AN ALGEBRAICITY CONJECTURE OF DRINFELD AND THE MODULI OF p-DIVISIBLE
GROUPS

ZACHARY GARDNER AND KEERTHI MADAPUSI

ABSTRACT. We use the newly developed stacky prismatic technology of Drinfeld and Bhatt-Lurie to give a uniform,
group-theoretic construction of smooth stacks BTS # attached to a smooth affine group scheme G over Z, and
1-bounded cocharacter u, verifying a recent conjecture of Drinfeld. This can be viewed as a refinement of results
of Biiltel-Pappas, who gave a related construction using (G, p)-displays defined via rings of Witt vectors. We show
that, when G = GLj; and p is a minuscule cocharacter, these stacks are isomorphic to the stack of truncated p-
divisible groups of height h and dimension d (the latter depending on ). This gives a generalization of results of
Anschiitz-Le Bras, yielding a linear algebraic classification of p-divisible groups over very general p-adic bases, and
verifying another conjecture of Drinfeld.

The proofs use deformation techniques from derived algebraic geometry, combined with an animated variant of
Lau’s theory of higher frames and displays, and—with a view towards applications to the study of local and global
Shimura varieties—actually prove representability results for a wide range of stacks whose tangent complexes are
1-bounded in a suitable sense. As an immediate application, we prove algebraicity for the stack of perfect F-gauges
of Hodge-Tate weights 0,1 and level n.
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1. INTRODUCTION

The goal of this paper is to prove two recent conjectures of Drinfeld . The first of these has to do with a
Dieudonné theory for p-divisible groups over arbitrary p-adic formal schemes; that is, we aim to describe p-divisible
groups, or more generally truncated p-divisible groups or Barsotti-Tate groups, in terms of linear algebraic data.
For the purposes of this paper, this last phrase means a subcategory of vector bundles on a formal stack, though
it has historically taken the form of a description in terms of modules equipped with a Frobenius semi-linear map
along with certain additional structures.
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The stacks we consider here arose in recent work of Bhatt-Lurie [11} |12} |9] and Drinfeld [28]. These authors have
shown that one can associate with every p-adic formal scheme X a p-adic formal stackﬂ X0 its syntomification,
whose coherent cohomology computes the p-adic syntomic cohomology of X. If X = Spf R is affine, we will also
denote this by Rsynﬂ Vector bundles of rank h on this stack and its mod-p™ fibers—which are examples of objects
known as F-gauges over X—have a natural h-tuple of locally constant integer valued functions on X associated
with them: these are the Hodge-Tate weights. We prove:

Theorem A. Let BT, (X) be the category of n-truncated Barsotti-Tate groups over X [37], and let Vect o 13 (X*™)
be the category of vector bundles on X @ Z/p"Z with Hodge-Tate weights in {0,1}. Then there is a canonical
equivalence of categories

Gn : Vect (o1} (X" @ Z/p"Z) = BT n(X)
compatible with Cartier duality.

Remark 1. Here are some (very incomplete) historical remarks, though see also |29} §7]. We will write BT (X) for
the category of p-divisible groups over X:

e The first attempt at a complete description of this category for a particular X was probably by Dieudonné-
Manin [59], where X = Spec x with x a perfect field of characteristic p.

e A uniform proof of a description of BT (Spec ) in terms of Dieudonné modules was given by Fontaine [32].

e A general construction of a crystalline Dieudonné functor was given in [6], and this was used by de
Jong [22]—Dbuilding on subsequent work of Berthelot-Messing [7]—to exhibit an equivalence between p-
divisible groups and Dieudonné F-crystals over formally smooth formal schemes over I, whose reduced
scheme is of finite type over a field with finite p-basis.

o When X = Spec R with R a perfect F,-algebra, a form of Theorem [A|is due to Gabber and Lau [49]: One
can show that Vectyo 13 (X" ® Z/p"Z) is equivalent to a category of finite locally free W), (R)-modules
equipped with certain additional structures appearing in loc. cit.

e When X = Spf R for p-complete R, p-divisible formal groups have been classified by Zink [72] and Lau [49]
in terms of Witt vector displays.

e When X is quasisyntomic, Anschiitz and Le Bras demonstrated in [1] an equivalence of categories between
BT (X) and a certain category of admissible p-modules over a sheaf of rings OP" obtained using prismatic
cohomology. One can once again reformulate their result as proving Theorem [A] for such rings. See also
the recent papers of Guo-Li [33] and Mondal [62], where a similar connection is made. Mondal actually
proves a classification theorem for all finite locally free p-power torsion commutative group schemes over
quasisyntomic X in terms of F-gauges.

e Perhaps the most general existing results are those of Lau in [46], where one finds a classification of p-
divisible groups over many IF,-algebras, including all schemes of finite type over a field with finite p-basis,
and, more generally, any Noetherian F-finite Fj,-algebra. For p > 3, we can bootstrap this to a classification
over p-nilpotent bases lifting such F-algebras.

e Therefore, the main content of the above theorem is its validity for all p-adic formal schemes, as well as for
not necessarily formal p-divisible groups. Our proofs are uniform, without consideration of special cases,
and are largely independent of previous classifications: see Remark in the body of the paper.

Remark 2. The compatibility with Cartier duality takes the following shape: There is a canonical object O%™{1} in
Vect{o,1y (X™) of rank 1, the Breuil-Kisin twist, which we can tensor with any vector bundle M over X QZ/p"Z
to obtain the twist M{1}. If M has Hodge-Tate weights 0,1, then so does MY {1}, and we now have a canonical
isomorphism of truncated Barsotti-Tate groups

Gn(MY{1}) = Ga(M)7,
where the right hand side is the Cartier dual of G,,(M).

IThis is actually a derived formal stack that is in general not a classical object. We will attempt to ignore this fact in this introduction.
2We have adopted this notation from the lecture notes of Bhatt (9.
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Remark 3. One striking feature of the theorem to those familiar with Dieudonné theory hitherto is the natural
direction of the functor realizing the equivalence. Usually, one associates linear algebraic objects with p-divisible
groups and their truncations. Here, our functor G, goes in the other direction and associates truncated Barsotti-
Tate groups with objects that are more linear algebraic in nature. Its definition is in terms of syntomic cohomology:
That is, for any map f : Spf C — X, we set

Gn(M)(C) = 7=°RL(C™™ @ Z/p"Z, (f¥™)* M).

As such it is completely canonical, compatible with arbitrary base-change and satisfies quasisyntomic descent. The
proof will in fact show that it satisfies fpqc descent.

Remark 4. As noted above, in [62], Mondal extends the results of Anschiitz-Le Bras and shows that the category
of finite flat group schemes over quasisyntomic formal schemes is equivalent to a certain subcategory of the category
of perfect F-gauges of Hodge-Tate weights {0,1} and Tor amplitude [—1,0]. In forthcoming work [57], this will be
generalized to the same context as that found in Theorem [A]

Remark 5. As a prior footnote observed, X®¥" is not in general a classical object, and, correspondingly, the
category of vector bundles on X" is in general an co-category that is not classical. However, the theorem shows
that the subcategory spanned by the objects with Hodge-Tate weights in {0, 1} is classical.

It is possible that this is because this category depends only on the classical truncation of X*¥ | though we have
not been able to verify this here. We do know that this is the case if one restricts to the subcategory spanned
by the F-gauges that satisfy a certain nilpotence condition: this follows from Remark in the body of the
paper. This subcategory corresponds via the equivalence of Theorem [A] to that spanned either by the truncated
Barsotti-Tate groups that do not admit any non-trivial étale quotients—or (up to Cartier duality) by those that do
not admit any non-trivial multiplicative subgroups—at any geometric point.

1.1. Method of proof. Our proof is geometric in nature. Its starting point is the fundamental result of Grothendieck
that the stack BT,, of n-truncated Barsotti-Tate groups is a smooth p-adic formal Artin stack [37]E| We begin by
showing the following analogue of Grothendieck’s theorem:

Theorem B. The assignmenﬁ
X = Vectyo,1} (X @ Z/p"7) ~

is represented by a smooth p-adic formal Artin stack over Z,.

Theorem [A] can be reduced to the assertion that this p-adic formal Artin stack—which we will denote for the
purposes of this introduction by Vect?%nl} ,,—is canonically isomorphic to BT,,. To construct this isomorphism, we
need another representability result.

Theorem C. For any M in Vectyo 1} (X*™) the functor G, (M) on formal schemes over X given for f : Spf C' — X
by
Gn(M)(C) = 7=°RI(C™™ ® Z/p"Z, (f*¥")* M)

18 represented by a truncated Barsotti-Tate group scheme over X.

Theorems [B] and [C] together now give us a map of smooth p-adic formal Artin stacks

G : Vect%?l}’n — BT,,.

To get a map in the other direction, by the smoothness of the stacks involved, and quasisyntomic descent, it suf-
fices to define a canonical map M : BT, (X) — Vect?%?l})n(X ) when X = Spf R with R quasiregular semiperfectoid
(qrsp). For this, we use the functor defined by Mondal [62], which is a reinterpretation of that of Anschiitz-
LeBras [1]. We could have also used the Dieudonné functor of Berthelot-Breen-Messing [6] for characteristic p

30ne can circumvent the use of Grothendieck’s theorem, and in fact get an alternate proof of it, by making use of the classification

results of Lau from [|46|. See Remark |11.5.5

4We write C~ for the underlying groupoid of any (co-)category C.
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inputs and the results of Lau [46], which would have the consequence of actually giving an alternate proof of
Grothendieck’s smoothness theorem; see Remark [T1.5.5]

With the functor M in hand, the verification that it is indeed an inverse proceeds via a direct and quite simple
argument that comes down to the compatibility of the functor G,, with Cartier duality. This in turn relies on two
things:

(1) A computation of Bhatt-Lurie showing that we have a canonical isomorphism G, (O™ {1}) =~ jpupn;
(2) Results of Berthelot-Messing [7] and de Jong [21] on crystalline Dieudonné theory. In terms of classification,
only the full faithfulness of the crystalline Dieudonné functor for complete DVRs in characteristic p is needed.

