(R).

A similar argument in the other variable reduces us to the case whereM1 is also in Vectsynn,{0,1}(R)13, and so we
are now done by Theorem 5.1.1. □

At this point, we have essentially completed the proof of Theorem 7.1.1. The remaining assertions to be checked
are the compatibility with Cartier duality, arbitrary base-change and fpqc descent. By construction, the equivalence
is compatible with quasisyntomic descent. Therefore, we can use Theorem 6.2.1 (and Remark 7.2.2) to reduce the
verification to the case of truncated Barsotti-Tate group schemes, where it is already known by Theorem 4.3.1.

8. Some cohomological complements

In this section, we record the relationship between the cohomological realizations of an object in FFGn(R) with
those of its associated F -gauge. We follow this up with a couple of applications to the fppf cohomology of such
group schemes, including a strengthening of a result of Bragg-Olsson on the representability of the relative fppf
cohomology of a finite flat group scheme in proper smooth families and a proof (following Bhatt-Lurie) of the
p-primary part of purity results of Česnavičius-Scholze.

8.1. Cohomological realizations. Suppose that R is p-complete and discrete and that we have G ∈ FFG(R)

corresponding toM∈ Psyn
{0,1}(R). The results of this subsection are immediate from the proof of Theorem 7.1.1 and

the corresponding facts for truncated BT groups.

Proposition 8.1.1 (Flat cohomology via syntomic cohomology). There is a canonical isomorphism

RΓfppf(SpecR,G)
≃−→ RΓ(Rsyn,M).

In fact, for every m ≥ 1 there is a canonical isomorphism of smooth Artin m-stacks

BmG
≃−→ Γsyn(M[m]).

Remark 8.1.2 (Fppf cohomology over animated commutative rings). For G ∈ FFG(R), one can define the fppf
cohomology RΓfppf(SpecC,G) for any p-nilpotent animated commutative R-algebra C; see [15, §5.2]. For any
n ≥ 0, the values of τ≤nRΓfppf(SpecC,G)[n] are canonically isomorphic to (BnG)(C). Therefore, the conclusion of
Proposition 8.1.1 shows that we have a canonical isomorphism

RΓfppf(SpecC,G)
≃−→ RΓ(Csyn,M).

Remark 8.1.3 (Crystalline realizations). The notation here will be as in Remark 4.3.3. By [6, Definition 3.1.5],
we have the Dieudonné complex ∆(G∗), given as the truncated internal RHom sheaf τ≤1RHom(G∗,Ocrys) in the
big crystalline topos of Spf R equipped with the fppf topology. This is a perfect complex of crystals with Tor
amplitude in [0, 1] and admits a map from the complex Fil0Hdg ∆(G∗)

defn
= τ≤1RHom(G∗, Icrys). For any divided

power thickening C ′ ↠ C of p-nilpotent R-algebras, this gives us a map of perfect complexes

Fil0 ∆(G∗)(C ′)→ ∆(G∗)(C ′).

When evaluated on the trivial thickening R
id−→ R, we obtain a cofiber sequence (see [6, Proposition 3.2.10])

Lie(G∗)∨[−1] ≃ (Fil0 ∆(G∗))(R)→ ∆(G∗)(R)→ Lie(G).

On the other hand, just as in Remark 4.3.3, associated with M we have a perfect complex of crystals ∆(M)

equipped with a filtration Fil•Hdg ∆(M).

13One can also obtain this reduction via Cartier duality.
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Proposition 8.1.4 (Comparison with crystalline realization). There is a canonical isomorphism of maps of perfect
complexes of sheaves in the crystalline site

(Fil0Hdg ∆(M)→ ∆(M))
≃−→ (Fil0Hdg ∆(G∗)[1]→ ∆(G∗)[1]).

In particular, if Fil•Hdg M is the filtered perfect complex over R obtained fromM via pullback along xN
dR, then there

is a canonical isomorphism
gr−1

Hdg M
≃−→ Lie(G)[1]

Remark 8.1.5 (Grothendieck-Messing for finite flat group schemes). Combining Proposition 8.1.4 with Theo-
rem 4.1.1 yields a Grothendieck-Messing theory for finite flat group schemes. More precisely, the groupoid of
lifts of G ∈ FFG(R) along a nilpotent divided power thickening R′ ↠ R are in canonical equivalence with the
groupoid of filtered perfect complex structures on the perfect complex ∆(G)(R′) lifting the Hodge-filtered complex
Fil•Hdg ∆(G)(R). This is a special case of a result of Faltings [21, Theorem 17].

Corollary 8.1.6 (The Mazur-Roberts carpet). Suppose that (C ′ ↠ C, γ) is a nilpotent divided power extension of
p-nilpotent animated commutative R-algebras with I = ker(C ′ ↠ C). Then we have a canonical fiber sequence

RΓfppf(SpecC
′, G)→ RΓfppf(SpecC,G)→ Lie(G)⊗R I[1]

Remark 8.1.7. Suppose that C is a derived p-complete animated commutative R-algebra. By a standard limiting
argument, using the integrability of the iterated classifying stacks BmG, we have

RΓ(SpecC,G)
≃−→ lim←−

m

RΓ(SpecC/Lpm, G).

If p > 2, then we can combine this with Corollary 8.1.6 applied via a limit argument to the pro-nilpotent divided
power extension R ↠ R/Lp to obtain a canonical fiber sequence

RΓfppf(SpecC,G)→ RΓfppf(SpecC/Lp,G)→ Lie(G)[1].

Concretely, if C is p-completely flat over Zp, then the map Hi(SpecC,G)→ Hi(SpecC/pC,G) is an isomorphism
for i ≥ 2, and we have a long exact sequence

0→ tG → G(C)→ G(C/pC)→ vG → H1
fppf(SpecC,G)→ H1

fppf(SpecC/pC,G)→ 0.

Proposition 8.1.8 (Étale comparison). There is a canonical isomorphism Tét(M)
≃−→ Gad

η as well as a comparison
isomorphism

RΓqsyn(Spf R,M−[1/I])φ=id ≃−→ RΓét(Spf(R)adη , Gad
η ).

The notation here is as in Remark 4.3.8.

8.2. Representability of smooth proper pushforwards. The main theorem of this subsection generalizes a
result of Bragg-Olsson [12, Theorem 1.8], which, in the formulation here, deals with the special case where X and
S are algebraic spaces over a field of characteristic p and G is a height 1 finite flat p-torsion group scheme. In loc.
cit., the authors are also able to prove some weaker results, but also under weaker hypotheses: They assume π to
be projective, but not necessarily smooth, and they prove representability generically over the base.

Theorem 8.2.1. Let π : X → S be a proper smooth map of p-adic formal algebraic spaces. Suppose that we have
G ∈ FFG(X). Then:

(1) For all n ≥ 0, the fppf sheaf R̂n defn
= (τ≤nRπ∗G)[n] is represented by a finitely presented Artin n-stack over

S.
(2) If R̂i is flat over S for all i < n, then the fppf sheaf Ĥn defn

= Rnπ∗G is represented by a formally finitely
presented formal algebraic space over S and the natural map R̂n → Ĥn is faithfully flat.

Proof. By étale descent, we can assume that S = SpecR for some R ∈ CRingp−nilp
♡ . Let M ∈ Psyn

n,{0,1}(X
syn) be

the F -gauge associated with G via Theorem 7.1.1.
Now, by Proposition 8.2.6 below, for some m ≥ 1, F = Rπsyn

∗ M is an Z/pmZ-module in perfect F -gauges
over R of Hodge-Tate weights ≤ 1 and Tor amplitude [−1, d]. In particular, for every n ≥ 0, Theorem 4.2.1
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tells us that Γsyn(F [n]/Lpm) is represented by a finitely presented derived Artin (n + 1)-stack over S. Since
F [n]/Lpm ≃ F [n] ⊕ F [n + 1], one deduces from this that Γsyn(F [n]) is also represented by a finitely presented
derived Artin n-stack over S.

By Proposition 8.1.1, we have, for any classical R-algebra C,

(Rπ∗G)(C) ≃ RΓ (Csyn,F|Csyn) .

In particular, we find that, for all n ≥ 0, R̂n is the classical truncation of Γsyn(F [n]) and so is a locally finitely
presented Artin n-stack over S.

The second part of the theorem follows from [12, Theorem 5.2]. □

Remark 8.2.2 (Shape of the stack). Suppose that R is an Fp-algebra with the resolution property (so that every
perfect complex can be represented as a complex of vector bundles). Then one can use Remark 4.2.3 to see that,
when the theorem shows that Rnπ∗G is representable, it also shows that it is contained in the category of stacks over
S obtained by taking the smallest Serre subcategory of the category of fppf sheaves of abelian groups containing
by vector bundles and height 1 finite flat p-torsion group schemes over S.

Corollary 8.2.3. Let π : X → S be a proper smooth map of algebraic spaces and suppose that we have G ∈ FFG(S).
Suppose also that the fppf sheaf R1π∗π

∗G is represented by a finitely presented algebraic space that is flat over S.14

Then the fppf sheaf R2π∗π
∗G is also represented by a finitely presented algebraic space over S.

Proof. By Noetherian approximation and étale descent, we can assume that S is an affine scheme of finite type over
Z.

Set Hi = Riπ∗π
∗G and Ri = (τ≤iRπ∗π

∗G)[i]. We want to show that H2 is represented by a finitely presented
algebraic space over S.

Quite generally, the restriction of Hi over S[1/p] is represented by an étale algebraic space: Indeed, it is a
constructible sheaf by [4, Exp. XVI, Théorème 1], and so we conclude using [4, Exp. IX, Proposition 2.7].

Now, since π is proper smooth, one finds that H0 = π∗π
∗G is once again finite flat over S: It is the Weil restriction

of G from the finite étale scheme over S corresponding to the quasicoherent sheaf π∗OX . This, combined with our
hypothesis and (2) of Theorem 8.2.1, tells us that the p-adic formal completion H2 of H2 (that is, its restriction to
p-nilpotent schemes over S) is represented by a formally finitely presented formal algebraic space over the p-adic
completion S of S.

Let H2,ad
η be the adic generic fiber of H2. We claim that the natural map from H2,ad

η to the adic space H2[1/p]ad

associated with H2[1/p] is étale: this is because both source and target are étale as adic algebraic spaces over
S[1/p]ad.

By [1, Theorem 2.25], we now find that there exists a unique algebraic space H̃2 over S restricting to H2[1/p]

over S[1/p] and to H2 over S with gluing data given by the étale map from the previous paragraph.
To finish, we must know that H̃2 does indeed represent H2. By results of Česnavičius-Scholze (see Proposi-

tion 8.3.2 below), for any affine scheme SpecR→ S over S with bounded p-power torsion, and with R̂ the classical
p-completion of R, the following square is Cartesian15

H2(R) > H2(R̂) ≃ H2(R̂)

H2(R[1/p]
∨

> H2(R̂[1/p]).

∨

Therefore, the full faithfulness part of [1, Theorem 2.25] applied to the algebraic spaces SpecR and H̃2 now shows
that we have H2(R) ≃ H̃2(R). □

14In fact, the representability is automatic. It is the flatness that has to be taken as a hypothesis.
15One also needs a Mittag-Leffler argument for the identification of H2(R̂) with H2(R̂): This uses the fact that H1 is of finite type

over S.
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Remark 8.2.4 (Derived algebraization). In fact, if one uses the Artin-Lurie representability theorem [40, Theorem
7.1.6], then it is possible to show that the complex (τ [1,n]Rπ∗π

∗G)[n] is represented by an Artin n-stack over S.

Remark 8.2.5 (Cohomology of the multiplicative group). When n = 1, the corollary tells us that R1π∗lµ.. pm is
represented by a finitely presented algebraic space over S, and when this algebraic space is flat over S, we find
that R2π∗lµ.. pm is also represented by a finitely presented algebraic space over S. For instance, this is the case when
S = Specκ is the spectrum of a field.

In general, however, it is only the complex (τ [1,2]Rπ∗lµ.. pm)[2] that can be expected to have good representability
properties.

Proposition 8.2.6. Let π : X→ S be a proper smooth map of p-adic formal algebraic spaces of relative dimension
d. If M is a perfect F -gauge over X of Hodge-Tate weights in [n,m] and Tor amplitude [a, b], then Rπsyn

∗ M is a
perfect F -gauge over S with Hodge-Tate weights in [n− d,m] and Tor amplitude [a, b+ 2d].

Proof. This can be deduced from results of Guo-Li [25]. However, since these are not stated in the generality we
require, we sketch a proof here for the convenience of the reader.

It is of course enough to prove it after replacing ‘syn’ with ‘N ’. One can reduce to the case where S = SpecR

is in CRingp-nilp. Now, by quasisyntomic descent we can assume that R is semiperfectoid. In particular, RN is
canonically isomorphic to the formal Rees stack R(Fil•N ∆R). This means that perfect complexes over RN are
equivalent to filtered perfect complexes over the filtered animated commutative ring Fil•N ∆R.16

Suppose that SpecA→ X is an affine quasisyntomic cover with A semiperfectoid, and consider the corresponding
simplicial scheme SpecA(•) where

SpecA(i) = SpecS ×X SpecS × · · · ×X SpecS︸ ︷︷ ︸
i-times

.

Then AN → XN is a flat cover, and we have

A(i),N ≃ AN ×XN AN × · · · ×XN AN︸ ︷︷ ︸
i-times

.

This shows that RπN
∗ M corresponds to the filtered complex Tot

(
Fil⋆NM(•)

)
, where Fil⋆NM(•) is the filtered

perfect complex over Fil⋆N A(•). To show that this is perfect with Tor amplitude in [a, b + 2d], it is enough to
know that the associated graded Tot

(
gr⋆NM(•)

)
is a graded perfect complex over gr⋆N ∆R with Tor amplitude in

[a, b+ 2d].
Let gr♡Hdg M be the graded perfect complex over X obtained by pullingM back along the de Rham point, and let

gr♡Hdg M
(•) be the cosimplicial graded perfect complex over A(•) obtained by via restriction along SpecA(•) → X.

Then gr⋆NM(•) admits a canonical finite ‘weight’ filtration whose i-th graded piece admits a canonical isomor-
phism

griwt gr
⋆
NM

(•) ≃ griHdg M
(•) ⊗A(•) gr

⋆
N ∆A(•)(i),

where (i) denotes an i-shift in grading.17

This shows that Tot
(
gr⋆NM(•)

)
inherits a finite filtration with associated graded pieces

Tot
(
griHdg M

(•) ⊗A(•) gr
⋆
N ∆A(•)(i)

)
Now, the condition on Hodge-Tate weights implies that these pieces are non-zero only i ∈ [−m,−n]. This reduces

us to the following

16We are using the fact that such objects are automatically derived (p, IR)-complete.
17Recall our convention that the i-th associated graded piece of a filtered module is in graded degree −i.
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Lemma 8.2.7. For any perfect complex M over X restricting to a graded perfect complex M (•) over A(•) with Tor
amplitude in [a, b], the graded complex

Tot
(
M (•) ⊗A(•) gr

⋆
N ∆A(•)

)
is graded perfect over gr⋆N ∆R with Tor amplitude [a, b+ 2d], and its graded base-change along gr⋆N ∆R → R, where
R is trivially graded, is supported in graded degrees [0, d].

Proof. Choose a map R0 → R with R0 perfectoid along with a generator ξ ∈ Fil1N ∆R0 . For i ≥ 0, this yields
isomorphisms

griN ∆A(•)
≃−→ griN φ∗∆A(•)/R0

≃−→ Filconji ∆A(•)/R0
,

and we have grconji ∆A(•)/R0
≃ ∧iLA(•)/R0

[−i].
Therefore, Tot

(
M (•) ⊗A(•) gr

⋆
N ∆A(•)

)
corresponds to a decreasingly filtered complex over Filconj⋆ ∆A(•)/R0

, and
considering associated gradeds reduces us to knowing that the graded complex

Tot
(
M (•) ⊗A(•) gr

conj
⋆ ∆A(•)/R0

)
≃ RΓ(X,M ⊗OX

∧⋆LX/R0
[−⋆])

is graded perfect over grconj⋆ ∆R/R0
with Tor amplitude in [a, b + 2d], and that its graded base-change over R is

supported in graded degrees [0, d].
Now, ∧iLX/R0

is canonically filtered with graded pieces isomorphic to ∧kLX/R ⊗ ∧lLR/R0
, for k + l = i.