1.2. Truncated (G, pu)-apertures. The representability result in Theorem [B| is a special case of a more general
result that proves another conjecture of Drinfeld from [26]. Here is the setup for this: We start with a smooth
affine group scheme G over Z, (not necessarily reductive!) and a cocharacter p : G,,, = Go defined over the ring
of integers O of a finite unramified extension of Q, that is 1-bounded in the sense of Lau [47], so that the weights
of the adjoint action of u on the Lie algebra g are bounded above by 1. For example, if G is reductive, then p
will simply be a minuscule cocharacter of Gp. A standard example, for non-negative integers d < h with h > 0, is
G = GLj, with g = pg given by z — diag(z,...,z,1,...,1).
d

When p is defined over Zj,, Drinfeld has given a definition for a stack BTS’“ associated with the pair (G, p) that
specializes to an open and closed substack of Vect%”ll}m when (G, u) = (GLy, pg)- He conjectured that this should
be representable by a smooth 0-dimensional p-adic formal Artin stack over Z,. We generalize this to the case where
1 is defined over a finite unramified ring of integers

Remark 6. The purpose of the stacks BTS # is to give a group-theoretic construction of a putative stack of
truncated p-divisible groups equipped with ‘G-structure’. In particular, such a construction should apply even
in the case of the exceptional groups of type Fg and E7, which admit minuscule cocharacters, but do not admit
any faithful representations in which such cocharacters remain minuscule: This means that there is no direct way
to access ‘motives’ of such type through p-divisible groups or abelian varieties. Even in the case of a group like
GSpy,, the correct interpretation of what a ‘symplectic structure’ on a p-divisible group should be is a subtle point.
Furthermore, studying functoriality for group homomorphisms is somewhat annoying from this perspective, since
such maps in general do not in general have any compatibility with the faithful representations giving rise to p-
divisible groups. All of these issues are addressed cleanly and systematically by the stacks BTS # studied in this
article. Theorem [A] shows that the theory is indeed a generalization of the classical story of p-divisible groups.

To get to the definition of the stacks, we begin with a cartoon of how the syntomification is constructed. For
any p-complete commutative ring R, the stack R®%™ is obtained as follows. We have (derived) p-adic formal stacks
R , RN: These are the prismatization of R and the (Nygaard) filtered prismatization of R, respectively. The second
of these is a filtered stack: it lives naturally over A' /Gy,. The open locus lying over the point G,,/G,, can be
identified with R : this is the de Rham embedding of R into RN. There is another open immersion of R into
RV, called the Hodge- Tate embedding, that is physically disjoint from the de Rham embedding. The syntomification
is obtained by gluing these two copies of R together.

Remark 7. When R is a perfect F,-algebra, we can identify R with Spf W(R) and describe RV via the Rees
construction applied to the p-adic filtration on W (R): this yields a stack isomorphic to [Spf W (R)[u, t]/(ut—p)/G,].
Here, v has degree 1 and ¢ has degree —1, and the de Rham and Hodge-Tate embeddings correspond respectively
to the loci {t # 0} and {u # 0} (though the latter appears with a Frobenius twist). Objects over the mod-p fiber of
the syntomification can be interpreted as giving two filtrations on objects over R—a decreasing Hodge filtration and
an increasing conjugate filtration—along with an identification of their associated gradeds up to Frobenius twist.
In other words, vector bundles over this stack are the F-zips of Moonen-Pink-Wedhorn-Ziegler [67].

5In fact, one can do this over an arbitrary base, but we restrict ourselves to this case here, since it appears to suffice for global
applications.
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Let us return to the question of defining BTS’” . Using the Breuil-Kisin twist O$Y*{1} and the cocharacter
i, we can produce a canonical G-torsor P, over ON. We now define BTS’“ as the groupoid-valued functor on
CRinggCg/np, the category of p-complete commutative O-algebras R: BTS*(R) is the (0o)-groupoid of flat local

G-torsors on R*Y™ ® Z/p"7Z whose restriction to RV ® Z/p™Z is isomorphic flat locally on Spec R to P,,.

Remark 8. This local triviality condition should be viewed as an analogue of the possibly familiar Kottwitz
signature condition appearing in the moduli description of Shimura varieties of PEL type: When G = GL;, the
definition is essentially concerned with vector bundles on R%™ ® Z/p™Z. Any such F-gauge gives rise to a filtered
vector bundle over Spec(R ® Z/p"Z) equipped with a Hodge filtration. The triviality condition imposed here fixes
the type of this filtration.

The next theorem proves [26, Conjecture C.3.1]E|

Theorem D. The formal prestack BTS’“ is represented by a zero-dimensional quasi-compact smooth p-adic formal
Artin stack over O with affine diagonal. Moreover, the natural map BTS’+1 — BTS’“ is smooth and surjective.

Remark 9. As far as we are aware, the work of Biiltel-Pappas [18] was the first to attempt to construct such
stacks in generality. However, their construction—which involves working with a more direct generalization of the
perfect case explained in Remark [7] using Witt vectors—has the expected properties only when restricted to what
the authors there call the ‘adjoint nilpotent’ locus. When considering the stack of p-divisible groups, this amounts
to working only with the connected ones. We show that the more elaborate syntomic construction here recovers
that of Biltel-Pappas when restricted to this nilpotent locus; see Remark

We should also make note of the work of K. Ito [40]: He defines the notion of a prismatic G-display using the
prismatic site of Bhatt-Scholze. See the discussion in Section 7 of loc. cit. for the connection to the definitions
here. A closely related notion is studied by Hedayatzadeh-Partofard [35], and their main result can be viewed as a
special case of Theorem [G] below.

Remark 10. One should formulate and prove versions of the Theorem [D] ‘with coefficients’ (see for instance [39]
or [61]), allowing smooth group schemes over the ring of integers of finite extensions of Q,. This will be considered
in forthcoming work of the first author, Z. G.

There is also the very interesting question of finding the correct analogues of BTE’“ associated with parahoric
group schemes. In particular, these analogues should somehow be aware of the corresponding local models as
appearing for instance in [2]. However, this appears to require a genuinely new idea.

Let us now record some other results about BTS’“ that are of independent interest, and give some idea of the
proof of Theorem [D] along the way.

Following Drinfeld, we first obtain a somewhat explicit description of the mod-p fiber BT?’“ ® Fp. To explain
this, recall that we can associate with the pair (G, p) the algebraic k-stack Disp?’” of F-zips with G-structure
and type p; see [67): It is a smooth zero-dimensional Artin stack over k with affine diagonal, and Dispf’“ (R) is
obtained by replacing R*" ® IF,, with the F'-zip stack RYZP in the definition of BT?’“(R). The stack RF%P is a
sort of toy model for the mod-p syntomification, and will play a significant technical role in our proofs. In any case,
we now have:

Theorem E. There is a natural map BT?’“ @ F, — Dispf’“ that is a relatively representable by a smooth zero-
dimensional Artin stack with relatively affine diagonal: in fact, it is a gerbe banded by a finite flat commutative
p-group scheme of height one, the Lau group scheme. In particular, BT?’” ®TF, is a smooth zero-dimensional Artin
stack over k with affine diagonal.

Remark 11. When restricted to smooth inputs and p is defined over Z,, this result is due to Drinfeld [26]. We

verify here that his description continues to hold in general.

6Drinfeld takes the cocharacter 1 to be a map G — Aut(G) defined over Z, and gives a slightly different definition for BTS’“7 so
we are technically proving something very closely related to Drinfeld’s conjecture. See Remark for a discussion of this.
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With Theorem [E] in hand, the rest of the proof of Theorem [D] comes down to a double bootstrapping argument.
First, we inductively establish representability for BTS’” ® F, for n > 1. For this, note that, given an object
P € BTS*(R), we can twist the adjoint representation on g by P to obtain a vector bundle (g)p over RV QZ/p"Z.
It is not difficult now to see that the fibers of BTS_;_“I — BTg’” over P are controlled by the syntomic cohomology
of this F-gauge. The main property that makes this F-gauge tractable is that it has Hodge-Tate weights bounded
by 1: this is a direct consequence of the fact that u is 1-bounded. The inductive argument therefore comes down

to a special case of the following theorem, which is also an input into the proof of Theorem [C}

Theorem F. Suppose that R € CRing? ™" and suppose that M is an F-gauge over R corresponding to a perfect
complex on RY*QZ/p™Z with Tor amplitude in [—r,00) and Hodge-Tate weights bounded by 1. Then the assignment
on p-complete R-algebras given by

C+— 1=°RD(C™ @ Z/p" 7, M

o @L/pnT)

is represented by a locally finitely presented p-adic formal derived algebraic r-stack over R.
The second bootstrapping argument involves a derived descent statement, encapsulated by:
Proposition 1. The natural map
BTS(R) — Tot (BTG (R et By 1))
s an equivalence.

Note that, even to state this result, one needs to be working with animated commutative rings. We will do so
systematically in the body of the paper.

To make full use of the proposition, we also need some finer control of the deformation theory of BTS #. This
involves an interesting (and in a sense elementary) technical tool: Weil restriction from Z/p"Z to Z,, an operation
that is only fully sensible in the derived realm. This yields, for any p-adic formal Artin stack X, a new derived
p-adic formal Artin stack X (™, whose values are characterized by

X"™(R) = X(R"Z/p"Z).

Using this, for any animated divided power thickening (R’ — R,7) in CRingg;‘)mp we can write down a canonical

commuting diagram

BTS*(R) ——— BP,"(R')
(1.2.0.1)

BTS#(R) — BP "™ (R) % gy BG™ (R)

Here, P, C Go is the parabolic subgroup associated with the non-negative eigenspaces of the adjoint action of 4,

and BH for any group scheme H denotes its classifying stack. The obstruction theory for BTS’“ is now captured
by the following result:

Theorem G (Grothendieck-Messing theory). The above commuting square is Cartesian when the divided powers
are nilpotent.

This should be viewed as a truncated analogue of classical Grothendieck-Messing theory, which classifies liftings
of p-divisible groups across classical nilpotent divided power thickenings in terms of lifts of the Hodge filtration on
its crystalline realization. We first prove this when R’ is an Fp-algebra, and then lift it to general inputs using
Proposition |1} It is now not hard to deduce the general case of Theorem |§| from its mod-p version (at least when
p > 2) by applying Theorem |G| to the canonical nilpotent divided power thickening R — R/“p. A very slightly
more involved argument also works when p = 2.
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One can obtain a more general Grothendieck-Messing theory for not necessarily nilpotent divided power thick-
enings by restricting to the nilpotent locus, which—as explained in Remark [0} —can also be described in terms of
the (G, p)-displays of Biiltel-Pappas.

1.3. Higher animated frames. A key technical device we use is a generalization to the animated realm of the
notion of a higher frame introduced by Lau [47]. We call this an animated higher frame or simply frame. This is
combined with an important structural result due to Bhatt-Lurie that—in the terminology introduced here—says
that the syntomification of a semiperfectoid algebra can be realized from (and in fact determines) a canonical frame
structure on its absolute prismatic cohomology. We can now combine this with quasisyntomic descent in order to
translate questions about stacks over syntomifications to assertions about objects living over frames.

The flexibility afforded by this translation turns out to be very useful, since the category of frames permits
various constructions that are not visible on the level of the cohomological stacks. We exploit this flexibility
to prove Proposition [5.9.9] a technical frame-theoretic progenitor of Theorem [G] applying to somewhat general
thickenings of frames, using two tools:

(1) Derived deformation theory in the filtered context.
(2) An explicit understanding of the stack RY%P associated with the 1-truncated Witt frame (also termed the
zip frame by Lau [47]) W1 (R).

This method can be viewed as an animated refinement (and a substantial generalization) of a unique lifting principle
that is (by now) quite classical, is due essentially to Zink, and appears in some form or other already in various
papers on related topics, including those of Lau [47], Biiltel-Pappas [18], and also the recent work of Bartling [5]
and Hedayatzadeh-Partofard [35].

With this technical backup in our pockets, the proof of Theorem [G] is reduced to a nilpotence result for the
divided Frobenius on the fiber of the map between prismatic cohomologies of a nilpotent divided power thickening,
which we prove at the end of Section [f]

One interesting point here is that the map of frames to which one would like to apply this reasoning to—given
by Nygaard filtered prismatic cohomology—is mot surjective for square-zero extensions of classical rings. In our
applications in we use derived algebraic geometry again to reduce to the case of certain square-zero extensions
of animated commutative rings where the map in question is in fact surjective.

We also use similar techniques—derived deformation theory and reduction to the case of the zip frame—to prove
Proposition the technical base for the proof of Theorem [E]

1.4. Further remarks on the proofs. All the results above are special cases of theorems about objects that we
call 1-bounded stacks, whose precise definition is a bit technical and can be found in §4.8 Roughly speaking, a
1-bounded stack is a(n almost) finitely presented stack over the syntomification of a p-complete ring, equipped with
additional ‘bounding data’ for the Hodge-Tate weights of its cotangent complex. This bounding condition ensures
that the deformation theory is controlled by the sections of an F-gauge with Hodge-Tate weights bounded by 1E|
Given such an object X over R®™ ® Z/p"Z, we can define a functor on animated p-complete R-algebras by:

Lsyn(X) 0 C '+ Map ) geyngz/pnz(C™" @ Z/p"Z, X).

The condition of 1-boundedness is essentially the one that ensures that I'syn (X') is representable: The arguments
sketched in go through when applied to this prestack. Examples of 1-bounded stacks include:

o The ‘stack’ over O™ ® Z/p"Z parameterizing G-torsors that are isomorphic to P, when restricted to
BG,, x Spec for any algebraically closed field x: this is of course relevant for Theorem [D}

e Total spaces of vector bundles (and perfect complexes) with Hodge-Tate weights bounded by 1: this is
relevant for Theorem

e The stack Perf x (Zf,yn ® Z/p"Z) of perfect complexes, equipped with bounding data that picks out perfect
F-gauges of Hodge-Tate weights 0, 1.

"This condition appears essential in order to obtain representable objects: The syntomic cohomology of Breuil-Kisin twists of
Hodge-Tate weights greater than 1 is known to not yield representable functors.
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The general representability result boils down via the technical inputs from animated frames explained above to
knowing the representability of certain Artin-Milne type cohomology groups, generalizing the fppf cohomology of
finite flat group schemes of height one. For this, we use representability results of Bragg and Olsson [16], which we
present and amplify into a somewhat broader context in Section

This level of generality is responsible for some of the bulk of this paper. Our justification for indulging in it is that
it will be required for future applications, including, for instance, the construction of spaces of isogenies between
objects in BTOGO’” [50], leading to a general construction of Rapoport-Zink spaces as well as p-Hecke correspondences
without the direct involvement of p-divisible groups. It is also used for the construction of special cycles on Shimura
varieties in [56]. We expect that it will help address some of the difficulty in constructing the correct analogues of
BT,CL; # when G is a parahoric, non-reductive group scheme.

As a more immediate consequence, we are able to obtain an extension of Theorem [B] to perfect F-gauges.

Theorem H. The prestack Perf?%f‘l} N
R @ 7, /p"7Z with Hodge-Tate weights in {0,1} is represented by a locally finitely presented derived p-adic formal
Artin stack over Z,. Moreover, the prestack Perfzf'fl1 classifying perfect complezes on RY™ Q Z/p™Z with Hodge-Tate

weights 0 is canonically isomorphic to the p-adic formal stack of perfect complexes of lisse Z/p™Z-sheaves.

assigning to every p-complete ring R the co-groupoid of perfect complexes on

This result will be used in [57] to extend Theoremto a classification of all finite flat p-power torsion commutative
group schemes over X in terms of certain perfect F-gauges.

1.5. Application to Shimura varieties. Theorem[D]also has a global application, which was the main motivation
for one of us (K.M.) to pursue the work here, and is now explored in [58]. Suppose that (G, X) is a Shimura datum
with reflex field £, and that G is unramified at p with reductive model Gz,: This implies in particular that F is
unramified over p. Fix a place v | p of E, and choose an g, -rational representative p=* : G, — Gg,, for the
(inverse of the) conjugacy class of Shimura cocharacters underlying X.

Consider a neat level subgroup K C G(Ay) of the form K,K? with K, = Gz, (Z,) and K? C G(A?) a compact
open subgroup. Associated with this is the Shimura variety Shx over F, and over it we find a canonical pro-étale
G°(Zy)-torsor Etg .

In [58], we find the definition of an integral canonical model Sk for Shy over O (), which asks for the existence
of a formally étale map of formal stacks over g,

c —1
w: Sk — BTOGOZPM ,
whose étale realization (via a functor such as the one described in |9} §6.3]) is Etk ,, and also requires that the adic
generic fiber S, K. contain all the classical points of the analytification of Shx g, where Etg , is crystalline.
Furthermore, we now know the following facts about such integral canonical models (see op. cit.):

(1) Integral canonical models are unique up to unique isomorphism, and in fact satisfy a strong mapping
property with respect to normal excellent algebraic spaces over O ().

(2) The integral models of abelian type constructed by Kisin [44] and Kim-Madapusi [42] are integral canonical
models in this sense.

(3) If either p > 2 and (G, X) is pre-abelian, or if p is sufficiently large (the bound depending only on the
adjoint datum (G2, X)) an integral canonical model Sk exists.

The above results amount to a unification—and a substantial generalization—of the results of Imai-Kato—Youcis [38]
and Bakker—Shankar—Tsimerman [4], and provide the required setup for applying the results of this paper to global
questions.

1.6. A note on the terminology. Various categories of objects associated with the pair (G, ) show up in this
paper, and we have tried our best to find some coherent way for distinguishing between them. Here are some
possibly helpful remarks for the reader:

e For objects appearing over p”-torsion bases, we have used the adjective n-truncated: this is compatible
via Theorem [IT.1.4] with the corresponding terminology for Barsotti-Tate groups.
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For objects associated with the (higher animated) frames appearing in Section [5| we have used the term
(G, p)-windows: This harkens to Zink’s original terminology in [72].

Upon the advice of Drinfeld, we have reserved the term (G, u)-display for objects associated with the Witt
vector frame: this is compatible with the terminology in [18].

Finally, for the fundamental objects living over the syntomification stacks, we have coined the term (G, u)-
aperture: The (admittedly vague) inspiration behind this choice is the aperture in a camera, which directs
light onto the lens, a lens that can occasionally be a prismatic one.

Given a particular frame, one can often produce (G, p)-windows over that frame from (G, u)-apertures over
a quotient ring (see Remark : in this sense, frames can be viewed as a device for expanding apertures
into windows.

1.7. Structure of the paper.

We begin in Section [3] with some background on derived stacks. We also recall the notion of derived Weil
restriction, and some facts about divided powers in the animated context.

In Section {4l we recall the story of filtered animated rings and as well as of filtered derived stacks via C.
Simpson’s perspective of viewing such gadgets as objects over A!/G,,. We give an account of our notion of
a 1-bounded stack, give examples of such objects and prove some general facts about them.