One can upgrade this to knowing that ∧⋆LX/R0
[−⋆], as a complex over X = X×SpecR Spec(grconj⋆ ∆R/R0

)/Gm,
is filtered with graded pieces isomorphic to ∧kLX/R[−k]⊗R OX (−k). Now we finally use our assumption that X is
smooth over R of relative dimension d, which tells us that each of these graded pieces is a shifted vector bundle in
degree k and vanishes if k > d.

Therefore, we are now reduced to knowing that the relative cohomology over Spec(grconj⋆ ∆R/R0
)/Gm of the

restriction of a perfect complex M of Tor amplitude [a, b] over the product X ×SpecR Spec(grconj⋆ ∆R/R0
)/Gm is

represented by a graded perfect complex with Tor amplitude in [a, b + d]. This is of course a standard fact about
the coherent cohomology of proper morphisms of relative dimension d. □

□

8.3. Purity of fppf cohomology.

Definition 8.3.1. Let X be a scheme and Z ⊂ X a constructible closed subset with complement U = X\Z. For
any fppf sheaf of abelian groups G over X, we set

RΓZ(X,G) = fib(RΓfppf(X,G)→ RΓfppf(U,G)).

Proposition 8.3.2 (Excision). Suppose that R is a discrete, not necessarily p-complete, ring with derived p-
completion R̂, and that we have G ∈ FFG(R). Then the square

RΓfppf(SpecR,G) > RΓfppf(Spec R̂,G)

RΓét(SpecR[1/p], G)
∨

> RΓét(Spec R̂[1/p], G)

∨

is Cartesian and moreover the natural map

RΓfppf(Spec R̂,G)→ RΓfppf(Spf R̂,G)

is an isomorphism.
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Proof. The last assertion about algebraic vs. formal fppf cohomology was already observed in Remark 8.1.7
Using étale descent for fppf cohomology, we can reduce to the case where R is p-Henselian, where the result follows

from results in [15]. Indeed, with the p-Henselian condition, the bottom arrow in the diagram is an isomorphism
by [15, Remark 2.2.6]. Therefore, we have to check that the top arrow is an isomorphism, which follows from the
first paragraph and [15, Theorem 5.3.5]. □

Corollary 8.3.3. In the situation of Proposition 8.3.2, letM∈ Psyn
{0,1}(R̂) be the perfect F -gauge over R̂ associated

with G via Theorem 7.1.1. Then we have a Cartesian square

RΓfppf(SpecR,G) > RΓ(R̂syn,M)

RΓét(SpecR[1/p], G)
∨

> RΓqsyn(Spf R̂,M−[1/I])φ=id.

∨

Proof. This follows from Propositions 8.1.1, 8.1.8 and 8.3.2, combined with the isomorphism

RΓ(Spf(R̂)adη , Gad
η )

≃−→ RΓét(Spec R̂[1/p], G).

This isomorphism follows from [28, Corollary 3.2.2] and finite Galois descent. □

Remark 8.3.4 (Fpqc descent for fppf cohomology). One can now give a slightly streamlined proof of fpqc descent
for fppf cohomology [15, Theorem 5.5.2]. Instead of reducing to the case of perfect Fp-algebras, we can directly
appeal to Remark 4.2.4 and Proposition 8.1.1 instead.

Definition 8.3.5. A derived scheme Y over Fp is quasisyntomic if LY/Fp
has Tor amplitude in [−1, 0] as an

object of D(Y ). A scheme X is p-quasisyntomic if its structure sheaf has bounded p-power torsion and if its
derived base-change over Fp is quasisyntomic. This implies that X be covered by affine opens SpecR such that the
the derived p-completion R̂ of R is in fact the classical p-completion and such the p-completed absolute cotangent
complex LR̂ has Tor amplitude in [−1, 0] as an object in D(R).

The next result is a direct generalization of [10, Corollary 8.5.7] (from which we borrow the terminology and
notation) and implies Theorem D.

Theorem 8.3.6 (Purity). Let X be a p-quasisyntomic qcqs scheme, and let Z ⊂ X be a constructible closed subset
contained in X(p=0). Suppose that there exists an integer d ≥ 0 such that, for every affine open V ⊂ X, we have
RΓZ∩V (V,OV ) ∈ D≥d. Then, for any p-power torsion commutative finite locally free commutative group scheme G

over X, we have RΓZ(X,G) ∈ D≥d.

Proof. It is enough to consider the case where X = SpecR is affine. Since U = X\Z is a quasicompact open with
U [1/p] = SpecR[1/p], using Zariski descent, we find from Corollary 8.3.3 a Cartesian square

RΓfppf(U,G) > RΓ(Û syn,M)

RΓét(SpecR[1/p], G)
∨

> RΓqsyn(Û ,M−[1/I])φ=id.

∨
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Here Û is the (classical) p-adic formal scheme obtained by taking the completion of U along U(p=0). Therefore, we
see that RΓZ(X,G) is the total limit of the diagram

RΓ(R̂syn,M) > RΓ(Û syn,M)

RΓqsyn(Spf R̂,M−[1/I])φ=id

∨

> RΓqsyn(Û ,M−[1/I])φ=id.

∨

By Remark 3.3.9, one now finds that RΓZ(X,G) is obtained by applying the functor

RΓZ(Spf R̂,_) = fib(RΓqsyn(Spf R̂,_)→ RΓqsyn(Û ,_))

to the diagram of quasisyntomic sheaves

Fil0M−
φ0−can

>M−

(Fil0M−)[1/I]
∨

φ0−can
>M−[1/I]

∨

and then taking the total limit.
Now, following the argument in [10, Corollary 8.5.7], we can reduce to the case where R is a classically p-complete

algebra over R0 = Zp[ζp∞ ]∧p , and all sheaves above can be viewed as modules over the initial (perfect) prism (A, I)

for R0. Here, in the notation of loc. cit., we have I = ([p]q) where [p]q ≡ (q − 1)p (mod p), and we finally find an
isomorphism

RΓZ(X,G)
≃−→ fib

(
RΓZ(Spf R,RΓ(q−1)(Fil

0M−))
φ0−can−−−−−→ RΓZ(Spf R,RΓ(q−1)(M−))

)
Now, we have

gr−1
Hdg M [−1] ≃ fib(Fil0M−

can−−→M−),

where we are viewing gr−1
Hdg M [−1] as a perfect complex over Spf R with Tor amplitude in [0, 1] and with cohomology

killed by a power of p. Our hypothesis shows that RΓZ(Spf R, gr−1
Hdg M [−1]) is in D≥d.

The rest of the proof is essentially the same as that of [10, Corollary 8.5.7]: it only remains to know that
RΓZ(Spf R,RΓ(q−1)(M−)) is in D≥d. Using the fiber sequence

M−
[p]q−−→M− →M−

it suffices to know that RΓZ(Spf R,M−[−1]) is in D≥d. As in the proof of Proposition 8.2.6, this latter object
admits an exhaustive increasing filtration with associated gradeds of the form

RΓZ(Spf R,N ⊗R ∧iLR/R0
[−i])

where N is a perfect complex over Spf R with Tor amplitude [0, 1] and cohomology killed by a power of p. Since R

is p-quasisyntomic, N ⊗R ∧iLR/R0
[−i] is a p-power torsion object in D≥0(R), and so the theorem follows. □

Corollary 8.3.7. Theorem D holds.

Proof. Via étale localization [15, Lemma 7.1.1], we can reduce to the case where X is lci of dimension ≤ d. This
means that it is p-quasisyntomic and the vanishing condition for local cohomology in Theorem 8.3.6 holds with d

as given here. □
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9. Frames and divided Dieudonné complexes

Here we show that our classification of finite flat p-power torsion commutative group schemes can be translated
into terms very close to those appearing in [2] but over quite general frames. We then apply this to recover various
known classifications of such group schemes, and also give some extensions of such results.

9.1. Frames.

Definition 9.1.1. An (animated) frame for R ∈ CRingp-comp is a tuple A = (A ↠ A,A ↠ R,φ, φ), where:
(1) A ↠ A is a surjective map of animated commutative rings with fiber I → A given by a generalized Cartier

divisor such that A is derived (p, I)-complete;
(2) A ↠ R is a surjection of animated commutative rings with fiber Fil1 A;
(3) φ : A → A is a ‘naïve’ Frobenius lift in the sense that it is an endomorphism of animated commutative

rings such that the induced endomorphism of π0(A)/pπ0(A) is Frobenius;
(4) φ : R→ A is map of animated commutative rings;

along with a commutative diagram

A
φ

> A

R

∨∨

φ
> A.

∨∨

(9.1.1.1)

We will write φ1 : Fil1 A→ I for the φ-linear map induced on the fibers of the vertical arrows.

Remark 9.1.2 (Maps between frames). Frames organize into an ∞-category in a natural way where maps

f : A→ A′ = (A′ ↠ A′, A′ ↠ R′, φ′, φ′)

are maps between the corresponding commutative diagrams (9.1.1.1) such that the induced map A′ ⊗A A→ A
′
is

an equivalence (so that A′ ⊗A I
≃−→ I ′).

Remark 9.1.3. The notion of a frame was introduced by Zink [48], but the one we use here is different: Even
when A is discrete, we do not require that I be generated by p, nor do we require Fil1 A to be endowed with divided
powers. Our notion is very closely related to that of a generalized frame as defined by Lau [34, §11].

Remark 9.1.4. In [23, §5], one finds a somewhat different definition of an animated frame, which is a generalization
of the notion of a higher frame due to Lau [35]. Every frame in the sense of [23] gives rise to a frame in the sense
employed here. This more refined notion will show up briefly in § 9.8.

Definition 9.1.5 (Prismatic frames). A frame A is prismatic if the following conditions hold:
(1) The pair (A, I) is a(n animated) prism.18

(2) The endomorphism φ : A→ A is the one obtained from the underlying animated δ-ring structure on A: In
particular, it is a lift of the Frobenius endomorphism of A/Lp.

Remark 9.1.6 (Étale lifts for frames). If A is a frame for R and f : R → R′ is a p-completely étale map, then
there is a canonical frame A′ for R′ and a map A → A′ lifting f such that the underlying map A → A′ is (p, I)-
completely étale. If A is prismatic, then so is A′, and we have an underlying map of prisms (A, I) → (A′, I ′). For
an explanation, see for instance the discussion in [23, Proposition 5.4.25].

Example 9.1.7 (p-adic frames). Suppose that A is an animated δ-ring; then A is equipped with a canonical
crystalline prism structure where I → A is isomorphic to A

p−→ A. We will call a prismatic frame p-adic if its
underlying prism is of this form.

18See [11, §2].
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Example 9.1.8 (Prismatic frames for semiperfectoid rings). Suppose that R ∈ CRingp-comp is semiperfectoid.
Then its absolute prismatic cohomology (∆R, IR)—which is the initial prism for R—underlies a prismatic frame for
R with ∆R its absolute Hodge-Tate cohomology. This frame is p-adic if and only if R is an Fp-algebra.

Example 9.1.9 (The Witt frame). Suppose that we have R ∈ CRingp-comp. Then the animated ring of Witt vectors
W (R) underlies a p-adic frame for R with W (R) = W (R)/Lp with the map R→W (R) classifying xdR : Spf R→ R∆:
That is, it is the canonical map through which the composition W (R)

F−→W (R)→W (R) factors.

Definition 9.1.10 (Laminations). A lamination for a prismatic frame A for R is an extension of the canonical
map of δ-rings A → W (R) lifting A → R to a map of frames A → W (R). Giving such an extension is equivalent
to giving an isomorphism of Cartier-Witt divisors

(I ⊗A W (R)→W (R))
≃−→ (W (R)

p−→W (R))

as points of R∆(R). If A is equipped with a lamination, then we we will say that it is laminated.

Remark 9.1.11. If A→ A′ is a map of prismatic frames, then any lamination for A induces one for A′.

Remark 9.1.12. Suppose that A is a prismatic frame for R and that we have an isomorphism of R-algebras

A⊗A W (R) ≃W (R)/L(I ⊗A W (R))
≃−→W (R)/Lp

Then the left hand side is in particular an Fp-algebra, and we immediately obtain a canonical isomorphism of
Cartier-Witt divisors (W (R)

p−→ W (R)) ≃ (I ⊗A W (R) → W (R)); see [8, Example 5.1.9]. From this, we find that
an isomorphism as above equips A with a lamination.

Remark 9.1.13 (Laminations and the prismatization). Suppose that we have a prism (A, I, φ : R → A) in the
absolute prismatic site for R. Extending this to the datum of a prismatic frame A for R amounts to giving a
factoring of A φ−→ A → A through φ via a surjective map A → R. Remark 3.1.9 gives us a map Spf A → R∆, and
we can consider the composition

Spf R→ Spf A→ R∆,

which classifies the Cartier-Witt divisor (I ⊗A W (R)→W (R)) equipped with the structure map

R
φ̄−→ A→ A⊗A W (R)

When A is laminated, then this map is isomorphic to the canonical map R → W (R) classifying the de Rham
point xdR : Spf R → R∆. Conversely, if we have such an isomorphism of maps, then we obtain an isomorphism of
R-algebras

W (R)/L(I ⊗A W (R))
≃−→W (R)/Lp,

which endows A with a lamination by Remark 9.1.12.

Remark 9.1.14 (Laminations for frames for semiperfectoids). If R is semiperfectoid, then Remark 9.1.13 admits
the following interpretation: Given (A, I, φ : R→ A), since (∆R, IR) is the initial prism for R, we obtain a canonical
map (∆R, IR)→ (A, I). Extending the given tuple to the datum of a laminated prismatic frame A is now equivalent
to giving a map of frames ∆R → A lifting the map (∆R, IR, R → ∆R) → (A, I,R → A). In particular, we see that
the category of laminated prismatic frames for R admits an initial object, ∆R, and a final object, W (R).

Example 9.1.15 (Frames for polynomial algebras). Suppose that A is a laminated prismatic frame for R. If
S = R[x1, . . . , xn]

∧
p is a p-completed polynomial algebra over R, then B = A[x1, . . . , xn]

∧
p , equipped with any

Frobenius lift extending that on A, is uniquely endowed with the structure of a laminated prismatic frame B for S

equipped with a map of laminated frames A→ B lifting R → S. This applies in particular to the situation where
R is semiperfectoid and A = ∆R.

Remark 9.1.16 (Base-change for laminated frames). Suppose that A is a laminated prismatic frame for R and
that S is a p-complete R-algebra such that S∆ → R∆ is relatively formally affine. By Remark 3.1.13, we have an
object (B, J, S → B) in the absolute prismatic site for S such that Spf B → S∆ is isomorphic to Spf A ×R∆ S∆.
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Since A is laminated, the de Rham point Spf R→ R∆ factors through Spf A, and hence the corresponding point for
S factors as

Spf S → Spf R×R∆ S∆ ≃ Spf B → S∆,

implying that we have a map B → S extending A→ R. We now claim that the map B
φ−→ B → B factors through

B → S and lifts (A, I,R → A) → (B, J, S → B) to a map of frames A → B. The claim comes down to two
observations:

• For any B-algebra C, since I ⊗A W (C) → W (C) is in the Hodge-Tate locus, its base-change under F :

W (C)→W (C) is canonically isomorphic to W (C)
p−→W (C) [10, Proposition 3.6.6].

• In this situation, the map
W (C)/L(I ⊗A W (C))→W (C)/Lp

induced by F factors through the quotient W (C) ↠ C. Therefore, the structure map S → W (C)/L(I ⊗A
W (C))→W (C)/Lp factors through a map S → C.

Lemma 9.1.17. Suppose that we have (A, I,R→ A) in the prismatic site for R, and suppose that we have R→ R∞
as in Remark 3.1.15. Then in the notation of loc. cit., the following data are equivalent:

(1) A cosimplicial prismatic frame A(•)
∞ for R

⊗R(•+1)
∞ with underlying prism (A

(•)
∞ , I

(⊗)
∞ ) such that the map

(∆
R

⊗R(•+1)
∞

, I
R

⊗R(•+1)
∞

)→ (A(•)
∞ , I(•)∞ )

of cosimplicial prisms in the prismatic site for R
⊗R(•+1)
∞ lifts to a map ∆

R
⊗R(•+1)
∞

→ A(•)
∞ of cosimplicial

frames for R
⊗R(•+1)
∞ .