Section [5| contains the technical latticework undergirding this whole enterprise. Here, we present our
generalization of Lau’s theory of higher frames and displays from [47] in an animated context (though, as
mentioned above, we use the term ‘window’ instead of ‘display’). We then use this to prove an abstract
version of Grothendieck-Messing theory for 1-bounded stacks in § 5.9} and we also prove an abstract version
of the ‘reduction to F-zips’, Theorem [E] in §

In Section [6] we review the stack-theoretic constructions of Drinfeld and Bhatt-Lurie from [9], [11], [12]
and [28]. Our treatment of the Nygaard filtered prismatization here—arising from conversations with
Juan Esteban Rodriguez Camargo—appears to be new and works cleanly for animated inputs. Using this
perspective, we recall in §[6.11] the filtered affineness of the various stacks when working with semiperfectoid
rings, where the stacks of Drinfeld and Bhatt-Lurie are now obtained—via the Rees construction—from
Nygaard filtered prismatic cohomology. We end with an important nilpotence result on the first divided
Frobenius on the fiber between the prismatic cohomologies of a nilpotent divided power extension.

Section [7] recalls a result of Bragg-Olsson on the representability of derived stacks that parameterize the
fppf cohomology of certain ‘perfect complexes’ of finite flat group schemes of height one and extends it to
the almost perfect case.

We then prove our general representability theorems for stacks of sections associated with 1-bounded stacks:
this takes up Section[8] We follow the strategy sketched above: Representability on the level of F-zips is first
lifted to representability of the stack of sections over the mod-p syntomification of FF,-algebras using filtered
affineness for semiperfectoid inputs and the results of § [5.10] This is then bootstrapped to representability
over the syntomification of F,-algebras, followed by a further bootstrapping up to arbitrary p-nilpotent
algebras. We give some applications of our general representability results for stacks of F-gauges, and prove
Theorems [[] and [H

Section |§| is where we define the stacks BTS* and prove Theorems @ and |G| as consequences of the
general results of the previous section.

In Section we use deformation theory and a strategy introduced by Ito |39] to give explicit descriptions of
the points of BTS’“ valued in certain regular complete local Noetherian rings, and show that the deformation
rings defined by Faltings in |31, §7] in fact provide explicit coordinates for the complete local rings of
BTG = lim BT

Finally, in Section we gather our results together to prove Theorem [A] The reader will also find some
complements dealing (among other things) with polarizations and compatibility with the classical de Rham
and crystalline realizations.
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e The short appendix [A] collects some completeness results in the context of graded and filtered commutative

rings that are used in Section [
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2. NOTATION AND OTHER CONVENTIONS

We adopt a resolutely oo-categorical approach. This means that all operations, including (but not limited
to) limits, colimits, tensor products, exterior powers etc. are always to be understood in a derived sense,
unless otherwise stated.

We will use Spc to denote the oo-category of spaces, anima, or homotopy types: roughly speaking, this is
the localization of the Quillen model category of simplicial sets with respect to homotopy equivalences.

A map X — Y in Spc is surjective if the induced map 7y(X) — mo(Y") is a surjective map of sets; we will
denote surjective maps with —».

For any oo-category C and an object c of C, we will write C.; (resp. C.) for the comma oo-categories of
arrows ¢ — d (resp. d — ¢).

We will in a few places make reference to the process of animation, as described say in [60, Appendix A].
This is a systematic way to get well-behaved co-categories and functors between them, starting from ‘nice’
classical categories C with a set Cy of compact, projective generators. The animation of such a category is
the co-category Px(Co) of presheaves of spaces on Cy that preserve finite products.

We will denote by CRing the oco-category of animated commutative rings, obtained via the process of
animation from the usual category of commutative rings. Objects here can be viewed as being simplicial
commutative rings up to homotopy equivalence.

We will follow homological notation for CRing: For any n € Z>(, CRing.,, will be the subcategory of
CRing spanned by those objects R with m(R) = 0 for k > n; that is, by the n-truncated objects. If
n = 0, we will write CRingU instead of CRing.,: its objects are the discrete or classical commutative
rings, and the category can be identified with the usual category of commutative rings.

Any animated commutative ring R admits a Postnikov tower {7<,R},cz., where R — 7<,R is the
universal arrow from R into CRing.,, and the natural map R — 1&nn T<p R is ‘an equivalence.

We will also need the notion of a stable co-category from [52]: this is the oo-category analogue of a
triangulated category. The basic example is the co-category Mody, the derived co-category of R-modules.
We will use cohomological conventions for these objects and so will write for instance H~!(M) instead of
™1 (M)

An important feature of a stable co-category C is that it has an initial and final object 0, and, for any map
f:X — Y in C, we have the homotopy cokernel hcoker(f) defined as the pushout of 0 — Y along f.
We will sometimes abuse notation and write Y/X for this object.

IfRe CRingO is a classical commutative ring, M € Modp, is a complex of R-modules, and a;1,...,a, € R
form a regular sequence, we will write M /“(ay,...,a,,) for the derived tensor product

M &% R/(as...,am)-

In any stable co-category C and an object X in C, we set X[1] = hcoker(X — 0): this gives a shift functor
C — C with inverse X — X[—1], and we set hker(f : X — Y') = hcoker(f)[—1].
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(13) Given an animated commutative ring R, we will write Mod%' for the sub oco-category spanned by the
connective objects (that is, objects with no cohomology in positive degrees), and Perf(R) for the sub
oo-category spanned by the perfect complexes.

(14) We have a truncation operator 7<° : Mod, — Mod{} defined as the right adjoint to the natural functor in
the other direction. This leads to truncation operators 7=" and cotruncation operators 7=" for any n € Z
in the usual way.

(15) If f : X — Y is a map in Mod%®', we set hker"(f) = 7=0hker(f): this is the connective (homotopy)
kernel.

(16) For any stable co-category C, the mapping spaces Map(X,Y’) between any two objects have canonical lifts
to the oo-category of connective spectra. We will be interested in stable co-categories like Mod , which are
Modz'-modules, in the sense that the mapping spaces have canonical lifts to Mod3". In this case, we can
extend the mapping spaces Map.(X,Y) from Mod3" to objects RHome (X, Y') in Mod,, by taking

RHome¢ (X,Y) = colimy>o Map¢ (X, Y[k])[—k] € Mody .

When C = Mody, for an animated commutative ring R, this lifts to the internal Hom in Modp, which we
will denote by RHompg(X,Y).

(17) We will write A for the usual simplex category with objects the sets {0, 1,...,n} and morphisms given by
the non-decreasing functions between them.

(18) A cosimplicial object S(*) in an co-category C is a functor

A~C
[n] — S™.

If C admits limits, we will write Tot.S(®) for the limit of the corresponding functor: this is the totalization
of 5(*).

(19) Given any oco-category C with finite coproducts, and any object S in C there is a canonical cosimplicial
object S in C, the Cech conerve with §(") = L]ie[n] S.

(20) If X is a (derived) stack (resp. an object of Mody, for some R), and N € Z\{0}, we will write X[N ~1] for the
base-change Spec Z[N '] x X — SpecZ[N '] (resp. for the base-change Z[N~'] ®z X in Modzx-1g,r)-
On the rare occasions when these notations collide, context will make the usage clear.

3. STACKS AND OTHER PRELIMINARIES

3.1. Square-zero extensions and differential conditions. Given a pair (R, M) with R € CRing and M €
Mod%', we have a canonical object RO M € CRingR//R, the trivial square-zero extension of R by M: This is
obtained by animating the construction on such pairs with R a polynomial algebra and M a finite free R-module
to the usual square-zero extension R & M.

If R € CRingy,,, we set

Dery (R, M) =Map,, r(R, R& M).

This is the space of A-derivations of R valued in M. We always have the trivial A-derivation dy;y = (id, 0).
A square-zero extension of R by M in CRing 4, is a surjective map R’ — Rin CRing 4, such that there exists
an A-derivation d : R — R @ M]1] and an equivalence of A-algebras

R/ i) R Xd,RéBM[l] R.

ydtriv

cn

We have the cotangent complex Ly /4 € Modfy': this is obtained by animating the functor taking maps S — S
of polynomial rings over Z in finitely many variables to the module of differentials Qg, /s and is characterized by
the property that, for any trivial square zero extension R & M — R, there is a canonical equivalence

Mapg(Lg/a, M) = Dera (R, M).
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Definition 3.1.1. An R-algebra C' € CRingp,/ is finitely presented (over R) if the functor S — MapCRingR/ (C,S)
respects filtered colimits. For any such finitely presented C, the cotangent complex L,z € Modg' is perfect; see [52,
(17.4.3.18))].

If in addition L¢, g is 1-connective, we say that C' is unramified over R; if Lo g >~ 0, we say that C' is étale
over R.

We say that a finitely presented C' € CRingp, is smooth over R if Lo/ r € Mod¢' is locally free of finite rank.
It is quasi-smooth if Lo,/ is perfect with Tor amplitude [—1,0].

3.2. Derived (pre)stacks. Suppose that C is an co-category admitting all finite and sequential limits, totalizations
of cosimplicial objects, and filtered colimits. A C-valued prestack over R € CRing is a functor

F: CRingp, — C.

If C = Spc, we will simply call F' a prestack over R. Such objects organize into an oco-category PStkpg.

We view such prestacks as presheaves on the co-category of derived affine schemes Spec R’ over R (by definition
opposite to CRingp /)7 and we can consider the subcategory of prestacks that are fpqc (resp. étale) sheaves—that
is, presheaves satisfying descent along faithfully flat (resp. faithfully flat and étale) maps Spec R’ — Spec R.

Definition 3.2.1. Following Toén-Vezzosi |70, we will say that F is 0-geometric if we have F' ~ Spec R’ for some
R’ € CRingp /» and, inductively, that it is an n-geometric derived Artin stack over R for an integer n > 1 if
it is an étale sheaf and admits a surjective cover f : U = U;es Spec R; — F of étale sheaves with R; € CRingp,
satisfying the following condition: For every S € CRingp, and z € F (S), the base-change U X f g, Spec S — Spec S
is represented by an (n — 1)-geometric derived Artin stack over S.

Following Lurie |51} §5], we will say that F' is a derived Artin n-stack over R if it is m-geometric for some
m and is such that F(R') is n-truncated for all discrete R' € CRingg, . A derived Artin 0-stack over R will be
called a derived algebraic space over R.

A derived Artin stack over R is a prestack F' that is a derived Artin n-stack for some n > 0. If R = Z, then
we will simply say ‘derived Artin stack’ instead.

A map of X — Y of prestacks over R is a relative derived Artin stack if, for every R-algebra C' and every
y € Y(C'), the base-change X, — Spec C' is a derived Artin stack over C.

Definition 3.2.2. A prestack F' over R is locally of finite presentation or locally finitely presented if for
every filtered system {C;};cs in CRingp , with colimit C' € CRingp/, the natural map

colim;er F(C;) — F(C)

is an equivalence.
It is almost locally of finite presentation or almost locally finitely presented if the above map is an equivalence
for filtered colimits of k-truncated animated commutative R-algebras for all &k > 0.

Definition 3.2.3. A prestack F over R is formally smooth if for every square-zero extension C’ — C'in CRingp /5
the map F(C') — F(C) is surjective.
A derived Artin stack over R is smooth if is locally finitely presented and formally smooth.

Definition 3.2.4. A prestack F' over A € CRing that is an fpqc sheaf is classical if it is equivalent as an fpqc sheaf
to the left Kan extension to CRing 4, of its classical truncation Fe : CRing, (4), — Spc: That is, it is a colimit of
derived affine schemes Spec B with B € CRing, (4, in the oo-category of fpqc sheaves on CRingZp/. The functor
F — F, is fully faithful when restricted to classical prestacks.

3.2.5. For any prestack F' € PStkg, we have an oo-category QCoh(F') of quasi-coherent sheaves on F. The
precise definition can be found in [54, §6.2.2]: roughly speaking, it is obtained by right Kan extension of the
contravariant functor sending S € CRingp, to Modg. One can think of an object M in QCoh(F) as a way of
assigning to every point z € F(S) an object M, € Modg compatible with base-change. This co-category is
particularly well-behaved when F is quasi-geometric [54, §9.1]: this means that F' is an fpqc sheaf with quasi-
affine diagonal admitting a flat cover by an affine derived scheme. Most of the prestacks we will encounter in this
paper will be quasi-geometric or instances of a formal analogue of this notion.
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Definition 3.2.6. We will say that M is connective if M, belongs to Mod§" for each z € F(S) as above. We
will say that it is almost connective if, for every = € F(S), there exists n € Z>¢ such that M, [n] is connective.
We will say that it is perfect if, for every = € F(S), M, is perfect. It is almost perfect if, for every x € F(S),
M, is almost perfect: That is, there exists m > 0 such that M,[m] is connective and such that, for all k > 1,
727k(M_[m]) is a finitely presented object in the co-subcategory spanned by the k-truncated connective objects
in Modg. Concretely, any such object is up to shifting the geometric realization of a simplicial object valued in
projective S-modules of finite rank. See [52] §7.2.4],[34, Appendix A].

Write QCoh™ (F) (resp. QCoh®*™(F), resp. Perf(F), resp. APerf(F)) for the oo-category spanned by the
connective (resp. almost connective, resp. perfect, resp. almost perfect) objects in QCoh(F).

Definition 3.2.7. Following [54} §17.2.4], we will say that a morphism f : F — G in PStkr admits a cotangent
complex if there exists Lo € QCoh™"(X) such that, for every C' € CRingg/, every M € Modf', and every
x € F(C), we have a canonical equivalence

Mape (Lg/q o, M) = fib( ¢ () [M],2) (F(C © M) — G(C @ M) xg(cy F(C)).

Here, f(x)[M] € G(C & M) is the image of f(z) along the natural section G(C) — G(C & M).
If FF = SpecC and G = Spec D, then by Yoneda, any morphism f : FF — G corresponds to an arrow D — C in
CRingp /> and f admits a cotangent complex, namely L¢/p.

Remark 3.2.8. Suppose that F' is a locally finitely presented derived Artin stack over R € CRingg such that the
cotangent complex Lr, g is a perfect complex of non-negative Tor-amplitude. Then F' is smooth and classical. By
an argument via induction on n where F' is an n-geometric derived Artin stack, this reduces to the fact that smooth
R-algebras are flat over R and thus classical; see [51, Prop. 3.4.9].

3.3. Derived vector stacks. We have the classical construction associating with every finite locally free R-module
M the affine R-scheme V(M) with ring of functions Symp(M") the symmetric algebra of the R-dual MY of M E|
Tts functor of points is given by S — Hompg(M, S).

One can now consider, for any R € CRing and any almost perfect complex M € Modp, the prestack

S—Mapg(M,S)
—

CRingg, Spc.

It is represented by an almost finitely presented derived Artin n-stack V(M) over R where n is such that M[n] is
connective. When M is connective, this is derived affine and represented by the spectrum of the derived symmetric
algebra Symp (M), and the general case is obtained by taking iterated classifying stacks.

It is easy to see from the definition that V(M) has cotangent complex given by

Lv(ary/r = Ovary @r M.

3.4. p-adic formal stacks. Let CRing?™® be the subcategory of CRing spanned by those objects R such that p
is nilpotent in mo(R).

p-nilp

Definition 3.4.1. A p-adic formal prestack over R € CRing is simply a Spc-valued functor on CRing}, /

Definition 3.4.2. For any R-algebra S, the restriction of the affine scheme Spec S to CRing’E?ﬂp yields a p-adic
formal prestack, which, since p will be fixed in this paper, we will denote simply by SpfS. This depends only on
the p-completion of S.

Definition 3.4.3. A p-adic formal prestack is a derived p-adic formal Artin stack if, for each n > 1, its
restriction to CRing(,,n7), is represented by a derived Artin stack. Given such a derived p-adic formal Artin stack
F, we will say that it is foo, if ‘foo’ is an attribute applicable to derived Artin stacks, and, if for each n > 1, the
restriction of F' to CRing z/,nz), is a derived Artin stack that is foo.

8This is Grothendieck’s convention.
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Definition 3.4.4. Suppose that we have a surjective map A —» A in CRing with fiber J such that m(A4).eq is an
F,-algebra. Then we can consider the p-adic formal prestack Spf(A, J) given for each C & CRingP™P by

Spf(A, ']) (0) = MapCRing(Av C) XMapcRing(ﬂ-O(A)yﬂ—O(C)rcd) MapCRing(ﬂ-O (A)fedv o (C)red)'
In other words, we are looking at maps A — C such that the image of .J is locally nilpotent in m(C). If J is clear

from context, we will sometimes just write Spf(A) instead.

Remark 3.4.5. Let CRing” ™ be the subcategory of CRing spanned by the (derived) p-complete animated
commutative rings. Then any p-adic formal prestack ) can be extended to a functor on CRing?” “°"P. For any

p-complete A, we have
defn . L n
Y(A) L i (A ).
n
More precisely, this definition allows us to evaluate ) on any animated commutative ring A, but its value at A

depends only on the p-completion of A.

3.5. Weil restrictions. A very useful aspect of derived geometry is the ability to construct well-behaved Weil
restrictions along certain non-flat maps. This will enable us to correctly identify the local models for our stacks
from Theorem

Definition 3.5.1. Given R € CRing, for any prestack X over R/“p", we will define its Weil restriction
Res(r/rpny/r X to be the p-adic formal prestack over R given by the composition

ni C—C/Mp" .
CRing%‘/ Ip CC/P", CRingpg iy, E Spc.

Definition 3.5.2. If Y is a p-adic formal prestack over R, we will set
Y(n) = ReS(R/“‘p")/R(Y|CRingR/u_pn/)'
There is then a canonical map (™ : Y — Y™ given on points by Y (C) — Y (C/%p™).

Remark 3.5.3. There is a natural functor

(n)
QCOh(X) i> QCOh(ReS(Z/an)/Zp X)

With any # € (Res(z/pnz),z, X)(C) corresponding to x € X (C/%p") it associates the object ]:én), which is the

image of F,[~1] € Mod¢ r,,» in Mod.

Proposition 3.5.4. Suppose that we have a map Y — Z of prestacks over Z/p™Z that is a relative locally almost

finitely presented (resp. smooth, resp. étale) derived Artin r-stack with cotangent complex L defn Ly,z. Then
Res@/pnz)/2, Y — Res@z/pnzy/z, 2

is once again a relative locally almost finitely presented (resp. smooth, resp. étale) derived p-adic formal Artin
(r+ 1)-stack, and we have a canonical identification

=, p(n)
L(RGS(Z/pnz)/zp Y)/(Resz/pnz)/z, Z) = L.

Proof. Set
Y = Resz/pnz/zp Y Z = ReSZ/p”Z/ZP Z.

To begin, suppose that we have j € Y (C) corresponding to y € Y(C/“p™) with image 2 € Z(C) corresponding to
z € Z(C/Fp™). Let 2 € Z(C @ M) be the trivial lift of Z corresponding to 2’ € Z((C @ M)/*p™). Then we have:

fib(g 2 (Y(C @ M) = Y (C) X 30y Z(C & M)) = fib, ) (Y ((C ® M) /“p") = Y(C/*D") X z(0pm) Z((C & M)/*p"))
>~ Mapc i,n (Ly, M/"p™)
~ Mapc i,n (Ly, RHome (C/~p™, M[1]))
~ Mape (in,« Ly[—1], M).
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This proves that the cotangent complex is as claimed.
Now, given a map Spec R — Z with R € CRing?”™P corresponding to a map Spec R/“p" — Z, we see that

Y X 7 Spec R ~ Res(p,1pn)/r(Y X 7z Spec R/%p™).

Therefore, the first assertion amounts to showing that V defn Res(g/ipny/r V is a locally almost finitely presented
derived Artin (r + 1)-stack over R whenever V is a locally almost finitely presented derived Artin r-stack over
R/%“p™. If mo(R) is a G-ring, then, given our description of the cotangent complex in the first paragraph, this
follows quite easily from Artin-Lurie representability [51, Theorem 7.1.6]. The general case can be deduced from
this via standard approximation techniques.