(2) The datum of a laminated frame A for R with underlying tuple (A, I,R→ A).

Proof. The implication (1)⇒(2) is immediate from Remark 9.1.14 and p-completely faithfully flat descent, while
the other implication follows from Remark 9.1.16. □

9.2. Divided Dieudonné complexes. From now on, all our frames will be prismatic unless otherwise noted.

Definition 9.2.1 (Divided Dieudonné complexes). Let A be a frame for R. A divided Dieudonné complex
over R with respect to A is a tuple M = (M,Fil0 M →M,M

ΨM−−→ φ∗M, ξ) such that:
(1) M ∈ Perf(A) is a perfect complex over A;
(2) Fil0 M →M

defn
= R⊗A M is a map of perfect complexes over R;

(3) ΨM : M→ φ∗M is a map of perfect complexes over A;
(4) ξ is an isomorphism of perfect complexes over A sitting in a diagram

φ∗M > cofib(ΨM)

A⊗φ,R gr−1 M.

≃ ξ

∨>

Here, gr−1 M = M/Fil0 M and the diagonal map is obtained as the composition

φ∗M→ A⊗A φ∗M
≃−→ A⊗φ,R M → A⊗φ,R gr−1 M.

These can be organized into a stable ∞-category in a natural way, which we denote by DDCA(R).
A divided Dieudonné complex has Tor amplitude in [a, b] if M is in Perf [a,b](A) and if Fil0 M, gr−1 M are both

in Perf [a,b](R). Write DDC
[a,b]
A (R) for the subcategory spanned by the objects with Tor amplitude in [a, b].

Remark 9.2.2. One can give a rigorous definition of the ∞-category DDCA(R) as follows: For any stable ∞-
category A, there are three canonical functors

sA, tA, cA : Fun([1],A)→ A
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of stable ∞-categories. Here, [1] is the category consisting of two objects with one non-identity arrow between
them, and Fun([1],A) denotes the ∞-category of arrows in A. The functor sA carries an arrow to its source, tA
carries it to its target, and cA carries it to its cofiber. If A = Perf(C) for some animated commutative ring C, we
will write C for the subscript instead of Perf(C).

Consider the stable ∞-categories

C = Fun([1],Perf(A))× Fun([1],Perf(R)) ; D = Perf(A)× Perf(A)× Perf(A)× Perf(A)× Perf(R)× Perf(R);

E = Perf(A)× Perf(A)× Perf(R).

There are functors of stable ∞-categories

τ = (sA ◦ pr1, tA ◦ pr1, cA ◦ pr1, φ∗ ◦ cR ◦ pr2, tR ◦ pr2, cR ◦ pr2) : C → D;

α = (φ∗ ◦ pr1,pr1,∆A ◦ pr2,∆R ◦ pr3).
Here ∆A (resp. ∆R) is the diagonal for Perf(A) (resp. Perf(R)). Also, we have written φ∗ for the composition of
pullback along φ : R→ A composed with the forgetful functor from Perf(A) to Perf(A).

We now have a Cartesian diagram of stable ∞-categories
DDCA(R) > C

E
∨

α
> D

τ

∨

Remark 9.2.3 (Functoriality). Suppose that f : A→ A′ is a map of frames. Then there is a canonical base-change
functor f∗ : DDCA(R)→ DDCA′(R′) lifting the natural base-change functors from Perf(A) to Perf(A′) and Perf(R)

to Perf(R′).

Remark 9.2.4 (Alternative description). In the situation of Definition 9.2.1, there is a canonical map

σM : I ⊗A φ∗M→ M

sitting in a diagram
I ⊗A φ∗M > φ∗M > A⊗A φ∗M

M

σM

∨
ΨM

> φ∗M

wwwwwwwwww
> A⊗φ,R gr−1 M

∨

where the rows are fiber sequences. In particular, note that we have an equivalence

cofib(σM)
≃−→ A⊗φ,R Fil0 M(9.2.4.1)

Now, set N = M{−1}. We then have a canonical isomorphism I ⊗A φ∗M{−1} ≃−→ φ∗N, and so σM{−1} yields a
map

ΦN : φ∗N→ N

equipped with an isomorphism cofib(ΦN)
≃−→ A ⊗φ,R Fil1 N , where Fil1 N

defn
= Fil0 M{−1}. One can alternatively

define divided Dieudonné complexes in terms of these data instead.

Remark 9.2.5 (Breuil-Kisin twist). Since A is assumed to be prismatic, we have a canonical invertible A-module
A{1}, the Breuil-Kisin twist, equipped with a canonical isomorphism u : I−1 ⊗A A{1} ≃−→ φ∗A{1}. For any
A-module M and n ∈ Z, we set M{n} defn

= M⊗A A{1}⊗An.

Definition 9.2.6 (Cartier duality). Suppose that M is in DDCA(R). Then the (unnormalized) Cartier dual M∗

is given by the tuple with
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• M∗ = M∨{1};
• Fil0 M∗ = (M/Fil0 M)∨{1} →M∗ = M∨{1}, so that gr−1 M∗ ≃ (Fil0 M)∨{1};
• ΨM∗ given by the composition

M∗ = M∨{1} σ∨
M{1}−−−−→ φ∗M∨ ⊗A (I−1 ⊗A A{1}) 1⊗u−−−→

≃
φ∗M∨ ⊗A φ∗A{1} ≃−→ φ∗M∗;

• The isomorphism ξ∗ is obtained after twisting from (9.2.4.1).

Remark 9.2.7 (Rank one divided complexes). We have the canonical divided complex given by the tuple (A,R
id−→

R,A
id−→ A, 0), which we will denote by 1. Its Cartier dual 1∗ is given by the tuple

(A{1}, 0→ R{1}, A{1} → I−1 ⊗A{1} u−→
≃

φ∗A{1}, ξ∗)

where ξ∗ is the composition

I−1/A⊗A A{1} ≃−→ I−1 ⊗A A{1} ≃−→ A⊗A φ∗A{1} ≃−→ A⊗R R{1}.

Remark 9.2.8 (Maps from 1). If M is a divided Dieudonné complex over A, set Fil0 M = fib(M→ gr−1 M). Then
we obtain a map vM : φ∗ Fil0 M→ M sitting in a diagram

φ∗ Fil0 M > φ∗M > (A⊗φ,A R)⊗R gr−1 M

M

vM

∨

ΨM

> φ∗M

wwwwwwwwww
> A⊗φ,R gr−1 M

∨

where both rows are fiber sequences. Unwinding definitions, RHomA(1,M) (computed in the stable ∞-category
DDCA(R)) is given by

RHomA(1,M) ≃ fib(Fil0 M
can−vM◦φ∗

−−−−−−−→ M),

where can : Fil0 M→ M is the natural map.

Example 9.2.9 (Maps from 1 to 1∗). Let us specialize the previous remark to the case M = 1∗. Here, the map
vM ◦ φ∗ is the composition

(Fil1 A){1} φ1{1}−−−−→ I ⊗A φ∗A{1} ≃ A{1}
where the first map is the Breuil-Kisin twist of the semilinear divided Frobenius map φ1 : Fil1 A → I. We will
denote this composition by φ1{1} as well. Then we find:

RHomA(1,1
∗) ≃ fib((Fil1 A){1} can−φ1{1}−−−−−−−→ A{1}).

Remark 9.2.10 (Windows over frames). Suppose that A and R are discrete and (I → A) ≃ (A
θ−→ A) for some

element θ ∈ A. Suppose that M is in DDC
[0,0]
A (R): this means that M is finite locally free over A and that gr−1 M

and Fil0 M are finite locally free over R. Let the pair (N,ΦN) be as in Remark 9.2.4, and set N1 = Fil0 M{−1}, so
that N1 ⊂ N is a submodule with N/N1 finite locally free over R. The map vM from Remark 9.2.8 yields a map
Φ1

N : φ∗N1 → M. Our hypotheses imply (see [33, Remark 5.2]) that there is a normal decomposition N = L⊕T with

N1 = L⊕ (Fil1 A⊗A T) ⊂ L⊕ T = N,

and also that the assignment

φ∗L⊕ φ∗T
(l,t)7→(Φ1

N(l),ΦN(t))−−−−−−−−−−−−→ L⊕ T

is an isomorphism of A-modules. Therefore, if write F : N → N and F1 : N1 → N for the φ-semilinear maps
underlying ΦN and Φ1

N, then we find that, in the terminology of [34, §2], (N,N1, F, F1) is a window over the frame
(A,Fil1 A,R, φ, φ1). It is not difficult to show that this is in fact giving us an equivalence of categories between
DDC

[0,0]
A (R) and the relevant category of windows.
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Example 9.2.11 (Displays). When A = W (R) is the Witt vector frame from Example 9.1.9, then DDC
[0,0]
A (R) is

just the category of 3n-displays as defined by Zink [47]; see [34, p. 4, Example].

Remark 9.2.12 (Comparison with Anschütz-Le Bras). If in the situation of Remark 9.2.10, θ is a non-zero divisor
and Fil1 A = φ−1(θA), then the datum of the pair (N, F ), along with certain admissibility conditions, determines
the rest of the tuple; see the discussion in [23, Proposition 5.7.6], and also [14, Lemma 2.1.16]. This applies in
particular when A = ∆R for R qrsp, and so we see that, in this case, DDC

[0,0]
∆R

(R) is the category of admissible
prismatic Dieudonné modules appearing in Anschütz-Le Bras [2].

9.3. Descent for divided Dieudonné complexes. In this subsection, we enumerate various useful descent
properties enjoyed by the categories of divided Dieudonné complexes. As a consequence, we obtain a certain
integrability property (Proposition 9.3.6) that will prove helpful for the classification results obtained later in the
section.

Remark 9.3.1 (Étale descent for divided Dieudonné complexes). Suppose that R→ R′ is a p-completely étale and
faithfully flat map. Then Remark 9.1.6 tells us that the corresponding cosimplicial R-algebra R

′,⊗R(•+1) (the tensor
product here is p-completed) lifts to a cosimplicial frame A

′,(•+1) with A
′,(m) (p, I)-completely étale and faithfully

flat19 over A for all m ≥ 1. In fact, one sees that A
′,(m) = A

′,⊗Am, where we are using (p, I)-completed tensor
products. Using this and (p, I)-complete faithfully flat descent for perfect complexes, one finds that the natural
functor

DDCA(R)→ Tot
(
DDCA′,⊗A(•+1)(R

′,⊗R(•+1))
)

is an equivalence of stable ∞-categories.

Remark 9.3.2 (Quasisyntomic descent for divided Dieudonné complexes). Completely analogously, in the situation
of Lemma 9.1.17, the natural functor

DDCA(R)→ Tot
(
DDC

A
⊗A(•+1)
∞

(R⊗R(•+1)
∞ )

)
is an equivalence of stable ∞-categories.

Remark 9.3.3. Suppose that we have a map Zp[x]∧p
x7→t−−−→ R, and that S = R/L(t). By Remarks 3.1.16 and 9.1.16,

base-change along S∆ → R∆ of A yields a map of frames A → B lifting R → S, and we obtain in this way a
cosimplicial frame B(•) for S⊗R(•+1) with B(m) = B⊗A(m+1), and a functor

DDCA(R)→ Tot
(
DDCB(•)(S⊗R(•+1))

)
(9.3.3.1)

Lemma 9.3.4 (Derived descent for divided Dieudonné complexes). Suppose that R is (t)-adically derived complete.
Then the functor (9.3.3.1) is an equivalence.

Proof. It is enough to know that the functors

Perf(A)→ Tot
(
Perf(B(•))

)
; Perf(R)→ Tot

(
Perf(S⊗R(•+1))

)
are equivalences.

Since R is (t)-complete, that the second is an equivalence follows from [26, Proposition 3.1.5, Corollary 3.1.4].
The same reasoning shows that the functors

Perf(A)→ Tot
(
Perf(A

⊗A(•+1)
)
)

; Perf(B(m))→ Tot
(
Perf(B

(m),⊗
B(m) (•+1)

)
)

are equivalences. Therefore, to finish it is enough to know that, for each k ≥ 0, the functor

Perf(A
⊗A(k+1)

)→ Tot
(
Perf(B

(•),⊗
B(•) (k+1)

)
)

is an equivalence. In other words, we want to know that the map A
⊗A(k+1) → B

⊗B(k+1)
of p-complete rings satisfies

descent for perfect complexes.

19To see the faithful flatness, note that π0(A/L(p, I)) is a nilpotent thickening of π0(R/L(p, I)).
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Via the map Spf R
t−→ Ga yielding R∆ t∆−→ G∆

a , we obtain a map Spf A → R∆ → G∆
a . Unwinding definitions, we

have
Spf A

⊗A(k+1) ≃ Spf A×G∆
a
GHT
a ×G∆

a
× · · · ×G∆

a
GHT
a︸ ︷︷ ︸

k+1

= Spf A×G∆
a
GHT,×(k+1)
a

and
Spf B

⊗B(k+1) ≃ Spf A×G∆
a
ZHT
p ×G∆

a
× · · · ×G∆

a
ZHT
p︸ ︷︷ ︸

k+1

= Spf A×G∆
a
ZHT,×(k+1)
p

where we are using the map ZHT
p → GHT

a → G∆
a induced by the zero section of Ga. We are also using the superscript

×(k + 1) to denote the (k + 1)-fold self-fiber product over G∆
a .

Now, by [11, Example 9.1], we have a map GHT
a → Ga equipped with a section Ga → GHT

a arising from the
δ-structure on Ga given by the Frobenius lift x 7→ xp, and yielding an isomorphism of Ga-stacks

GHT
a

≃−→ B(G♯a ⋊G♯m)×Spf Zp Ga.

On the other hand, we know from Remark 3.1.7 that we have a canonical isomorphism

ZHT
p

≃−→ BG♯m.

Via these isomorphisms the map ZHT
p → GHT

a given by the zero section is just the composition

ZHT
p ≃ BG♯m → GHT

a ×Ga,0 Spf Zp ≃ B(G♯a ⋊G♯m)→ B(G♯a ⋊G♯m)×Spf Zp
Ga ≃ GHT

a .

where the first map is from the obvious homomorphism of group schemes and the second map is from the zero
section of Ga.

Since the first map is p-completely faithfully flat, it is enough to know that

Spf A×G∆
a

(
GHT
a ×Ga

Spf Zp
)×(k+1) → Spf A×G∆

a
GHT,×(k+1)
a(9.3.4.1)

satisfies descent for perfect complexes. Unwinding definitions, one sees that the composition

Spf A ≃ Spf A×G∆
a
GHT
a → GHT

a → Ga

corresponds to the image u = φ(t) of t under φ : R→ A. If, for j = 1, . . . , k+1, uj ∈ A
⊗A(k+1)

is the section given
by u in the j-th coordinates and 1s elsewhere, then one sees that the map (9.3.4.1) is given by

Spf(A
⊗A(k+1)

/L(u1, . . . , uk+1))→ Spf(A
⊗A(k+1)

).

This satisfies descent for perfect complexes by [26] again since A
⊗A(k+1)

is (u1, . . . , uk+1)-complete. Indeed, since
A

⊗A(k+1)
is a nilpotent thickening of A, it is enough to know that A is (u)-complete. This follows from our

hypothesis on R and the fact that the Frobenius endomorphism of A/Lp factors through R/Lp. □

Remark 9.3.5. In the setting of Remark 9.3.3, for k ≥ 1, set Sk = R/L(tk). Then we obtain an inverse system of
frames

A→ · · · → Bk+1 → Bk → · · · → B1 = B

lifting R→ · · · → Sk+1 → Sk → · · · → S1 = S. This gives us a functor

DDCA(R)→ lim←−
k

DDCBk
(Sk).(9.3.5.1)

Proposition 9.3.6 (Integrability for divided Dieudonné complexes). Suppose that R is (t)-adically derived complete.
Then the functor (9.3.5.1) is an equivalence.