For the remaining assertions, note that, if Y is smooth over Z, so that L is a perfect complex with Tor- amphtude
in [0,00), then £(™ is also perfect with Tor-amplitude in [0, 00), showing that Y is a smooth Artin stack over Z.
The same argument shows that Y is étale over Z when Y is étale over Z. O

3.6. Divided powers. We will also need the notion of animated divided powers, which is an additional structure
~ on surjective maps R’ — R in CRing that ‘animates’ the classical notion.

3.6.1. We follow the presentation from [60, §3.2], where one obtains an oo-category AniPDPair via the process
of animation: one takes the full subcategory £° of the classical category PDPair of divided power thickenings
(R' - R,~) spanned by those thickenings of the form

where XY are finite sets of variables and D(y)Z[X,Y] is the divided power envelope of Z[X,Y] 120, Z[X]

equipped with its tautological divided powers, and then takes AniPDPair = Px(£°) to be the oo-category of finite
product preserving presheaves on £°. The natural functor PDPair — AniPDPair obtained via the Yoneda map is
fully faithful; see [60, Lemma 3.13].

3.6.2. There is a forgetful functor AniPDPair — AniPair that preserves all limits and finite colimits to the oo-
category AniPair of surjective maps R’ — R, and we can view a divided power structure v on such a surjective
map as being a lift along the forgetful functor. The forgetful functor admits a left adjoint, the divided power
envelope, carrying f : R' — R to a surjection D(f) — R equipped with a divided power structure. For all this,
see the discussion in [60, §3.2].

Definition 3.6.3. A divided power extension (or thickening) is a pair (R’ — R,7), where v is a divided
power structure on R’ — R.

3.6.4. We now explain the relationship with divided power algebras. For any R € CRing and any M € Mod§y'
we have the animated divided power algebra I'r(M): this is obtained by animating the usual divided power
algebra on pairs (R, M) with R a polynomial algebra in finitely many variables and M is a finite free R-module
defined for instance in [8, App. A]. This is in some sense a classical construction that goes back to the seminal
work of Dold-Puppe [24].

By construction, I'r (M) is an object in CRingp,, equipped with a map of R-modules M — I'g(M) that satisfies
a certain universal property. To explain this, write Gﬁ for the affine scheme SpecT'z(Z): this is the divided power
envelope of the origin in the additive group G,.

Lemma 3.6.5. For any M € Mod$®' and for any other R-algebra C, we have a canonical equivalence
Mapcring,, (CRr(M),C) = Map (M, G4(C)).

Proof. Both sides of the purported equivalence are evaluations on M of functors Modg — Spc®® that preserve
sifted colimits. Therefore, by [53, Prop. 5.5.8.15], it suffices to construct a canonical equivalence between these
functors when evaluated on free R-modules of finite rank. That is, we want to construct isomorphisms

MapCRingR/ (FR(RTL)7 C) i} Gg(c)n’
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or in other words isomorphisms
F'r(R") = TRr(R)®r® - - ®@r 'r(R)
n

in CRingp,. This is classical; see for instance [8, Prop. (A2)].

O

Remark 3.6.6. For each m > 1, there is a canonical map of schemes u,, : Gg — G, induced by the canonical
generator for the degree-m piece I'}*(Z) C I'z(Z): this is the m-th divided power map. If R* — R is in AniPair with
homotopy kernel I, then a divided power structure on I gives rise to a map of R'-algebras I'g/ (I) — R'—equivalently
a map of R'-modules I — G¥(R')—equipped with:

e A homotopy equivalence between the induced map I — '/ (I) — R’ with the tautological one;

e For each m > 1, a lift v, : I — I of the composition

I-GHR) Y R,
In the classical setting, the divided power operators +,, determine the divided power structure on I completely.

Definition 3.6.7. Suppose that (R’ — R,~) is a divided power extension with mo(R’) a p-nilpotent ring. Then we
will say that R* — R is a locally nilpotent (resp. nilpotent) divided power extension if y, : I — I is a locally
nilpotentﬂ (resp. nilpotent) endomorphism. If the divided power structure is nilpotent, its nilpotence degree is
the smallest integer m > 1 such that 7" is nullhomotopic.

Remark 3.6.8. When (R’ — R,7) is a classical divided power extension of p-nilpotent rings (that is, it lies
in the image of PDPair with R’ p-nilpotent), then the local nilpotence condition simply says that every element
r € I =ker(R' — R) satisfies v, (z) = 0 for all m sufficiently large. Indeed, if v} (x) = 0, then a short calculation
with the properties of divided powers and p-adic valuations of factorials shows that, for all m > 1, and all k < p",
there exists a unit u € Z(Xp ) such that

Vorm+k(2) = wym (1, (2)) 7k (2) = 0.
Remark 3.6.9. If I is finitely generated, then local nilpotence is equivalent to saying that there exists an integer

m > 1 such that we have I[™ = 0. Here, I'™ is the ideal generated by ~,(z) for r > m and x € I. Indeed, let
Z1,...,2; be generators for I, and let ng be such that ~,,(z;) = 0 for all m > ng. Then the identities

k
)= Y [T @) mlay) = a"m(y)

ni+...+neg=ni=1

show that we have 7,,,(z) = 0 for all z € I and all m > kny.

4. FILTERED ABSTRACTIONS

The purpose of this section is to introduce enough background about filtered animated commutative rings and
modules so that we can discuss the key notion of a 1-bounded stack. We also give examples, as well as record some
important properties, of these objects.

4.1. Graded rings and modules.

4.1.1. Asusual, a graded ring or module can be viewed as a G,,-equivariant object. Therefore, given R € CRing, we
will define the co-category of graded animated commutative R-algebras to be the opposite to the co-category
of relatively affine map of derived stacks X — BG,,, x Spec R. Let O(1) be the inverse tautological bundle over BG,,,,
and set O(i) = O(1)®. Then, given a relatively affine map X — BG,, x Spec R, we will denote the coresponding
graded animated ring symbolically by B, = @®;B;, where B; = RI'(X, O(i)), so that X = (Spec Be)/Gp,.

9That is, a map that is a filtered colimit of nilpotent endomorphisms. Here, ‘nilpotence’ is being used in the context of pointed
spaces, where a self-map f : (X, *) — (X, ) is nilpotent if some power f™ is nullhomotopic, that is, is homotopic to the constant map
with value *.
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4.1.2. The oco-category GrModp, of graded B,-modules is the category QCoh(X). Symbolically, if F is a
quasicoherent sheaf over X, we can write the associated graded module in the form M, = ®;M;, where M; =
RT(X,F®O(i)). Note that by construction this is a symmetric monoidal co-category, and we denote the associated
graded tensor product of M, and N, in GrModp, by

Mo ®B. No-

We will usually write Mappg, (M,, N,) for mapping spaces in this category.
Given any graded module M, over B, and an integer i, we obtain the i-shifted module M, (i): If M, is associated
with a quasicoherent sheaf F over (Spec B, )/G,,, M, (7) is associated with F® O(i) and satisfies (Me())m = Mpmyi-

4.1.3. Note that we can use this optic to speak of graded perfect B,-modules and graded vector bundles
over B,: they will correpond to perfect complexes (resp. vector bundles) over X.

For any R-algebra C, the relatively affine map BG,, x Spec C — BG,, x Spec R corresponds to C' with its trivial
grading. In this case, we can speak simply of graded C-modules, etc.

4.2. Filtered objects via the Rees construction. We will make frequent use of the quotient stack Al/G,,,
where we view G,,, as acting on the affine line via (¢, z) — tz~!. Explicitly, this stack parameterizes line bundles £
equipped with a cosection t: L — 0.

4.2.1. This stack gives a geometric method for dealing with filtered objects [65]. More precisely, for any R € CRing,
there is a canonical equivalence
QCoh(A!/G,, x Spec R) = FilModg,

where the right hand side is the stable co-category of filtered objects in Modg: classically, if R = mo(R) is discrete,
then its associated triangulated derived category is the usual filtered derived category.

Symbolically, under this equivalence, a filtered module Fil®* M on the right is associated with the G,,-equivariant
RJ[t]-module

Rees(Fil* M) = @D Fil' M - ¢,
i€z

Our convention is that ¢ lives in graded degree 1. For the functor in the other direction, note that we have a canonical
family of line bundles O(n) = O(1)®" over A!/G,,, indexed by integers n € Z: Here, O(1) is the inverse tautological
line bundle £®~!. Note that we have canonical maps t : O(i) — O(i + 1). Given a quasi-coherent sheaf F over
A'/G,, x Spec R, we now obtain a filtered module Fil®* M by setting Fil’ M = RT'(A'/G,, x Spec R, F @ O(—i))
with the transition maps given by t.

Definition 4.2.2. Any R-module M, viewed as a quasi-coherent sheaf on Spec R pulls back to a quasi-coherent
sheaf on A'/G,,, x Spec R, and this yields a filtered R-module Filf;, M with underlying R-module M. This filtration

is just the trivial filtration with Fill . M = M if i <0 and 0 otherwise.

triv

Definition 4.2.3. A filtered stack over R is an R-stack X equipped with a map to A'/G,, x Spec R; we will
view it as a filtration on the R-stack X ;o) with associated graded X(;—g) — BGy,.

4.3. Filtered animated commutative rings and filtered modules.

4.3.1. The Rees equivalence also gives us a compact way of defining filtered animated commutative R-
algebras. These correspond to relatively affine stacks over A'/G,, x Spec R. Symbolically, given a filtered
R-algebra Fil* S, the G,,-equivariant R[t]-module Rees(Fil*S) has a canonical G,,-equivariant structure of an
animated commutative R[t]-algebra, and taking the quotient of the associated affine scheme over A! x Spec R yields
the associated affine morphism
R(Fil* S) — A'/G,, x Spec R.