Proof. This can be deduced from Lemma 9.3.4 in somewhat standard fashion: The lemma reduces us to the case
where R/L(tm) ≃ R ⊕ R[1] for all m sufficiently large and so the maps Bm+1 → Bm factor through A → Bm for
all such m. The proposition follows easily from this. □
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9.4. From F -gauges to divided Dieudonné complexes. For the rest of this section, R will be discrete. The
next result follows from [23, Proposition 5.7.3] and Theorem 7.1.1.

Proposition 9.4.1. For any semiperfectoid R, there are canonical exact equivalences

ModZ/pnZ

(
DDC

[−1,0]
∆R

(R)
)

≃←− Psyn
n,{0,1}(R)

≃−→ FFGn(R)

that are compatible with Cartier duality in that the composition carries M∗[1] to the Cartier dual of the image of M.

Remark 9.4.2. Within ModZ/pnZ

(
DDC

[−1,0]
∆R

(R)
)

we have the subcategory spanned by objects where the underly-

ing perfect complexM arises from a vector bundle over R∆⊗Z/pnZ, and where gr−1 M and Fil0 M are also obtained
from vector bundles over SpecR/Lpn. This maps isomorphically onto the subcategory BTn(R) ⊂ FFGn(R) via the
equivalence above.

We can globalize our definitions now as follows.

Definition 9.4.3 (Prismatic divided Dieudonné complexes). For any R, a prismatic divided Dieudonné com-
plex for R is a tuple

M = (M,Fil0Hdg M →M,M ΨM−−→ φ∗M, ξ)

such that:
(1) M∈ Perf(R∆) is a perfect complex over R∆;
(2) Fil0Hdg M →M

defn
= x∗

dR,RM is a map of perfect complexes over Spf R;
(3) ΨM :M→ φ∗M is a map of perfect complexes over R∆;
(4) ξ is an isomorphism of perfect complexes sitting in a diagram

φ∗M > cofib(ΨM)

ιHT
∗ φ∗ gr−1

Hdg M.

≃ ξ

∨>

Here, gr−1
Hdg M = M/Fil0Hdg M and the diagonal map is obtained as the composition

φ∗M→ ιHT
∗ ιHT,∗φ∗M ≃−→ ιHT

∗ φ∗M → ιHT
∗ φ∗ gr−1

Hdg M.

Here, ιHT : RHT → R∆ is the closed immersion from the Hodge-Tate locus.
These objects organize into an∞-category DDC∆(R), and we can define the subcategories DDC

[a,b]
∆ (R) as above.

Corollary 9.4.4. There are canonical exact equivalences

ModZ/pnZ

(
DDC

[−1,0]
∆ (R)

)
≃←− Psyn

n,{0,1}(R)
≃−→ FFGn(R).

Proof. Combine Proposition 9.4.1 with quasisyntomic descent (Remark 9.3.2). □

Remark 9.4.5 (Relationship with the absolute prismatic site). Following [11, Proposition 8.15] and its proof, one
sees that giving a perfect complex over R∆ is the same as giving a perfect complex of prismatic F -crystals with
respect to the animated absolute prismatic site of R. In some cases, one is able to replace the prismatization R∆

by its classical truncation, and hence the category appearing on the left of the equivalence in Corollary 9.4.4 can
be described in terms of the classical absolute prismatic site of R. When R/pR is an F -finite and F -nilpotent
Fp-algebra, we verify this in Theorem 9.9.7 below, and we recover in this way the classification of p-divisible groups
by Lau in terms of divided Dieudonné crystals over such Fp-algebras [33].

Corollary 9.4.6. Suppose that A is a laminated prismatic frame for R. Then we have canonical functors

FFGn(R)
≃←− Psyn

n,[0,1](R)→ ModZ/pnZ

(
DDC

[−1,0]
A (R)

)
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Remark 9.4.7. From Remark 9.4.2, we see that the subcategory BTn(R) gets mapped to the subcategory of
ModZ/pnZ

(
DDC

[−1,0]
A (R)

)
spanned by the objects M where M is a finite locally free module over A/Lpn, and where

gr−1 M and Fil0 M are finite locally free over R/Lpn.

Remark 9.4.8 (Compatibility with descent). The resulting functor

FFGn(R)→ ModZ/pnZ

(
DDC

[−1,0]
A (R)

)
is compatible with p-completely étale (see Remark 9.3.1) and quasisyntomic descent (see Remark 9.3.2).

9.5. Breuil-Kisin frames. We now specialize to a particular kind of frame that finds its origins in the classification
theorems of Breuil and Kisin for finite flat group schemes over p-adic rings of integers.

Remark 9.5.1 (Frames from prisms). Suppose that (A, I ′) is a prism. Then we obtain a frame A for R = A/LI ′

as follows: We set (Fil1 A→ A) = (I ′ → A) and take I = φ∗I ′ → A. The map φ is the associated map of ‘quotient’
animated commutative rings obtained from the Frobenius lift φ : A→ A.

Definition 9.5.2 (Breuil-Kisin frames). A Breui-Kisin frame for R is a frame A obtained from a prism (A, I ′)

such that A is p-completely flat, so that I ′ ⊂ A is an ideal and R = A/I ′ is discrete. By construction, such a frame
is automatically prismatic.

Remark 9.5.3 (Laminations for Breuil-Kisin frames). As explained in [23, Example 5.4.16], each Breuil-Kisin
frame admits a canonical lamination that is functorial for maps between such frames.

Example 9.5.4 (Lifts). Any p-completely flat δ-ring A yields a p-adic Breuil-Kisin frame for R = A/pA. This is
what Lau simply calls a lift of R in [32, §1.2].

Example 9.5.5 (The original Breuil-Kisin frame). The seminal example is S = W (κ)[|u|], where κ is a perfect field,
equipped with the Frobenius lift satisfying φ(u) = up, and I ′ = (E(u)) for an Eisenstein polynomial E(u) ∈W (κ)[u].
More generally, as in [46, 34], we can take S = W (κ)[|u1, . . . , um|] equipped with the Frobenius lift ui 7→ upi , and
E ∈ S is a power series such that I ′ = (E) equips S with the structure of a transversal prism. In this situation,
R = S/(E) is always regular local.

Remark 9.5.6 (Sections of the Breuil-Kisin twist). Specializing Remark 9.2.9 to the Breuil-Kisin case, one sees
that we have

RHomA(1,1
∗) ≃ fib(I ′{1} can−u−−−−→ A{1}),

where u : I ′{1} → A{1} is the semilinear map underlying the isomorphism

φ∗(I ′{1}) ≃ φ∗I ′ ⊗A φ∗A{1} ≃ I ⊗A φ∗A{1} ≃ A{1}.
If A is p-adic, then this further simplifes to

RHomA(1,1
∗) ≃ fib(A

p−φ−−−→ A).

Definition 9.5.7 (Breuil-Kisin windows). A pn-torsion Breuil-Kisin window over a Breuil-Kisin frame A is a
triple (N, FN, VN) where:

(1) N is a pn-torsion A-module of projective dimension 1;
(2) FN : φ∗N→ N and VN : I ′ ⊗A N→ φ∗N are A-linear maps such that the compositions

VN ◦ (1⊗ FN) : I
′ ⊗A φ∗N→ φ∗N ; FN ◦ VN : I ′ ⊗A N→ N

are the maps induced by the inclusion I ′ ⊂ A.
Write BKA,n(R) for the category of such triples.

Remark 9.5.8. There is a Cartier duality involution on BKA,n(R) determined as follows. View N as a perfect
complex with Tor amplitude [−1, 0] and set N∗ = H0(N∨[−1]{1}), where N∨ is the A-linear derived dual. Since A

is p-torsion free, we see that N∗ is once again a pn-torsion A-module of projective dimension 1. Moreover, we can
take

FN∗ = H0(V ∨
N [−1]{1}) ; VN∗ = H0(F∨

N [−1]{1}).
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Proposition 9.5.9. If A is of Breuil-Kisin type, then there is a canonical exact equivalence

ModZ/pnZ(DDC
[−1,0]
A (R))

≃−→ BKA,n(R)

compatible with Cartier duality.

Proof. Let J be the Breuil-Kisin twist associated with the prism structure (A, I ′) so that we have a canonical
isomorphism I ′ ⊗A φ∗J

≃−→ J , or equivalently an isomorphism I ′ ⊗A J∨ ≃−→ φ∗J∨.
Since A is p-completely flat, the ∞-category of perfect complexes over A with Tor amplitude in [−1, 0] and with

cohomology killed by a power of p is equivalent via the functor M 7→ H0(M) to the (discrete) category of p-power
torsion A-modules of projective dimension 1. This equivalence is compatible with arbitrary base-change along maps
to p-completely flat rings. In particular, we see that if N is a p-power torsion A-module of projective dimension 1,
then the derived base-change φ∗N is once again a p-power torsion A-module of projective dimension 1.

With this in hand, suppose that we have M in ModZ/pnZ(DDC
[−1,0]
A (R)). The fiber sequence

M→ φ∗M→ A⊗R gr−1 M

shows that there is an equivalence M
≃−→ φ∗ Fil0 M giving us isomorphisms

I ′ ⊗A (J∨ ⊗A M)
≃−→ (I ′ ⊗A J∨)⊗A φ∗ Fil0 M

≃−→ φ∗(J∨ ⊗A Fil0 M).(9.5.9.1)

Observe now that Fil0 M is perfect with Tor amplitude in [−1, 0] with cohomology killed by pn: This follows by
contemplating the diagram

I ′ ⊗A M > M > M

Fil0 M

∨
> M

wwwwwwwwww
> gr−1 M

∨

of perfect complexes over A where both rows are exact, and observing that the cofiber of the left vertical map is
Fil0 M , which has Tor amplitude [−2, 0] as a complex over A.

Set N = H0(J∨⊗AFil0 M): This is a pn-torsion A-module of projective dimension 1 that is equipped via (9.5.9.1)
with an isomorphism

I ′ ⊗A H0(J∨ ⊗A M)
≃−→ φ∗N.

In particular, the tautological map Fil0 M→ M yields a map VN : I ′ ⊗A N→ φ∗N, and the map I ′ ⊗A M→ Fil0 M
appearing in the left vertical column in the diagram above yields a map FN : φ∗N→ N.

One now checks that (N, FN, VN) is an object in BKA,n(R) giving us the functor asserted by the proposition.
The construction of the inverse can be obtained by tracing the path backwards via the equivalence from the second
paragraph of the proof. The main additional observation is that, given such a tuple in BKA,n(R), we have fiber
sequences

cofib(VN)→ R⊗A N→ cofib(FN) ; cofib(FN)→ R⊗A φ∗N→ cofib(VN),

which show that cofib(VN) and cofib(FN), which a priori have Tor amplitude in [−2, 0] over R, are actually perfect
over R with Tor amplitude in [−1, 0].

We leave the verification of compatibility with exact sequences and duality to the reader. □

Remark 9.5.10. Corollary 9.4.6, combined with Remark 9.5.3 and Proposition 9.5.9 gives us functors

FFGn(R)
≃←− Psyn

n,{0,1}(R)→ BKA,n(R).

The subcategory BTn(R) is mapped to the subcategory of BKA,n(R) spanned by the objects where the underlying
module N is finite locally free over A/pnA.
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Example 9.5.11 (Classification over perfectoid rings). If (A, I ′) is a perfect prism—equivalently, if R is perfectoid—
then A = ∆R is the prismatic cohomology of R, and so Propositions 9.4.1 and 9.5.9 together give us equivalences

FFGn(R)
≃←− Psyn

n,{0,1}(R)
≃−→ BK∆R,n

(R).

This recovers the equivalence of [2, Theorem 5.4] (see also [32, Theorem 10.12] for the case p > 3).

Applying Proposition 9.5.9 and Remark 9.5.10 to the case I ′ = (p) yields the following result, which can also be
deduced using crystalline Dieudonné theory; see [32, §3].

Proposition 9.5.12. Suppose that A is a p-completely flat δ-ring such that R = A/pA. Then there is a canonical
functor

FFGn(R)→ BKA,n(R),

where the right hand side is equivalent to the category of triples (N, FN, VN) where N = N(G) is a pn-torsion R-
module of projective dimension 1 and FN : φ∗N → N and VN : N → φ∗N are A-linear maps such that FN ◦ VN and
VN ◦ FN are both equal to multiplication-by-p.

Remark 9.5.13. If R is perfect, so that A = W (R) = ∆R, then this assignment is an equivalence by Example 9.5.11,
and we recover the classification by Dieudonné-Manin (when R a field), Berthelot (when R is a valuation ring),
Gabber and Lau (for general perfect R); see [37, §6].

On the other end of the crystalline situation in Proposition 9.5.12, we have the following transversal situation:

Proposition 9.5.14. Suppose that R is p-completely flat—equivalently that I ′ is locally generated by an element
that is a non-zero divisor mod-p. Then BKA,n(R) is equivalent to the category of pairs (N, FN) where:

(1) N is a p-power torsion A-module of projective dimension 1;
(2) FN : φ∗N→ N is an injective map whose cokernel is killed by I ′.

In particular, we can functorially associate with every finite flat group scheme G over R a pair (N(G), φN(G)) with
these properties.

Proof. Suppose that N is a pn-torsion A-module of projective dimension 1. By exhibiting N as the cokernel of a
map Q′ → Q between finite flat A-modules, one sees that it can be seen as a submodule of Q′/pnQ′. This shows
that N is I ′-torsionfree, and so we have I ′ ⊗A N = I ′N.

Now, given a tuple (N, FN, VN) in BKA,n(R), as observed in the proof of Proposition 9.5.9, cofib(FN) is perfect
over R with Tor amplitude in [−1, 0], and its cohomology is of course pn-torsion. Since R is p-completely flat, we see
that it is quasi-isomorphic to its zeroth cohomology. Therefore, FN is injective with cokernel killed by I ′. Moreover,
we have inclusions

I ′ ⊗A N ≃ I ′N ⊂ im(FN) ≃ φ∗N ⊂ N,

the first of which is isomorphic to the map VN. Conversely, given such an injective map FN, VN is determined by
the inclusion I ′N ⊂ im(FN). This shows the desired equivalence. □

Remark 9.5.15. The pairs (N, FN) in Proposition 9.5.14 are a general version of the notion of a Breuil window
introduced by Vasiu-Zink in [46].

Example 9.5.16 (Equivalence for p-completely flat perfectoid rings). If R is a p-completely flat perfectoid ring,
then combining Example 9.5.11 with Proposition 9.5.14 tells us that FFGn(R) is equivalent to the category of pairs
(N, FN) over ∆R as given in the proposition above.

9.6. Nilpotent divided complexes and connected finite flat group schemes. It has long been known to
experts that essentially any frame can be used to classify connected finite flat group schemes; see for instance [34,
§10] for some instances of this phenomenon. In particular, as observed in Zink’s seminal work [47], one can use the
Witt frame for this purpose. We codify the underlying principle in this subsection.
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Construction 9.6.1 (A canonical operator). Suppose that M is a divided Dieudonné complex over a frame A for
R. Then in the notation of Remarks 9.2.4 and 9.2.8, we have a commuting diagram

I ⊗A φ∗ Fil0 M
1⊗vM

> I ⊗A M

I ⊗A φ∗M
∨

σM

> M
∨

This yields a φ-semilinear map of A-modules I ⊗A gr−1 M → M/LI, which gives a φ-semilinear operator

gr−1 M{−1}/L(p, I)→ M{−1}/L(p, I)→ gr−1 M{−1}/L(p, I)

of R/L(p, I)-modules. If B defn
= (R/pR)red, then, in turn, we obtain a φ-semilinear operator of perfect complexes

over B

ηM : B ⊗R gr−1 M{−1} → B ⊗R gr−1 M{−1}.
Here, we are using the fact that the image of I in R/pR is killed by Frobenius, so that the map R → B factors
through R/L(p, I).

Example 9.6.2. If M = 1, then gr−1 M = 0 and the operator also vanishes. On the other hand, if M = 1∗, then
M = gr−1 M = R{1}, and η1∗ : B → B is simply the Frobenius endomorphism of B.

Definition 9.6.3 (Nilpotent divided complexes). Let c ⊂ B be a finitely generated radical ideal. We will say
that M is c-nilpotent if the base change of the operator ηM∗ over B/c is nilpotent.20 Write DDCc-nilp

A (R) for the
∞-subcategory of DDCA(R) spanned by such objects. If c = 0, we will simply write DDCnilp

A (R) instead.

Remark 9.6.4 (Nilpotence in the Breuil-Kisin case). In the situation of Proposition 9.5.9, the triple (N, FN, VN) is
associated with a c-nilpotent divided Dieudonné complex precisely when the map FN∗ : φ∗N∗ → N∗ corresponds to
a φ-semilinear endomorphism of N∗ whose base-change over B/c is nilpotent. Write BKc-nilp

A,n (R) for the subcategory
of BKA,n(R) spanned by such objects. Once again, if c = 0, we will just write BKnilp

A,n(R) instead.

Remark 9.6.5 (Connectedness and nilpotence). Suppose that M is a prismatic divided Dieudonné complex over
R. Then, via quasisyntomic descent and Construction 9.6.1 applied with A = ∆S for semiperfectoid R-algebras S,
we obtain a canonical φ-semilinear operator ηM∗ on B⊗Rgr−1

Hdg M
∗{−1}. IfM is associated with G ∈ FFGn(R) via

Corollary 9.4.4, then this operator is c-nilpotent precisely when the restriction of G over B/c is connected. Indeed,
it is enough to see this when R = κ is an algebraically closed field, where this translates into the usual criterion in
contravariant Dieudonné theory involving the nilpotence of the semilinear operator F on the Dieudonné module.

The next result follows from the methods of [23, §5.9].

Proposition 9.6.6 (Unique lifting principle using nilpotence). Suppose that A′ → A is a surjective21 map of
prismatic frames for R. Then the natural functor DDCnilp

A′ (R) → DDCnilp
A (R) is an equivalence of stable ∞-

categories.

Remark 9.6.7 (Grothendieck-Messing for divided Dieudonné complexes: the nilpotent case). To prove the propo-
sition using the ideas in [23, §5.9], one first needs to formulate a more general assertion. First, observe that, for
any frame A for R, we have a canonical functor

DDCA(R)→ Perf(A1/Gm × Spf R)

carrying M to M with its two-step filtration 0 → Fil0 M → M . Now, suppose that we have a map R′ → R in
CRingp-comp, and a sequence of surjective maps of prismatic frames

A′ → A1 → A

20The use of Cartier duality here is to ensure Remark 9.6.5 is valid.
21By this, we mean that the underlying map A′ → A is surjective.
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satisfying the following conditions:

• A′ → A1 is a map of frames for R′;
• A is a frame for R and A1 → A lifts R′ → R;
• (A1, I1)→ (A, I) is an isomorphism of prisms.

Then we have a canonical diagram

DDCA′(R′) > Perf(A1/Gm × Spf R′)

DDCA(R)
∨

> Perf(A1/Gm × Spf R)×Perf(R) Perf(R
′)

∨

(9.6.7.1)

Here, DDCA(R)→ Perf(R′) is obtained via the functor Perf(A) ≃ Perf(A1)→ Perf(R′).
Then the more refined claim is that, in this situation, (9.6.7.1) is Cartesian when restricted to the subcategories

of nilpotent divided Dieudonné complexes. The idea is to use deformation theory, the nilpotence hypothesis, and
various integrability properties of the stack of perfect complexes to reduce first to the case where A′ and A are
discrete, and next, by replacing A′ successively with quotients of the form A′/Km where K = ker(A′ → A), to the
case where A′ → A is the identity, where it becomes trivial to prove.

Notation 9.6.8. Suppose that B is c-adically derived complete. Let FFGc-conn
n (R) be the subcategory of FFGn(R)

spanned by the objects whose restriction over SpecB/c is connected. If c = 0, we will simply write FFGconn
n (R)

instead.

Corollary 9.6.9. Suppose that B is c-adically derived complete. For any laminated prismatic frame A for R, the
functor in Corollary 9.4.6 yields an exact equivalence

FFGc-conn
n (R)

≃−→ ModZ/pnZ

(
DDC

[−1,0],c-nilp
A (R)

)
.

In particular, if A is a Breuil-Kisin frame for R, then we obtain an exact equivalence

FFGc-conn
n (R)

≃−→ BKc-nilp
A,n (R).

Proof. First consider the case where c ⊂ B is nilpotent. Here, we can use quasisyntomic descent to reduce to the
case of R semiperfectoid. We can then apply Proposition 9.6.6 to the surjective maps of frames ∆R → W (R) and
A→W (R), and then appeal to Proposition 9.4.1 and Remark 9.6.5.

For the general case, choose a map Zp[t1, . . . , tm]∧p → R such that the images of t1, . . . , tm in B generate c. For

all k ≥ 1, set R̃k
defn
= R/L(tk1 , . . . , t

k
m). By Remarks 9.1.16 and 3.1.16, we obtain canonical maps of frames A→ Ãk

lifting R→ R̃k. The argument from the first paragraph shows that we have a canonical equivalence

ModZ/pnZ

(
DDC

[−1,0],nilp
∆R̃k

(R̃k)
)

≃−→ ModZ/pnZ

(
DDC

[−1,0],nilp

Ãk

(R̃k)
)
.

Taking the limit over k gives us equivalences:

FFGc-conn
n (R)

≃−→ ModZ/pnZ

(
DDC

[−1,0],c-nilp
∆ (R)

)
≃−→ lim←−

k

ModZ/pnZ

(
DDC

[−1,0],nilp
∆ (R̃k)

)
≃−→ lim←−

k

ModZ/pnZ

(
DDC

[−1,0],nilp

Ãk

(R̃k)
)
.

Here, the first equivalence is from Remark 9.6.5, while the second is from Proposition 9.4.4, and the equivalence

Psyn
n,{0,1}(R)

≃−→ lim←−
k

Psyn
n,{0,1}(R̃k),
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which holds by the derived (t1, . . . , tm)-completeness of R and the fact that it is true if we replace R̃k with π0(R̃k)

instead. Indeed, in the latter case, we are simply saying that the category of finite locally free p-power torsion group
schemes over R is obtained as the inverse limit over k of that over π0(R̃k).

To finish, it is enough to know that the natural functor

DDCA(R)→ lim←−
k

DDCÃk
(R̃k)

is an equivalence. By induction on m, we can reduce to the case m = 1, where this follows from Proposition 9.3.6 □

Remark 9.6.10. When R is an Fp-algebra and A is a p-adic Breuil-Kisin frame for R (referred to as a lift of R
in [32, §1.2]), the last result above is already known by work of Zink and Lau; see Remark 3.2 and the proof of
Corollary 10.4 in [32]. In the general Breuil-Kisin case, it appears to be new, though a particular instance of it can
be found in [34, §10.5].

Remark 9.6.11. A particular consequence of the corollary is an equivalence of categories between connected
p-divisible groups and nilpotent displays over R. This is a theorem of Lau [37, Theorem C].

Example 9.6.12 (Classification of connected group schemes over fields). If κ is any characteristic p field and O is
a Cohen ring for κ equipped with a Frobenius lift φ : O → O, this gives a p-adic Breuil-Kisin frame O for κ and we
obtain an equivalence

FFGconn
n (κ)

≃−→ BKnilp
O,n(κ).

Example 9.6.13 (Classification of group schemes with connected special fibers over complete local rings). If R is
a complete local ring with maximal ideal m and A is any frame for R, we obtain an equivalence

FFGm-conn
n (R)

≃−→ ModZ/pnZ

(
DDC

[−1,0],m-nilp
A (R)

)
In particular, if A is a Breuil-Kisin frame, then we have an equivalence

FFGm-conn
n (R)

≃−→ BKm-nilp
A,n (R).

When R is an Fp-algebra, one can use this to recover a result of de Jong [18, Theorem 9.3]. When R is regular of
mized characteristic, this recovers a classification due to Lau [34, Theorem 10.7]; see also [14, §2.7].

Example 9.6.14 (A non-regular example). Note that the previous example has no regularity constraints what-
soever. For instance, if κ is a perfect field, and OK is a totally ramified extension of W (κ) generated by a
uniformizer with Eisenstein polynomial E(u) ∈ W (κ)[u], then we can take R = OK [|x, y|]/(x2, xy, y2) with the
frame A associated with the prism (A, I ′) = (W (κ)[|u, x, y|]/(x2, xy, y2), (E(u))) equipped with the Frobenius lift
u 7→ up, x 7→ xp, y 7→ yp. In fact, one can also replace R with its quotients by powers of π by also modifying A

appropriately by taking quotients by powers of u.

Example 9.6.15 (Classification of connected group schemes over polynomial rings with semiperfectoid coefficients).
If R = R0[x1, . . . , xn]

∧
p with R0 semiperfectoid, then Example 9.1.15 combines with Corollary 9.6.9 to give us an

equivalence
FFGconn

n (R)
≃−→ ModZ/pnZ

(
DDC

[−1,0],nilp
A (R)

)
.

where A is a frame for R with underlying ring A = ∆R0
[x1, . . . , xn]

∧
p .

9.7. A nilpotence criterion for equivalence. One can improve Proposition 9.6.6 to be valid for the full category
of divided complexes by moving the locus of nilpotence from the modules to the map of frames. We will explore
this phenomenon in this subsection. R will be discrete here.

Construction 9.7.1. Suppose that A′ → A is a map of prismatic frames for R. If we set

K = fib(A′ → A) ≃ fib(Fil1 A′ → Fil1 A),

then the twisted divided Frobenius maps (Fil1 A′){1} → A′{1} and (Fil1 A){1} → A{1} (see Example 9.2.9) induce
a semilinear endomorphism φ̇1 : K{1} → K{1}.
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Remark 9.7.2 (Sections of the Breuil-Kisin twist). Following Example 9.2.9, we see that we have

fib
(
RHomA′(1,1∗)→ RHomA(1,1

∗)
) ≃−→ fib(K{1} id−φ̇1−−−−→ K{1}).

Therefore when id− φ̇1 is an equivalence, we find that the map

RHomA′(1,1∗)→ RHomA(1,1
∗)

is an equivalence.

The methods of [23, §5.9] allow one to generalize the above remark, yielding the following analogue of Propo-
sition 9.6.6. It can be viewed as an animated refinement of a classical result of Zink and Lau; see especially [34,
Theorem 3.2] or [33, Proposition 5.6].

Proposition 9.7.3 (Unique lifting principle using nilpotence of divided Frobenius). Suppose that A′ → A is a
surjective map of prismatic frames for R such that the endomorphism φ̇1 : K{1} → K{1} is topologically locally
nilpotent with respect to the (p, I)-adic topology. Then the natural functor DDCA′(R) → DDCA(R) is an exact
equivalence.

Remark 9.7.4 (Grothendieck-Messing for divided Dieudonné complexes). The methods used actually show that,
in the context of Remark 9.6.7, if we take the endomorphism φ̇1 : K{1} → K{1} obtained from the map A→ A1,
then the diagram (9.6.7.1) is Cartesian whenever φ̇1 is topologically locally nilpotent.

Remark 9.7.5 (Grothendieck-Messing for nilpotent divided power extensions). One situation in which some of the
conditions of Remark 9.7.4 hold is when (R′ ↠ R, γ) is a nilpotent divided power extension of semiperfectoid rings
and we take A′ = ∆R′ and A = ∆R. The divided powers yield a lift A → R′ giving us the intermediate frame A1

for R′, and the associated endomorphism φ̇1 : K{1} → K{1} is topologically locally nilpotent; see [23, Proposition
6.13.1]. Indeed, this is essentially how the deformation theoretic content of Theorem 4.1.1 is shown. We should
note however that the map ∆R′ → ∆R is not in general surjective, so Proposition 9.7.3 does not directly apply.

Construction 9.7.6. Suppose that A is a laminated prismatic frame for a semiperfectoid ring R. Then we have
a canonical map of frames ∆R → A for R, and so Construction 9.7.1 gives a canonical operator

φ̇
A
1 : KA{1} → KA{1},

where KA = fib(∆R → A).

Corollary 9.7.7. Suppose that R is semiperfectoid and A is a laminated prismatic frame for R such that the map
∆R → A is surjective and such that the endomorphism φ̇

A
1 is topologically locally nilpotent. Then we have an exact

equivalence
FFGn(R)

≃−→ ModZ/pnZ(DDC
[−1,0]
A (R)).

Proof. Immediate from Propositions 9.4.1 and 9.7.3. □

We will now globalize Corollary 9.7.7. From now on R will be an arbitrary p-complete discrete ring.

Lemma 9.7.8. Let A be a laminated prismatic frame for R. Then the following are equivalent:
(1) For some quasisyntomic cover R→ R∞ as in Construction 3.1.15, the map of cosimplicial frames ∆

R
⊗R(•+1)
∞

→
A(•)

∞ from Lemma 9.1.17 is surjective.
(2) For any quasisyntomic cover R→ R∞ as in Construction 3.1.15, the map of cosimplicial frames ∆

R
⊗R(•+1)
∞

→
A(•)

∞ from Lemma 9.1.17 is surjective.
(3) The associated map Spf A→ R∆ is a closed immersion.

Proof. The equivalence of the first two assertions comes down to the following assertion: If A is a laminated
prismatic frame for R, and, if R→ R′ is a quasisyntomic cover of semiperfectoid rings such that the base-change22

∆R′ → ∆R′ ⊗∆R′ A is surjective, then the map ∆R → A is surjective. This follows from the fact that the map

22The tensor products are derived and (p, I)-completed.
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∆R → ∆R′ is (p, I)-completely faithfully flat; see Proposition 3.1.12. The equivalence of these with the last assertion
is now clear from quasisyntomic descent for closed immersions. □

Remark 9.7.9 (Surjectivity criterion). Suppose that A is a frame for R such that the natural map A→ A/L(p, I)

factors through a map R→ A/L(p, I). Then, for any map of frames A′ → A for R, the composition A′ → A/L(p, I)

is surjective, and hence, by (p, I)-completeness, the map A′ → A is automatically surjective. This condition holds
for Breuil-Kisin frames, and also for any frame that is obtained via quasisyntomic base-change from a Breuil-Kisin
frame via Remark 9.1.16. In particular, the equivalent conditions of Lemma 9.7.8 are always valid when A is a
Breuil-Kisin frame.

Construction 9.7.10. Suppose that A is a laminated prismatic frame for R. For each map R → S with S

semiperfectoid, we obtain the base-change AS of A from Remark 9.1.16, and a map of frames ∆S → AS , along with
an operator φ̇

AS
1 : KA

S {1} → KA
S {1}, where KA

S = fib(∆S → AS). In this way, we obtain quasisyntomic sheaves
A−, KA

− of ∆−-modules over Spf R, along with an operator φ̇
A
1 : KA

−{1} → KA
−{1}, whose values on semiperfectoid

quasisyntomic R-algebras S are given as just described.

Remark 9.7.11. Suppose that we have an ideal c ⊂ B
defn
= (R/pR)red. We obtain a map of quasisyntomic sheaves

(of derived rings) ∆− → Oc
− whose values on semiperfectoid S is given by the composition

∆S → S → S ⊗R B/c.

Corollary 9.7.12. Suppose that A is a laminated prismatic frame for R satisfying the equivalent conditions of
Lemma 9.7.8. Suppose also that there is some finitely generated ideal c ⊂ B such that B is derived c-complete and
such that the base-change of φ̇A1 along ∆− → Oc

− is locally nilpotent. Then we have an exact equivalence

FFGn(R)
≃−→ ModZ/pnZ(DDCA(R)).

In particular, if A is of Breuil-Kisin type, we obtain an equivalence

FFGn(R)
≃−→ BKA,n(R).

Proof. First, suppose that c is nilpotent. Then the result follows from Corollary 9.7.7 and quasisyntomic descent.
In general, we can argue as in the proof of Corollary 9.6.9 to reduce to this case. □

Remark 9.7.13. The proof of the corollary shows something stronger: Combined with Proposition 4.3.2, it im-
plies that the fppf cohomology of any G ∈ FFGn(R) associated with M ∈ ModZ/pnZ(DDCA(R)) is isomorphic to
RHomA(1,M).