We will call the source of this map the associated Rees stack. Note that the fiber of this stack over the open point
Gy /Gy, is canonically isomorphic to Spec S, and its fiber over BG,, is the relatively affine stack associated with
the graded ring @, gr*S.
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Note that we can now give a precise meaning to the oo-category of filtered animated commutative algebras over
the filtered animated commutative ring Fil® S: it is opposite to the category of relatively affine stacks over R(Fil® S).
Moreover, fiber products in this opposite category correspond to filtered tensor products of filtered Fil® S-algebras.

Observe also that any animated commutative ring R admits a lift Filg;, R to a t¢rivially filtered animated
commutative ring corresponding to A!/G,, x Spec R: We have Fil{,., R = R if i <0 and Fil;,,, R = 0 otherwise.

triv triv

4.3.2. A filtered module over Fil® S is now just a quasi-coherent sheaf F over the associated Rees stack. Once
again, concretely, one can write it in the form Fil®* M where the S-modules Fil' M are obtained as global sections
of suitable twists of F. Write FilModgje s for the associated co-category. We will write mapping spaces in this
category in the form Mappye g(-,-). If Filf;, S is the trivial filtration, then we will also write Mapgoq. (- -) for
this mapping space.

Note that this gives us a symmetrical monoidal co-category by definition, where the tensor product corresponds
to that of quasicoherent sheaves on the Rees stack. We will denote the associated product between filtered Fil® S-
modules Fil* M and Fil®* N by

Fil* M ®pype s Fil® N.

Using this optic, we can also systematically talk about filtered perfect complexes as well as filtered vector
bundles over Fil® S: these correspond to perfect complexes (resp. vector bundles) on the associated Rees stacks.

Pullback from R(Fil® S) to the closed substack R(Fil® S) ;o) yields a symmetric monoidal functor from FilModgje 5
to GrModg,e 5: this is just the functor taking a filtered module to its associated graded.

4.4. Increasing filtrations. There is a variant of the above that looks at objects over the stack AL /G, classifying
sections of line bundles u : & — L: this corresponds to the ‘usual’ action of G,,, on A'. We will write Afr X Spec R =
Spec R[u] where u has graded degree —1.

Quasi-coherent sheaves over this stack are now equivalent to increasingly filtered modules Filg M, and relatively
affine schemes over it are now equivalent to increasingly filtered animated commutative rings Fils S. We will denote
the corresponding Rees construction by R, (Fil, S). Symbolically, we have

R, (Fil, S) = Spec <EB Fil; S - u) /G

Observe that any animated commutative ring R admits a lift Filt,riv R to a trivially increasingly filtered animated

commutative ring corresponding to A} /G, x Spec R: We have Fil{"¥ R = R if i > 0 and Fil;"" R = 0 otherwise.
4.5. Filtered deformation theory.

4.5.1. Every filtered animated commutative algebra Fil® S over a filtered animated commutative ring Fil®* R admits
a filtered cotangent complex Lpjje g/ pie g this is a filtered Fil* S-module corresponding to the cotangent complex
of the associated Rees stacks. This controls the filtered deformation theory as follows:

A map of filtered animated commutative rings Fil®* S’ — Fil* S is a filtered square-zero extension if the
corresponding map of G,,-equivariant affine schemes over A!/G,, is a square zero thickening. In this case the fiber
of the map of filtered rings is a filtered Fil® S-module Fil® M.

Given a connective filtered module Fil® M over Fil® S, we can consider the trivial square-zero extension Fil® S @
Fil®* M. We then have a canonical equivalence:

MapFil. R/ (Fll. S, Fll. S D Fll. M) >~ Mappﬂ. S(LFil' S/ Fil®* R Fll. M)

Sections of either equivalent space will be called Fil* R-derivations from Fil®* S to Fil® M.
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One way to obtain square-zero extensions with fiber Fil®* M therefore is as the left vertical arrow of a Cartesian

diagram of the form
FilI*S —— > Fil* S

diriv

Fil* S — Fil* S & Fil* M[1]
where the right vertical arrow is the trivial map and the horizontal one on the bottom is a Fil®* R-derivation.

4.5.2. Now suppose that X — R(Fil®S) is an fppf (or even smooth) sheaf admitting a relative cotangent complex

Ly “C" Ly g (Fie 5. For any filtered Fil* S-algebra Fil* 4, set

Then we obtain a Cartesian diagram
X(Fil*S") ——= X(Fil*S)

driv

X (Fil* §) — X (Fil* S @ Fil* M[1]).

Moreover, for any z € X (Fil®S), pulling Lx along x yields a filtered module Fil®* Lx , over Fil® S, and we have
a canonical equivalence:

fiby (X (Fil* S & Fil* M[1]) — X (Fil* $)) = Mappye ¢(Fil® Lo, Fil* M[1]).
4.6. The attractor stack. The terminology we will use here is borrowed (with a sign difference) from [25].

Definition 4.6.1. Suppose that we have a prestack ) — BG,, x Spec R. The associated fixed point locus is the
functor X° on R-algebras given by

YO(C) = Mappg, xspec R(BGm % SpecC, V).

Definition 4.6.2. Suppose that we have a prestack X — A!/G,, x Spec R; its associated attractor stack or
simply attractor is the functor X~ on R-algebras given by:

X~ (C) = Map/N/Gm x Spec R(Al/Gnl X SpeC C, X)
We define its fixed point prestack X° to be that of the restriction X(4=0) of X over the closed substack BG,,, x Spec R.

4.6.3. In other words, X~ (resp. X°) is the Weil restriction of X (resp. X—¢)) from A'/G,, x Spec R (resp.
BG,,, x Spec R) down to Spec R. Note that the sequence of natural maps

BG,, x Spec R — A'/G,,, x Spec R — BG,, x Spec R
yields maps
X0 X"« X°
whose composition is the identity.
4.6.4. If we have a prestack X — Ai /G, then we have the analogous notion of the repeller X associated with
X, which also admits maps X° - X+ — X° whose composition is the identity.

If Y — BG,, is a graded prestack, then we will define its attractor and repeller to be those associated with its
pullback over A'/G,, and A} /G,,, respectively.

Remark 4.6.5. If X is the pullback of an algebraic space over BG,,, these notions are studied by Drinfeld in [25].
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4.6.6. Suppose that X is locally almost finitely presented over Al /G, x Spec R and that it admits an almost perfect
relative cotangent complex. Note that, over X ~, we have a canonical filtered almost perfect complex Fil® L7.: This
associates with every z € X (C) the filtered module corresponding to the pullback of the cotangent complex
L /(a1/G,, xSpec k) 10 A1/Gy, x Spec C' along .

Similarly, over X°, we have a canonical graded almost perfect complex ]Lg(’.: it is isomorphic to the associated
graded of the restriction of Fil* L}, along X — X .

Lemma 4.6.7. The prestack X~ admits an almost perfect cotangent complex over X; we have
Lx-/r ~Ly/Fil'Ly.
Similarly, the prestack X° admits an almost perfect cotangent complex over X with
Lxo/g = LY 0.

In particular, we have
Ly-,x ~ Fil' Ly[1]

Proof. From the discussion in we see that, for C' € CRingp,, M € Mo &y and x € X~ (C), we have

fib, (X~ (C' @ M) — X~ (C)) =~ Mapgipoq,. (Fil* Ly, Fils

triv

M) ~ Map(Ly ./ Fil' Ly ., M).

This proves the first part of the lemma. The proof of the second is entirely analogous, and the last follows from the
canonical fiber sequence

Lx/rlx- = Lx-/r = Lx-/x-
O

We will now give a general criterion for representability of X, X and X" due to Halpern-Leistner and
Preygel [34, Example 1.2.2].

Proposition 4.6.8. Suppose that mo(R) is a G-ring and that X — A'/G,, x Spec R is a locally almost finitely
presented derived Artin 1-stack with quasi-affine (resp. affine) diagonal. Then X, X° XT are locally almost
finitely presented derived Artin 1-stacks over R, and if X is flat over A'/G,, x Spec R, then X, X% X+ all have
quasi-affine (resp. affine) diagonal.

Proof. We recall some key points of the proof, which uses Lurie’s derived generalization of Artin’s representability
theorem [51, Theorem 7.1.6].

It is straightforward to see that X, X% X are all étale sheaves that are locally almost finitely presented,
nilcomplete and infinitesimally cohesive. We have already seen that they admit almost perfect cotangent complexes,
and it is clear that their classical truncations are valued in 1-truncated spaces.

The main difficulty now is to show that they are integrable (condition (3) in loc. cit.). The authors of [34] appeal
to a very general argument that applies to a wide class of quotient stacks, which are shown to be cohomologically
projective and hence formally proper. We can translate this into rather concrete assertions in the particular cases
we are dealing with here.

For X°, one uses Proposition
For X~ (the argument for X+ is identical), we need to know that the map

(4.6.8.1) Map/Al/GmepeCR(Al/Gm x SpecC, X) — yﬂlMap/Al/GmepecR(Al/(Gm x Spec C/m™, X).

is an isomorphism. Here, C' is a complete local Noetherian R-algebra with maximal ideal m.
For this, one first finds from Proposition that, for any Noetherian B € CRingg g/, we have

Map/Al/GmxspeCR(Al/Gm x Spec B, X) = @Mapml/@mXspeCR((Al/Gm)(tnzo) x Spec B, X).
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Via filtered deformation theory, the desired integrability for X~ now reduces to the already known assertion for
x°[M

It remains only to check the assertion about the diagonal, which is [34] Proposition 5.1.15]. O

4.7. 1-bounded fixed points. Suppose that Z — BG,, X Spec R is a relative locally almost finitely presented
derived Artin stack and let Z° — Spec R be the corresponding fixed point locus.

Definition 4.7.1. As observed in 5. over Z° we have the canonical graded almost perfect complex ]LOZ’.. The
locus Z7 1 44 of 1-bounded fixed points is the locus of Z° where we have L% ; ~ 0 for i < —1. If LY ; is perfect

for all ¢ < —1, and nullhomotopic for almost all but finitely many such 4, then this locus is in fact an open substack
of Z9.