Remark 9.7.14 (Classification via Grothendieck-Messing). Suppose that R′ ↠ R is nilpotent divided power
extension. In this case, there is extension xdR,R′ : Spf R′ → R∆ of xdR that is obtained from the divided power
structure; see [23, Lemma 6.8.1]. Suppose that A is a laminated prismatic frame for R equipped with a lift A→ R′

such that the associated composition Spf R′ → Spf A → R∆ is isomorphic to xdR,R′ . Suppose also that A satisfies
the hypotheses of Corollary 9.7.12. Write DDC

[−1,0]
A,tors(R) for the subcategory of DDC

[−1,0]
A (R) spanned by the Z/pnZ-

module objects for all n ≥ 1. Then from Theorem 4.1.1 and Corollaries 9.4.4 and 9.7.12, we obtain a canonical
Cartesian diagram23

FFG(R′) > Perf(A1/Gm × Spf R′)

DDC
[−1,0]
A,tors(R)

∨

> Perf(A1/Gm × Spf R)×Perf(R) Perf(R
′).

∨

23Strictly speaking, we only obtain a Cartesian diagram of the underlying groupoids in this way, but one can upgrade it to a Cartesian
diagram of categories with little difficulty.



PERFECT F -GAUGES AND FINITE FLAT GROUP SCHEMES 57

Remark 9.7.15. Suppose that O is a complete mixed characteristic DVR of absolute ramification index e < p−1,
uniformizer π and residue field κ. Then, for each n ≥ 1, and any p-complete O-algebra S, S/(πn) → S/(π) is a
nilpotent divided power extension. If A is a frame for S/(π) satisfying the hypotheses of Remark 9.7.14, we get a
Cartesian diagram as above for each n with R′ = S/(πn) and R = S/(π). Taking the limit over n now gives us a
Cartesian diagram

FFG(S) > Perf(A1/Gm × Spf S)

DDC
[−1,0]
A,tors(S/(π))

∨

> Perf(A1/Gm × SpecS/(π))×Perf(S/(π)) Perf(S).
∨

Example 9.7.16 (Honda systems). Let us apply Remark 9.7.15 to the case where S = O and where κ is perfect.
Here, we can take A = ∆κ, and so we obtain a Cartesian diagram

FFG(O) > Perf(A1/Gm × Spf O)

BK∆κ,tors
(κ)

∨
> Perf(A1/Gm × Specκ)×Perf(κ) Perf(O).

∨

Here, BK∆κ,tors
(κ) is the ‘union’ of the categories BK∆κ,n

(κ) for n ≥ 1. In this way, we obtain a description
of FFG(O) in terms of a triple (M, FM, VM) with M a p-power torsion W (κ)-module, along with a filtration on
O ⊗W (κ) M satisfying some additional compatibilities. A full unwinding of this yields the notion of a finite Honda
system as given in [16, Definition 2.6], and the Cartesian diagram recovers the first part of Theorem 3.6 of loc. cit.
It is actually possible to recover the full theorem from the methods here: One has to observe that in Remark 9.7.14,
if one drops the nilpotence hypothesis on the divided powers, the diagram there is still Cartesian when restricted
to FFGconn(R′) and to the subcategory of nilpotent objects in DDC

[−1,0]
A,tors(R

′).

9.8. Specializing to the Breuil-Kisin case. In this subsection, A will be a Breuil-Kisin frame for a discrete ring
R. Here, by Remark 9.7.9, the equivalent conditions of Lemma 9.7.8 always hold. Therefore, the only obstruction
to the functor from Remark 9.5.10 being an equivalence is the nilpotence condition on φ̇

A
1 from Corollary 9.7.12.

We will see that this can be understood in somewhat more concrete terms via the cotangent complex.

Remark 9.8.1 (The Rees stack associated with a Breuil-Kisin frame). Just as in Remark 3.2.7, we have the
(p, I ′)-complete formal Rees stack R(Fil•I′ A) associated with the I ′-adic filtration on A, and the Frobenius lift on
A extends to a map of Rees stacks R(Fil•I A)→ R(Fil•I′ A).. We obtain two maps τ, σ : Spf A→ R(Fil•I′ A), where
τ is the pullback of Gm/Gm → A1/Gm and σ is obtained from the filtered Frobenius lift and the isomorphism

Spf A
≃−→ R(Fil•I,± A).

Note also that we have a canonical map xA : A1/Gm×Spf R→ R(Fil• A) associated with the map Fil• A→ Fil•triv R

of filtered rings. Here, Fil•triv R is the trivial filtration on R supported in graded degree 0.

Proposition 9.8.2 (Mapping the Rees stack to the filtered prismatization). There is a canonical map of formal
stacks ιNA : R(Fil• A)→ RN such that

ιNA ◦ τ = jdR ◦ ι(A,I) ; ιNA ◦ σ = jHT ◦ ι(A,I) ; ιNA ◦ xA = xN
dR.

Proof. See [23, Example 6.10.5]. □

Remark 9.8.3 (Base-change of filtered frames). Combining Proposition 9.8.2 with Proposition 3.2.10 shows that
for a quasisyntomic cover R→ S, the base-change R(Fil• A)×RN SN is of the form R(Fil• AS) for a (p, I)-complete
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filtered animated commutative ring Fil• AS with underlying ring AS . In fact, R(Fil• AS) is (p, I)-completely flat
over R(Fil• A) and is therefore is a classical formal stack. Moreover, the associated graded stack

R(Fil• AS)(t=0) = Spf

⊕
m≤0

gr−mAS

 /Gm

is p-completely flat over

R(Fil• A)(t=0) = Spf

⊕
m≤0

I
′,m/I

′,m+1

 /Gm

and is hence also classical. All of this means that Fil• AS is in fact a classical filtered ring: the modules FilmAS
are submodules of AS . Moreover, Fil1 AS ⊂ AS agrees with the submodule given by the frame structure AS on AS .

Remark 9.8.4 (Factoring φ̇1). With the notation as above, the Frobenius lift on AS extends to a map of filtered
rings Fil• AS → Fil•I AS that in filtered degree 1 is the divided Frobenius map φ1 : Fil1 AS → IAS . This is deduced
easily from the construction and the fact that it is true with Fil• AS replaced with Fil• A or Fil•N ∆S . This means
that the composition

Fil1 AS{1}
φ1{1}−−−−→ AS{1} → AS{1}/L(p, I)

factors through gr1 AS{1}, and similarly the corresponding composition for Fil•N ∆S factors through gr1N ∆S . This
implies that the composition

KA
S {1}

φ̇
AS
1−−−→ KA

S {1} → KA
S {1}/L(p, IS)

factors through gr1 KA
S {1} where

gr1 KA
S = fib(gr1N ∆S → gr1 AS).

Using this, one finds that the base-change over B of φ̇AS
1 ◦ φ̇AS

1 factors through a φ-semilinear map

B ⊗R gr1 KA
S {1} → B ⊗R gr1 KA

S {1}.(9.8.4.1)

In particular, φ̇A1 satisfies the condition in Corollary 9.7.12 for the ideal c if and only the base-change of (9.8.4.1)
over B/c is nilpotent for a quasisyntomic cover R→ S.

Remark 9.8.5 (Relationship with the cotangent complex). Suppose that S is a p-complete R-algebra. Then, by [10,
Corollary 5.5.18], we have a canonical isomorphism of S-modules gr1N ∆S{1}

≃−→ LS [−1]. This is obtained via a
comparison map between Nygaard filtered abslute prismatic cohomology and Hodge filtered p-completed derived
de Rham cohomology. In particular, we see that we have

RΓqsyn(Spf R, gr1 KA
−)

≃−→ fib(gr1N ∆R → gr1 A) ≃ fib(LR[−1]→ I ′/I
′,2).

Unwinding definitions shows that the map on the right is up to sign obtained from the rotation of the canonical
fiber sequence

I ′/I
′,2 → R⊗A LA → LR.

In other words, we have a canonical isomorphism

RΓqsyn(Spf R, gr1 KA
−)

≃−→ (R⊗A LA)[−1].(9.8.5.1)

Remark 9.8.6 (The key operator via the cotangent complex). Via (9.8.5.1), the operator (9.8.6.1), viewed as a
map of quasisyntomic sheaves over Spf R, yields by taking global sections a φ-semilinear endomorphism

B ⊗A LA[−1]→ B ⊗A LA[−1].(9.8.6.1)

This can be described quite easily. Note that the differential dφ : LA → LA of the Frobenius lift of A admits a
canonical factorization

LA
‘dφ/p′−−−−→ LA

p−→ LA
Now (9.8.6.1) is just the base-change of ‘dφ/p′.
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Remark 9.8.7 (The semiperfectoid case). Suppose that R is semiperfectoid. Then combining Remarks 9.8.4, 9.8.5
and 9.8.6 shows that φ̇A1 is topologically locally nilpotent if and only if the divided Frobenius endomorphism of LA
is topologically locally nilpotent.

Remark 9.8.8 (Frames for non-discrete R). All of the preceding discussion—except for the last two sentences of
Remark 9.8.3—is still valid if we assume that A is a p-adic prismatic frame with A discrete and (Fil1 A → A) ≃
(A

p−→ A) without requiring that A be p-torsion free. In this case, A is a frame for the not necessarily discrete
Fp-algebra A/Lp.

Proposition 9.8.9. Suppose that R is semiperfectoid, and suppose that the operator (9.8.6.1) is locally nilpotent.
Then the functor FFGn(R)→ BKA,n(R) is an equivalence.

Proof. Follows from Corollary 9.7.7 and Remark 9.8.7. □

Remark 9.8.10 (Nilpotence in terms of δ-structure: degree 0). If R is semiperfectoid and we choose a surjection
R0 → R with R0 perfectoid, then we have LA = LA/∆R0

, and so, if K = ker(∆R0
→ A), then H0(LA[−1]) =

τ≥0LA[−1] = K/K2. The operator on H0(LA[−1]) = K/K2 is inherited from the endomorphism δ of K/K2

induced by the function δ : K → K arising from the compatibility of the map ∆R0
→ A with δ-structures.

Therefore, the nilpotence condition in cohomological degree 0 reduces to asking for this operator to be topologically
locally nilpotent. We will see in Corollary 9.9.10 below that this is already sufficient to yield the equivalence in
Proposition 9.8.9 under some finiteness conditions.

9.9. The classical prismatization suffices. In this subsection, we will see that the classical prismatization—and
hence the classical absolute prismatic site—is sufficient for classifying finite flat group schemes in many cases. This
amounts to a reinterpretation of results of Lau [32, 33], which we recover here via a slightly different argument.

Definition 9.9.1 (Classical prismatic divided Dieudonné complexes). A classical prismatic divided Dieudonné
complex for R is a tuple Mcl satisfying the same conditions as that of a prismatic divided Dieudonné complex
(Definition 9.4.3), except that we replace R∆ with its classical truncation R∆

cl. Write DDC∆cl
(R) for the∞-category

of such tuples.

Remark 9.9.2 (The semiperfectoid case). When R is semiperfectoid, we have

DDC∆cl
(R) ≃ DDC∆R,cl

(R),

where ∆R,cl is the frame obtained by taking the classical truncation of ∆R: More precisely, we replace ∆R with its
(p, IR)-adically completed classical truncation24

∆R,cl = lim←−
n

π0(∆R)/(p, IR)
nπ0(∆R),

and ∆R with ∆R ⊗∆R
∆R,cl. Note that, since π0(∆R) is (p, IR)-adically derived complete, ∆R,cl is also its maximal

separated quotient; see [45, Proposition 091T].

Remark 9.9.3 (Description via quasisyntomic descent). Via quasisyntomic descent, one finds that DDC∆cl
(R) can

also be described in terms seen in the introduction. Namely, it is equivalent to the ∞-category of tuples

(M−
ΨM−−→ φ∗M−,Fil

0
Hdg M →M, ξ)

where:
(1) M− is a perfect complex over ∆−,cl with cohomology killed by pn;
(2) M is the perfect complex over R corresponding to the base-change ofM− along ∆−,cl → O and Fil0Hdg M →

M is a map of perfect complexes;
(3) ΨM :M− → φ∗M− is a map of complexes over ∆−,cl whose cofiber is equipped with an isomorphism ξ to

∆−,cl ⊗R gr−1
Hdg M .

24Here, we are taking the underived usual inverse limit giving the classical (p, IR)-adic completion.

https://stacks.math.columbia.edu/tag/091T
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Remark 9.9.4 (Comparison with divided Dieudonné crystals). When R is an Fp-algebra, a classical prismatic
divided Dieudonné complex where the underlying perfect complex M is a vector bundle over R∆ is the same as a
divided Dieudonné crystal as defined in [33]. This follows from Remarks 9.9.2 and 9.2.10.

We will need the following definitions appearing in [33].

Definition 9.9.5 (F -finiteness and F -nilpotence). An Fp-algebra R is F -finite if the Frobenius endomorphism
φ : R→ R is of finite type (equivalently, is finite). It is F -nilpotent if kerφ is a nilpotent ideal.

Remark 9.9.6 (F -nilpotence for semiperfect rings). Suppose that R is semiperfect with inverse perfection R♭ =

lim←−φR, and set J = ker(R♭ → R). Then R is F -nilpotent if and only if there exists r ≥ 1 such that Jp
r ⊂ φ(J).

Theorem 9.9.7. Suppose that one of the following holds:
(1) R is p-quasisyntomic;
(2) R/pR is F -finite and F -nilpotent.

Then the functor
FFGn(R)→ ModZ/pnZ

(
DDC

[−1,0]
∆cl

(R)
)

is an exact equivalence.

Proof. When R is p-quasisyntomic, R∆ is already classical [11, Corollary 8.13], so the result follows trivially from
Corollary 9.4.4. This refines the main result of [43].

So we will assume from here on that R/pR is F -finite and F -nilpotent. To begin, via Lemma 9.3.4, we can reduce
to the case where R is p-nilpotent.

Next, using quasisyntomic descent, we reduce to the case where R is semiperfectoid with R/pR F -nilpotent.
Here, we are using the fact that any F -finite and F -nilpotent Fp-algebra admits a quasisyntomic cover R → R∞
obtained by adjoining all p-power roots of a finite set of elements of R so that R⊗Rm

∞ is F -nilpotent for all m:
See [33, Lemma 2.6]. We can now conclude using Proposition 9.9.9 below. □

Remark 9.9.8. Case (2) of the theorem yields in particular an equivalence

BT(R)
≃−→ DDC

[0,0]
∆cl

(R)

in the situation where R/pR is F -finite and F -nilpotent. When R is an Fp-algebra, Remark 9.9.4 shows that this
simply a rephrasing of the main result of [33].

Proposition 9.9.9. Suppose that R is semiperfectoid and that R/pR is F -nilpotent. Then the map of frames
ζR : ∆R → ∆R,cl satisfies the conditions of Corollary 9.7.7.

The rest of this subsection will be devoted to the proof of this proposition, but first we make a few observations
beginning with the following corollary.

Corollary 9.9.10. Suppose that R is semiperfectoid with R/pR F -nilpotent, and that A is a Breuil-Kisin frame for
R. Suppose that the divided Frobenius endomorphism of LA induces a topologically locally nilpotent endomorphism
of H−1(LA). Then we have an exact equivalence

FFGn(R)
≃−→ BKA,n(R).

Proof. By Propositions 9.9.9 and 9.7.3, it is enough to know that the operator φ̇A1,cl on KA
cl{1} = ker(∆R,cl → A){1}

is topologically locally nilpotent. Since ∆R,cl is the classical (p, IR)-adic completion of H0(∆R), KA
cl is the classical

(p, IR)-adic completion of H0(KA). Therefore, it is enough to know that H0(φ̇
A
1 ) is locally nilpotent mod-(p, IR).

We now conclude using Remark 9.8.7. □

Remark 9.9.11. Proposition 9.9.9 actually yields a partial answer to a question raised in [23, Remark 8.7.6]. It
shows that, in the notation of loc. cit., for discrete inputs R such that R/pR is F -nilpotent and F -finite, the
∞-groupoid Γsyn(X )(R) can be computed using only the classical truncation of Rsyn. In particular, it implies that
the values on such inputs of the smooth formal Artin stacks BTG,µn from Section 9 of loc. cit. can also be computed
via the classical syntomification.



PERFECT F -GAUGES AND FINITE FLAT GROUP SCHEMES 61

Remark 9.9.12 (Reduction to the case of semiperfect algebras). By the discussion in Remark 9.7.5, if R′ ↠ R is
a square-zero extension equipped with trivial divided powers, then ζR′ satisfies these conditions whenever ζR does
so. This allows us to reduce the proof of Proposition 9.9.9 to the case where R is itself a semiperfect F -nilpotent
Fp-algebra.

The key for the proof of Proposition 9.9.9 is a construction due to Lau:

Lemma 9.9.13. Suppose that R♭ is a perfect Fp-algebra and J ⊂ R♭ an ideal. For each m ≥ 0, let Km ⊂ W (R♭)

be the subset consisting of elements of the form (a0, a1, . . .) in Witt coordinates with ai ∈ Jp
i+m

. Set Rm = R♭/Jm.
Suppose that R defn

= R0 is F -nilpotent. Then, for each m ≥ 0:
(1) Km is a p-adically closed δ-ideal in W (R♭);
(2) The δ-ring Am = W (R♭)/Km underlies a laminated p-adic prismatic frame Am for Rm with Fil1 Am = pAm;
(3) Am+1 underlies a laminated p-adic prismatic frame A′

m+1 for Rm with

Fil1 A′
m+1 = (Km + pW (R♭))/Km+1 ⊂ Am+1;

(4) The ideal Fil1 A′
m+1 ⊂ Am+1 is equipped with divided powers compatible with the canonical divided power

structure on pAm+1, and restricting to the trivial divided power structure on the ideal Km/Km+1.

Proof. All of this follows from [33, §6]. We give some details here for the benefit of the reader. We will prove (1)
for K

defn
= K0; the proof for general m is the same. First, note that K ⊂ W (R♭) is indeed a p-adically closed ideal

and that F (K) ⊂ K; see [32, Lemma 7.6]. Also, if x ∈ W (R♭) is such that V (x) ∈ K then in fact x ∈ K. We will
make repeated use of this.

Let us now make note of the following identities in W (R♭) for x ∈W (R♭) and k ≥ 1:
• V k(x)p = V k(pk(p−1)xp): This follows by repeatedly using the identity V k(x)y = V k(xF k(y)).
• For any x ∈W (R♭) and any k ≥ 1, we have

δ(V k(x)) = V k−1(x)− pk(p−1)−1V k(xp).

This follows from the previous identity and the equalities

V k(x)p + pδ(V k(x)) = F (V k(x)) = pV k−1(x)

If ak ∈ Jp
k

for k ≥ 1, then y = V k([ak]) ∈ K and we have

δ(y) = V k−1([ak])− pk(p−1)−1V k([apk]) = (1− pk(p−1))V k−1([ak])

Since V k−1([ak]) ∈ K, we see that δ(y) belongs to K.
Now, by Remark 9.9.6, there exists r ≥ 1 such that Jp

r ⊂ φ(J). Suppose that a ∈ K ∩ prW (R♭); then the
hypothesis Jp

r ⊂ φ(J) implies that Jp
r+s ⊂ φs(J) for all s ≥ 0, and so we see that a = V rF (b) for some b ∈ K. In

particular, we have
δ(a) = V r−1(F (b))− pr(p−1)−1V r(F (bp)) ∈ K.

Since every element of K can be written in the form [a0] + V [a1] + · · ·+ V [ar−1] + a for ak, a as above, assertion
(1) now follows.

Let’s move on to (2): Knowing that Am underlies a p-adic prismatic frame for Rm with Fil1 Am = pAm amounts
to seeing that φ(Am[p]) = 0, where Am[p] ⊂ Am is the p-torsion. This follows from [32, Lemma 7.6]. That the
frame is laminated amounts to the observation that the composition W (R♭)

F−→W (R♭)→W (Rm) factors through
Am → Rm →W (Rm).

Assertions (3) and (4) are shown during the proof of [33, Proposition 6.4]. □

Remark 9.9.14. With the notation of Lemma 9.9.13, A defn
= W (R♭)/K0 underlies what Lau calls a straight weak

lift of R [32, Definition 7.3], meaning in our terminology that it underlies the p-adic prismatic frame A for R. Note
that A need not be of Breuil-Kisin type, since it might have p-torsion.
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Proof of Proposition 9.9.9. By Remark 9.9.12, we can assume that R is semiperfect. Let A = W (R♭)/K0 be the
straight weak lift of R from Remark 9.9.14. This underlies two laminated p-adic prismatic frames: We have the
frame A for R from the remark, but we also have the frame Ã for R̃ = A/Lp with A = R̃ and φ the Frobenius
endomorphism of R̃. On the other hand, via the map ∆R → A→ R̃, we can also equip ∆R with the structure of a
frame ∆̃R for R̃. In fact, this arises via a divided power structure on the map R̃→ R (see Remark 9.7.5), which we
will explain below in more detail.

All of this gives us the following diagram of frames:

∆R̃ > ∆̃R > ∆R > ∆R,cl

Ã

∨

========= Ã

∨

> A
∨ <

If

KA
cl = fib(∆R,cl → A) = ker(∆R,cl → A),

then the associated semilinear operator on KA
cl{1} is topologically nilpotent by [33, Proposition 6.3].

To complete the proof now, it is sufficient to know the following things:

(1) The frame Ã satisfies the conditions of Corollary 9.7.7.
(2) The semilinear operator on fib(∆R̃ → ∆R){1} induced by the top left map of frames is topologically locally

nilpotent.

Let us consider (2) first. By Remark 9.7.5, this would follow if we knew that it is associated with a nilpotent divided
power structure on R̃ = A/Lp → A/pA = R. This is a consequence of Lemma 9.9.15 below. When p = 2, we also
need the additional observation that c2 = φ(c) = 0 for all c ∈ A[2] (part of the condition of being a weak lift).

For (1), we will use the δ-rings Am constructed in Lemma 9.9.13, and consider the associated laminated prismatic
frames Ãm for R̃m = Am/Lp.

By Remarks 9.8.8 and 9.8.7, φ̇Ãm
1 is topologically locally nilpotent if and only if the divided Frobenius endomor-

phism of LAm
is topologically locally nilpotent.

By (3) and (4) of loc. cit., and by repeated application of Remark 9.7.5 along with Remark 9.8.7 again, we find
that the divided Frobenius endomorphism induces a nilpotent operator on fib(LAm

→ LA)/Lp.
Since Jp

r ⊂ φ(J), the map Ar → A factors through the Frobenius lift of A. In particular, LAr
/Lp → LA/Lp is

nullhomotopic.
Combining the last three paragraphs now shows that φ̇Ãm

1 is topologically nilpotent for all m ≥ 0 and completes
the proof of the proposition. □

Lemma 9.9.15. Suppose that A is a discrete ring, and if p = 2 suppose also that there exists m ≥ 1 such that, for all
c ∈ A[2], we have c2

m

= 0. Then the divided power structure on the square-zero extension A/Lp→ A/pA—obtained
from the canonical p-adic divided power structures on A→ A/Lp and A→ A/pA—is nilpotent.

Proof. When p > 2 this is of course immediate since the canonical divided power structure on Zp → Fp is pro-
nilpotent. In general, we can view A[p][1] as the space associated with the groupoid pA/A via the nerve construction.
Here, A acts on pA via pt · a = p(t+ a). From this optic, the divided power operator γm corresponds to the functor

carrying pt to γm(pt) = pm−1

m! ptm and an arrow pt
a−→ p(t + a) to γm(pt)

pm−1 ∑m
i=1

ti

i!
am−i

(m−i)!−−−−−−−−−−−−−→ γm(p(t + a)). When
p > 2, the operator γp is already nullhomotopic with the nullhomotopy given by

pA→ pA×A

t′ = pt 7→ (γp(pt),−
pp−1

p!
tp)
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via the observation that the second entry is independent of the choice of t ∈ A such that t′ = pt. When p = 2, then
our additional hypothesis tells us that we can provide a nullhomotopy for γ2m via

2A→ 2A×A

t′ = 2t 7→ (γ2m(2t),−22
m−1

(2m)!
t2

m

).

□

Remark 9.9.16 (Classification in terms of weak lifts). The argument above actually shows the following: Let R

be a semiperfect Fp-algebra. Suppose that A is a δ-ring such that A/pA = R and such that the Frobenius lift
φ : A→ A kills A[p] (in other words, A is a weak lift of R). If A is the corresponding frame for R with Fil1 A = pA,
and if the divided Frobenius on LA is topologically locally nilpotent, then we have an exact equivalence of categories

FFGn(R)
≃−→ ModZ/pnZ(DDC

[−1,0]
A (R)).

9.10. Group schemes with constant étale rank. Let us fix a Breuil-Kisin frame A for R.

Construction 9.10.1. As in Construction 9.7.10, the assignment S 7→ KA
S,cl on Rqsyn yields a quasisyntomic sheaf

KA
−,cl of modules over ∆−,cl, the sheafification of S 7→ ∆S,cl, and a semilinear endomorphism

φ̇
A
cl : K

A
−,cl{1} → KA

−,cl{1}.

Set

CA = fib(RΓqsyn(Spf R,KA
−)

id−φ̇A
1−−−−→ RΓqsyn(Spf R,KA

−));

CA
cl = fib(RΓqsyn(Spf R,KA

−,cl)
id−φ̇A

1,cl−−−−−→ RΓqsyn(Spf R,KA
−,cl)).

Remark 9.10.2. Note that the map

fib(∆− → ∆−,cl)→ fib(KA
− → KA

−,cl)

is an isomorphism. Write N− for the target. If R/pR is F -finite and F -nilpotent, then the quasisyntomic site over
R admits a basis consisting of semiperfectoids S with S/pS F -nilpotent [33, Lemma 2.6], and Proposition 9.9.9 tells
us that the endomorphism φ̇

A
1,N : N−{1} → N−{1} induced from φ̇

A
1 and φ̇

A
1,cl is topologically locally nilpotent.

This shows that the natural map CA → CA
cl is an isomorphism.

Remark 9.10.3 (Homomorphisms and extensions between Z/pZ and lµ.. p). By Remark 9.5.6, we have

RHomA(1,1
∗/Lp) ≃ fib(I ′/pI ′{1} can−u−−−−→ A/pA{1})
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In particular, we have ExtiA(1,1
∗/Lp) = 0 for i ̸= 0, 1. Combining Proposition 4.3.2, Proposition 9.4.1 and

Remark 9.7.2 with quasisyntomic descent, we now obtain a long exact sequence

0 H0(CA/Lp) lµ.. p(R) HomA(1,1
∗/Lp)

H1(CA/Lp) H1
fppf(SpecR, lµ.. p) Ext1A(1,1

∗/Lp)

H2(CA/Lp) H2
fppf(SpecR, lµ.. p) 0

By Remark 9.10.2, if R/pR is F -finite and F -nilpotent, we can replace CA with CA
cl here.

Definition 9.10.4. Suppose that κ is an algebraically closed field in characteristic p and that F : M → M is a
φ-semilinear operator on a finite dimensional κ-vector space M . The stable rank of F is the common rank of Fm

for all m sufficiently large.

Definition 9.10.5. An object N in BKA,n(R) has constant étale rank along a constructible closed subset
Z ⊂ SpecR/pR if the operator FN∗ : φ∗N∗ → N∗ has locally constant stable rank along Z in the following sense:
For every connected component Z◦ ⊂ Z, there exists r ≥ 0 such that for any algebraically closed point x ∈ Z◦(κ),
the base-change of FN∗ over κ along x has stable rank r. If Z = V (c) for a finitely generated ideal c ⊂ (R/pR)red,
write

BKc-const
A,n (R) ⊂ BKA,n(R)

for the subcategory spanned by such objects.

Lemma 9.10.6. Suppose that c ⊂ B = (R/pR)red is a finitely generated ideal such that B is c-adically derived
complete. Then every object N in BKc-const

A,n (R) sits in a canonical short exact sequence

0→ Nnilp → N→ Nét → 0

where Nnilp is c-nilpotent, and where Nét is étale in the sense that FNét,∗ is an isomorphism.

Proof. This follows from standard arguments; see for instance [17, (4.2.3)]. □

Proposition 9.10.7. Suppose that c ⊂ B = (R/pR)red is a finitely generated ideal such that B is c-adically derived
complete. Let

FFGc-const
n (R) ⊂ FFGn(R)

be the full subcategory spanned by the objects with locally constant étale rank along V (c) ⊂ SpecR/pR. Suppose
that CA is nullhomotopic or that R/pR is F -nilpotent and F -finite with CA

cl nullhomotopic. Then the functor from
Remark 9.5.10 induces an equivalence of categories

FFGc-const
n (R)

≃−→ BKc-const
A,n (R)

Proof. By reducing to the case where R = κ is an algebraically closed field, one sees that the functor maps
FFGc-const

n (R) to BKc-const
A,n (R). It remains to see that this is an equivalence.

Using Remark 9.10.3, finite étale descent and dévissage, one finds that the functor is an equivalence on ‘ordinary’
objects: On the right hand side, these are objects that are finite étale locally isomorphic to extensions of 1/Lpm by
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1∗/Lpn for m,n ≥ 0, and on the left they are extensions of étale group schemes by multiplicative ones. Corollary 9.6.9
also tells us that, for all n ≥ 1, it restricts to an equivalence

FFGc-conn
n (R)→ BKc-nilp

A,n (R).

To finish the proof, one can directly follow the argument in the proof of [18, Theorem 10.2]; see also the argument
in [17, §4.2] in the case of a field with finite p-basis. This uses Lemma 9.10.6 as input. It also needs the observation
that a finite flat group scheme with locally constant étale rank is an extension of an étale group scheme by one with
connected fibers, which is a result of Messing [41, Lemma II.4.8]. Finally, the vanishing of the p-power torsion in
the Brauer group used in de Jong’s proof is obtained here via the use of the tail of the long exact sequence from
Remark 9.10.3 and the vanishing of H2(CA/Lp). □

Remark 9.10.8. Arguing as in Remark 9.8.7, we find that CA is nullhomotopic whenever the divided Frobenius
operator on LA is topologically locally nilpotent. If R/pR is F -nilpotent and F -finite, then one can argue as in
Corollary 9.9.10 to see that CA

cl (and hence CA) is nullhomotopic whenever the induced operator on τ≥0LA is
topologically locally nilpotent.

Corollary 9.10.9. Suppose that R is a complete local Noetherian ring (resp. whose residue field has finite p-basis)
and that CA (resp. CA

cl ) is nullhomotopic. Then there is an exact equivalence

FFGn(R)
≃−→ BKA,n(R).

Proof. If Z ⊂ SpecR/pR is the closed point, then every object in BKA,n(R) (resp. in FFGn(R)) has constant étale
rank along Z. Moreover, if the residue field has finite p-basis then R/pR is F -finite and F -nilpotent. □

Remark 9.10.10 (Complete local rings with perfect residue field). Suppose that R is a complete local Noetherian
ring whose residue field κ admits a finite p-basis. Then we see from Remark 9.10.8 that CA is nullhomotopic
whenever the divided Frobenius operator on τ≥−1LA is topologically locally nilpotent. If R is Artin local, it is
enough to check that the induced operator on Hi(κ⊗A LA) is nilpotent for i = −1, 0.

Example 9.10.11 (Regular complete local rings with perfect residue field). Suppose that R is a regular Noetherian
complete local ring of dimension m with perfect residue field κ. Then there exists a Breuil-Kisin frame A with A =

W (κ)[|x1, . . . , xm|] with J = (x1, . . . , xm) a δ-ideal. In this case, Corollary 9.10.9, combined with Remark 9.10.10
can be used to recover the results of Lau from [36, §6], and in particular, gives a different approach to Kisin’s
classification of finite flat group schemes over complete discrete valuation rings in mixed characteristic with perfect
residue field [31, §2.3] in terms of certain φ-modules over S = W (κ)[|u|]. Indeed, if m ⊂ R is the maximal ideal, then,
for all t ≥ 1, At

defn
= A/J t is a Breuil-Kisin frame for R/mt. By Remark 9.10.10, CAt is nullhomotopic whenever

the divided Frobenius operator on Hi(κ⊗At
LAt

) is nilpotent for i = −1, 0. Furthermore, we have CA = lim←−t C
At .

Now, observe that we have

τ≥−1LAt
≃ cofib(J t/J2t d−→ At ⊗A Ω̂1

A),

where Ω̂1
A is the p-completion of the module of differentials for A. For t ≥ 2, one can use this to show that

τ≥−1(κ⊗At
LAt

) ≃ cofib(mt/mt+1 0−→ m/m2).

Moreover the endomorphisms divided Frobenius operators on H−1(κ ⊗At
LAt

) = mt/mt+1 and H0(κ ⊗At
LAt

) =

m/m2 for i = −1, 0 can be identified up to sign with those arising from the δ-structure maps δ : J t → J t and
δ : J → J . Therefore, we are reduced to knowing that this operator on m/m2 is nilpotent. This holds for instance
for the usual lift xi 7→ xpi where the operator is in fact trivial.

9.11. The characteristic p case. We now specialize to the case where R is an Fp-algebra, so that A is a p-adic
Breuil-Kisin frame, where we will see that the criterion of Corollary 9.10.9 can be considerably simplified, yielding
a generalization of a result of de Jong [18]. We first recall results of Bhatt-Lurie [10] and Bragg-Olsson [12]. The
notation here is from [23, §7].
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Remark 9.11.1. Let Z1
∆ and H1

∆ be the sheaves on Rqsyn given by the assignment

Z1
∆ : S 7→ Filconj1 ∆S/Fp

×∆S/Fp
Fil1Hdg ∆S/Fp

; H1
∆ : S 7→ LS/Fp

[−1].

There are two maps q1, q2 : Z1
∆ → H1

∆ from the restrictions of the maps

Filconj1 ∆S/Fp
→ grconj1 ∆S/Fp

≃−→ LS/Fp
[−1] ; Fil1Hdg ∆S/Fp

→ gr1Hdg ∆S/Fp

≃−→ LS/Fp
[−1]

respectively.

Remark 9.11.2. Since the restriction of the canonical map ∆S/Fp
→ S to Filconj0 ∆S/Fp

≃ S is the Frobenius
endomorphism of S, we obtain isomorphisms

fib(q1)(S) ≃ Filconj0 ∆S/Fp
×∆S/Fp

Fil1Hdg ∆S/Fp
≃ fib(S

φ−→ S) ≃ pαp(S).

In particular, we have RΓqsyn(SpecR,fib(q1)) ≃ RΓfppf(SpecR, pαp), and we obtain a canonical fiber sequence

RΓfppf(SpecR, pαp)→ Filconj1 ∆R/Fp
×∆R/Fp

Fil1Hdg ∆R/Fp

RΓ(q1)−−−−→ RΓqsyn(SpecR,H1
∆) ≃ LR/Fp

[−1](9.11.2.1)

and a canonical map

RΓfppf(SpecR, pαp)
RΓ(q2)−−−−→ RΓqsyn(SpecR,H1

∆) ≃ LR/Fp
[−1](9.11.2.2)

Remark 9.11.3 (Splitting the conjugate filtration). The existence of the frame A gives a splitting of the canonical
fiber sequence [7, Proposition 3.17]

Filconj0 ∆R/Fp
→ Filconj1 ∆R/Fp

→ grconj1 ∆R/Fp
≃ LR/Fp

[−1].

In fact, the mod-p2 reduction of (A,φ) is already sufficient to obtain this splitting. In turn, this gives us a splitting
of the fiber sequence (9.11.2.1) and so a decomposition

Filconj1 ∆R/Fp
×∆R/Fp

Fil1Hdg ∆R/Fp
≃ RΓfppf(SpecR, pαp)⊕ LR/Fp

[−1].(9.11.3.1)

The restriction of q2 to the second summand is the endomorphism fA of LR/Fp
[−1] induced by the operator ‘dφ/p′

on LA, while the restriction of q1 is of course the identity.

Remark 9.11.4. Much more non-trivially, for any S in Rqsyn, there is a canonical isomorphism fib(q1 − q2)(S) ≃
lµ.. p(S). It suffices of course to exhibit an isomorphism cofib(q1 − q2)(S) ≃ Blµ.. p(S) for all Fp-algebras S. This is a
special case of a theorem of Bragg-Olsson [12, Theorem 4.8]. The point is that both sides of the purported isomor-
phism are now left Kan extended from smooth Fp-algebras and so it suffices to establish a canonical isomorphism
for such inputs. This can be done in two ways:

• By directly showing that the natural map S×/(S×)p
x 7→dlog(x)−−−−−−−→ Ω1

S/Fp
on smooth Fp-algebras sheafifies to

an isomorphism Blµ.. p(S) ≃−→ Ω1,cl
S/Fp

where the target is the space of closed forms. This is a special case of a
classical result of Artin-Milne [3, Proposition 2.4].
• Using quasisyntomic descent to reduce to the case of a qrsp Fp-algebra S. Here, if S♭ → S is the inverse

perfection of S with kernel J , using the interpretation of ∆S as a divided power envelope, Bhatt and Lurie
write down a logarithm map [10, p. 168, (36)]

lµ.. p(S) ≃ (1 + J)/(1 + φ(J))
log−−→ Z1

∆(S) ⊂ Fil1Hdg ∆S

mapping the source isomorphically onto ker(q1 − q2). Here the first isomorphism carries z ∈ µp(S) to the
image of z̃p for any lift z̃ ∈ S♭ of z.

Therefore, we obtain a canonical fiber sequence

RΓfppf(SpecR, lµ.. p)→ Filconj1 ∆R/Fp
×∆R/Fp

Fil1Hdg ∆R/Fp

RΓ(q1−q2)−−−−−−−→ RΓqsyn(SpecR,H1
∆) ≃ LR/Fp

[−1](9.11.4.1)

and a canonical map

RΓfppf(SpecR, lµ.. p)
RΓ(q2)−−−−→ RΓqsyn(SpecR,H1

∆) ≃ LR/Fp
[−1](9.11.4.2)
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Remark 9.11.5. For S in Rsyn, the restrictions of q2 to pαp(S) and lµ.. p(S) admit the following concrete interpreta-
tion: If J = ker(S♭ → S), then we have isomorphisms

pαp(S) ≃ J/φ(J) ; lµ.. p(S) ≃ (1 + J)/(1 + φ(J)) ; H0(LS/Fp
[−1]) ≃ J/J2.

Via these isomorphisms, the map pαp(S) → H0(LS/Fp
[−1]) induced by q2 corresponds to the natural surjection

J/φ(J)→ J/J2, while the map lµ.. p(S)→ H0(LS/Fp
[−1]) corresponds to the composition

(1 + J)/(1 + φ(J))→ (1 + J)/(1 + J2)
1+y 7→y−−−−−→

≃
J/J2.

Remark 9.11.6. Note that we have isomorphisms

J2/φ(J)
≃−→ ker( pαp(S)→ H0(LS/Fp

[−1])) ; (1 + J2)/(1 + φ(J))
≃−→ ker(lµ.. p(S)→ H0(LS/Fp

[−1])).

By the argument in [10, p. 169], the restriction of the map lµ.. p(S)→ Z1
∆(S) to (1 + J2)/(1 + φ(J)) factors through

an isomorphism
(1 + J2)/(1 + φ(J))

≃−→ J2/φ(J) ⊂ pαp(S).
Explicitly, this isomorphism is given as follows: Given an element of J2 of the form x = uv for u, v ∈ J , the class
of 1− x on the left hand side is carried to −

∑p−1
d=1

xd

d .

Remark 9.11.7. Remark 9.11.5 can be globalized. Choose a surjection R̃ → R such that LR̃/Fp
≃ Ω1

R̃/Fp
is flat

over R̃ and such that pαp(R̃) = 0; for instance R̃ can be a polynomial algebra over Fp. If J = ker(R̃→ R), we have
isomorphisms

(J ∩ φ(R̃))/φ(J) ≃ pαp(R) ; ((1 + J) ∩ φ(R×))/(1 + φ(J)) ≃ lµ.. p(R) ;

H0(LR/Fp
[−1]) ≃ ker(J/J2 x 7→dx−−−−→ R⊗R̃ Ω1

R̃/Fp
).

Via these isomorphisms, the map from pαp(R) (resp. lµ.. p(R)) to H0(LR/Fp
[−1]) is obtained from the natural map

J/φ(J)→ J/J2 (resp. (1 + J)/(1 + φ(J))
1+z 7→z−−−−−→ J/J2).

Remark 9.11.8. Combining Remarks 9.11.3 and 9.11.4, we obtain a map

RΓfppf(SpecR, lµ.. p)→ RΓfppf(SpecR, pαp).(9.11.8.1)

Moreover, by Remark 9.5.6 and the Artin-Schreier sequence, the right hand side is canonically isomorphic to

fib(R
φ−→ R) ≃ RHomA(1,1

∗/Lp).

One checks that the resulting map

RΓfppf(SpecR, lµ.. p)→ RHomA(1,1
∗/Lp)

is precisely the one giving rise to the long exact sequence in Remark 9.10.3.

Remark 9.11.9 (Direct relationship with cotangent complex). Let M∆ be the sheaf on Rqsyn given by

M∆(S) = fib(q1)(S)×Z1
∆(S)

fib(q2)(S).

Then the natural map M∆ → Z1
∆ factors through both lµ.. p and pαp. In turn, these factorings give a commuting

diagram whose rows are fiber sequences

RΓqsyn(SpecR,M∆) > RΓfppf(SpecR, lµ.. p)
RΓ(q2)

> LR/Fp
[−1];

RΓqsyn(SpecR,M∆)

wwwwwwwww
> RΓfppf(SpecR, pαp)

(9.11.8.1)

∨
RΓ(q2)

> LR/Fp
[−1].

id−fA

∨
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Here, fA is the divided Frobenius map as in Remark 9.11.3. In fact, one can say more. Let N∆ be the sheaf on
Rqsyn given by

N∆(S) = ker(lµ.. p(S)→ H0(LS/Fp
[−1])).

Then Remark 9.11.6 shows that there is a canonical identification

N∆(S) ≃ ker( pαp(S)→ H0(LS/Fp
[−1])),

and a commuting diagram whose rows are again fiber sequences:

RΓqsyn(SpecR,N∆) > RΓfppf(SpecR, lµ.. p)
τ≥0RΓ(q2)

> τ≥0LR/Fp
[−1];

RΓqsyn(SpecR,N∆)

wwwwwwwww
> RΓfppf(SpecR, pαp)

(9.11.8.1)

∨
τ≥0RΓ(q2)

> τ≥0LR/Fp
[−1].

id−τ≥0fA

∨

(9.11.9.1)

Combining these observations, we find that we have isomorphisms

CA/Lp
≃−→ fib

(
LR/Fp

[−1]
id−fA−−−−→ LR/Fp

[−1]
)

≃−→ fib

(
τ≥0LR/Fp

[−1]
id−τ≥0fA−−−−−−→ τ≥0LR/Fp

[−1]
)
.(9.11.9.2)

Lemma 9.11.10. Let pαp(R) ⊂ R be the kernel of the Frobenius endomorphism. For x ∈ pαp(R), choose a lift y ∈ A,
so that yp = pu for some u ∈ A. Then:

(1) The image γA(x) of u in R lies in pαp(R) and is independent of the choice of lift y;
(2) The following diagram is commutative

pαp(R) > H−1(LR/Fp
)

pαp(R)

−γA

∨
> H−1(LR/Fp

)

H−1(fA)

∨

Here the horizontal maps are obtained by applying H0 to (9.11.2.2).

Proof. Assertion (1) follows from [18, Sublemma 9.10], but we will in any case prove this implicitly in what follows.
Choose a surjective map Ã→ A where Ã is the p-completion of a free δ-ring over Z(p), and let K = ker(Ã→ A).

Then we have
H−1(LR/Fp

) ≃ ker(K/(K2 + pK)
d−→ R⊗Ã Ω̂1

Ã
),

The map pαp(R) → H−1(LR/Fp
) now admits the following description, which can be deduced from Remark 9.11.7:

Given x ∈ R with xp = 0, we choose a lift ỹ ∈ Ã for x. This satisfies ỹp = pũ+ k for some k ∈ K. The image of k
in K/(K2 + pK) lands in H−1(LR/Fp

), and is the image of x. Applying φ to the previous identity gives us

(pũ+ k + pδ(ỹ))p = (ỹp + pδ(ỹ))p = p(ũp + pδ(ũ)) + φ(k)

Expanding the left hand side shows that we have

pũp ∈ kp − φ(k) + p2Ã⇒ ũp ∈ −δ(k) + pÃ.

Therefore, pαp(R)→ H−1(LR/Fp
) carries γA(x) to the image of −δ(k) in K/K2, and this verifies the commutativity

of the diagram in (2). □

Proposition 9.11.11 (Simplified nilpotence criterion). Suppose that R is Noetherian, that c ⊂ R is an ideal such
that Hi(LR/Fp

) is c-adically complete for i = −1, 0, and that the following conditions hold:
(1) The operator fA induces a c-adically topologically locally nilpotent endomorphism of Ω1

R/Fp
.
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(2) The operator γA is a c-adically topologically locally nilpotent endomorphism of pαp(R).
Then id− fA induces an automorphism of LR/Fp

[−1]. In particular, the conclusion of Proposition 9.10.7 holds (for
the image of c in Rred).

Proof. Condition (1) ensures that id−H1(fA) is an automorphism of Ω1
R/Fp

≃ H1(LR/Fp
[−1]). Given (9.11.9.2), it

is now enough to know that id−H0(fA) is also an automorphism.
By Remark 9.11.7, lµ.. p(R) and pαp(R) have the same image in H−1(LR/Fp

[−1]). Therefore, condition (2) together
with assertion (2) of Lemma 9.11.10 shows that H−1(fA) is a c-adically topologically nilpotent operator on this
common image M . In the notation of Remark 9.11.9, set N = RΓsyn(SpecR,N∆). Then we obtain the followng
diagram with exact rows:

0 > M > H−1(LR/Fp
)

δ1
> H1(N)

0 > M

≃

∨
> H−1(LR/Fp

)

id−H−1(fA)

∨

δ2
> H1(N)

wwwwwwwww
where δ1 is the boundary map associated with the top row of (9.11.9.1) while δ2 is associated with the bottom row,
and where the left vertical arrow is an isomorphism. To finish, we need to know that the image in H1(N) of δ1 is
equal to that of δ2, which can be deduced from the last part of Remark 9.11.6. □

Remark 9.11.12 (Complete local Fp-algebras). Any complete local Noetherian ring with finite p-basis satisfies
the unnumbered conditions of Proposition 9.11.11 with respect to its maximal ideal. Therefore, if the conditions
(1) and (2) hold, then we can conclude by Corollary 9.10.9 that the functor FFGn(R) → BKA,n(R) is an exact
equivalence.

Example 9.11.13 (A result of de Jong). Suppose that R is a complete local Noetherian Fp-algebra with perfect
residue field κ and maximal ideal m. In this case, A is also complete local. We have

H0(κ⊗A LA) = κ⊗R H0(LR/κ) ≃ κ⊗R Ω1
R/κ

1⊗dr 7→r(mod m2)−−−−−−−−−−−−→
≃

m/m2.

The endomorphism u : m/m2 → m/m2 induced by fA can be described as follows: By the argument in [18, Lemma
8.2], there exists a δ-ideal I ⊂ A such that A/I ≃W (κ). Now, unwinding definitions, one sees that u is given by

u(r(mod m2)) = δ(r̃)(mod (p+ I2))

where r̃ ∈ I is any lift of r ∈ m. Condition (1) of Proposition 9.11.11 is equivalent to asking for this operator to
be nilpotent. Condition (2) amounts to asking for the operator on pαp(R)/m pαp(R) induced by γA to be nilpotent.
Combined with Remark 9.11.12, this recovers the Theorem from the introduction to [18]. A slightly finer analysis
of the proof of Proposition 9.11.11 tells us that condition (2) shows that lµ.. p(R)→ pαp(R) is an isomorphism, while
condition (1) implies that H1

fppf(SpecR, lµ.. p) → H1
fppf(SpecR, pαp) is an isomorphism; compare with [18, Lemma

10.1].
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