Example 4.7.2. Suppose that we have M € APerf(BG,, x Spec R) corresponding to a graded R-module M,.
Then we can take Z = V(M) — BG,, x Spec R to be the associated vector stack.

One checks that the corresponding fixed point locus Z° now is just the vector stack V(My) — Spec R, while the
graded almost perfect complex ]LOZJ corresponds simply to the restriction of M to BG,, x V(Mp). This implies
that

Z paa = V(Mp) Xspec r (Spec R)1-pad,

where (Spec R)1.paa C Spec R is the open locus M; becomes nullhomotopic for ¢ < —1.

Example 4.7.3. Consider the stack P : R — Perf(R)~ on CRing: this is represented by a locally finitely presented
derived Artin stack over Z; see |69} § 3].

Now take Z = P x BG,, — BG,,: the fixed point locus Z° associates with every R € CRing the co-groupoid of
graded perfect R-modules.

The cotangent complex of P is MY . ® Miaus, where My, € Perf(P) is the tautological perfect complex. From
this, one finds that the graded perfect complex ]]_%7. is Mt\gut,. ® Miaut,e, Where Miayg e is the tautological graded
perfect complex over Z°.

Now, Z7 44 is precisely the locus where M, ; © Miaut,; =~ 0 for all 4, j € Z with |j —i| > 1.

In particular, the locus where My,yt,; > 0 for i # 0,1 is an open substack of Z?_bdd.

Remark 4.7.4. If Z is relatively locally finitely presented, then ]LOZJ is a graded perfect complex, and the condition
of being 1-bounded can be framed in terms of its dual graded tangent complex ']I‘%. by requiring that we have
T%, ~ 0 for i > 1.

4.8. 1-bounded stacks.

Definition 4.8.1. Suppose that A € CRing and R € CRing,,. An R-pointed graded prestack over A is a
prestack Y — BGy, 4 equipped with a morphism ¢ : BG,, x Spec R — ) of graded prestacks. In particular, for
such a prestack, any relative derived Artin stack Z — ) has an associated fixed point locus Z° — Spec R obtained
from the base-change of Z over BG,, x Spec R.

Usually R will be implicit, and we will simply call the pair (), ¢) a pointed graded prestack. If the ‘point’ ¢ is
also clear from context, we will just refer to ) as a pointed graded prestack.

Definition 4.8.2. A 1-bounded stack X = (X¢, X) — (¥,1) over (), 1) (or simply Y if ¢ is clear from context)
consists of the following data:

1) A relative locally almost finitely presented derived Artin r-stack X¢ — V;
(1) y y P ;

(2) An open immersion X° < X0 factoring through Xﬁl’)odd, which we will refer to as the fixed point locus
of X.

One can speak of maps between 1-bounded stacks over ) in the obvious way.

10T his argument is closely related to one appearing in |25|.
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4.8.3. Suppose that Y — Al/G,, x Spec A is in fact a filtered prestack, and that ¢ lifts to a map of filtered stacks
Al/G,, xSpec R — Y over A. Then we will associate with any 1-bounded stack X — ) its attractor X~ — Spec R

by setting X~ et x0,- X xo.0 X0, Here X~ is the attractor of the base-change of X over A!/G,, x Spec R.
Analogously, given a lift Ai_ /G, x Spec R — ), we can define an associated repeller X .

4.8.4. If (Z,m) — (),1) is a map of pointed graded prestacks with 7 : BG,, x SpecC — Z and X = (X¢, X°) is
a 1-bounded stack over ), we set

Map (y,)((Z,1), X) = Map,y,(Z, X%) x xo.0(c) X°(C).

Here, the map
Map/y(Z,XO) — XO7O(C) — Map/y(BGm X SpeCC, XO)

is obtained via restriction along 7.
If n and ¢ are clear from context, we will simply write Map y,(Z, X) for this space.
Here are our main examples:

Example 4.8.5. Example shows that, if M € APerf(}) is an almost perfect complex whose restriction over

BG,, x Spec R yields a graded complex concentrated in degrees > —1, then the stack X< defn V(M) — Y underlies
a 1-bounded stack over ) with X9 = X0,

Example 4.8.6. Example shows that, when Y = BG,, (viewed as a pointed graded stack in the tautological
sense), then we obtain a 1-bounded stack Pyo1y — BG,, with P{% 1= P x BG,,, and P?O 1y C P{%’?} is the open
substack parameterizing graded perfect complex M, with M; ~ 0 for ¢ # 0, 1.

For any pointed graded stack (Z£,7n) — BG,,, the space

Perf(o.1}((Z,7)) S Map, 56, (2, Pio.1})

is the oco-groupoid of perfect complexes on Z whose restriction along 7 is in graded degrees 0, 1.
If we take A'/G,, — BG,, to be the canonical map, then the associated attractor is the stack

R+ Perfrg 13 (A'/G,, x Spec R)

of filtered perfect complexes Fil® M with gr* M ~ 0 for i # 0, —1.

Similarly, the repeller associated with A}‘_ /G, — BG,, is the stack of ascendingly filtered perfect complexes
File M with gr; M ~ 0 for i # 0, 1.

Both these stacks are locally finitely presented relative derived Artin stacks over SpecZ. This can be verified
using Artin-Lurie representability: the only difficulty is integrability, but this is easily checked using results from

Appendix [A]

Example 4.8.7. We have an ‘open substack’ Vi 1y of Py 1y by restricting to the open locus Vﬁm} C 77?0,1}, where
the tautological perfect complex is in fact a vector bundle.
For any pair of non-negative integers d < h, we can further refine this to the 1-bounded stack V?ddl} =

(Vﬁm}’ V{Odﬁ’f ), where V&’ﬁ’f is the open and closed substack of the fixed point locus parameterizing graded vector

bundles M, such that M; ~ 0 for ¢ 0, 1, and such that M; is a vector bundle of rank d and M, is a vector bundle
of rank h — d.

The attractor V{B”f}’,d is the stack of filtered vector bundles Fil®* V where: V has rank h; gr' V ~ 0 for i # 0, —1;
and gr=! V has rank d.

4.9. Cocharacters of group schemes and twisted group stacks. This following discussion is essentially
from (26 §2.3]. Suppose that G is a smooth affine group scheme over a classical commutative ring R and let
t: Gy rr — G be a cocharacter defined over some R’ € CRingR/7 inducing a G, g/-action on Ggs via the adjoint
action.
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Remark 4.9.1. In [26], Drinfeld considers a seemingly more general situation where G,, r acts on G via a map

Gm,rr — Aut(G)gs. For instance, one can consider the case of G = G, equipped with the natural action of G,,.
This case can be subsumed—perhaps a bit unnaturally—into the setup here by viewing such a map as a cochar-

acter of the R’-group scheme G x,, G,,, where the semi-direct product is defined by the action of G, r- on Ggs via

1.
See also Remark [9.1.4] below.

4.9.2. The fpqgc quotient of Gg by the action of u yields a group stack G{u} over BG,, r'. We have subgroups
U ui C PMi C Gg with PMi JU% ~ M,, independent of sign: Namely, P (resp. P}f ) is the attractor (resp. repeller)
of the base-change of G{u} over A'/G,, x Spec R, and M, is the fixed point locus of G{u}.
Explicitly, given an R’-algebra S, we have
P, (S) =Mapgg,, , (A'/G,, x Spec S, G{u}) ; Pr(S) = Mapgg,, , (AL /Gy, x Spec S, G{u}) ;
M, (S) = Mappgg,, , (BGy, x Spec S, G{u}).
Restriction to the open point G,,/G,, C A'/G,, now gives a closed immersion of group schemes PNi — G. The

section M, — P exhibits it as the centralizer in PF (and in G) of p.
The subgroup U;f - Pf is the kernel of the map to M.

4.9.3. In terms of Lie algebras, the action of u gives us a grading of the base-change of g 4 Lie G over R':
r = @gw
i€z
where G, acts on g; via z — z7%. We now haveﬂ
Lie PY = P g;; LieUf = @ g ; Lie M,, = go.
+i>0 +i>0
When G is reductive, then what we have defined here are the parabolic and unipotent subgroups of G associated
with pu.
4.9.4. Note that the cocharacter p : Gy, rr = G yields a map
By : BGy, rr = BGr

yielding a canonical G-torsor P, — BG,, r: The automorphisms of this torsor are represented by the group stack
G{u} = BG,, g/, and twisting by P,, yields an isomorphism

BG x BG,, r — BG{u}

of BG, rr-stacks carrying P,, to the trivial G{u}-torsor.
In particular, we can canonically view every G{u}-torsor over a BG,, r/-stack as a G-torsor, and vice versa.

4.9.5. Consider the pointed graded stack (BGy, g, tr’), where tg/ : BG,, rr — BG,, g is the structure morphism.
If we take the stack Z = BG x BG,,, = BG,,_ g, the associated fixed point locus Z9 over R’ parameterizes, for any
C € CRingg//, G-torsors over BG,, x SpecC.

Note that by the discussion in , for any R’-algebra C, we can also view Z°(C) as the oo-groupoid of
G{u}-torsors over BG,, x SpecC. Unwinding definitions, one finds that, for any C € CRingp//, Z%(C) is the
oo-groupoid of the following equivalent kinds of objects:

o G{u}-torsors over BG,, x SpecC}
o G %, Gyy-equivariant schemes P — Spec C' such that the underlying G action presents P as a G-torsor over
C.

In the next lemma, given C' € CRingp,, and a G-torsor @ — BG,, X Spec C, we will write Q" for the corre-

sponding G{u}-torsor.

HWe are following the sign conventions from [47]
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Lemma 4.9.6. There is a canonical open and closed immersion BM,, — Z° mapping isomorphically onto the locus
of G-torsors Q@ — BG,,, x SpecC' satisfying the following equivalent conditions when Spec C' is connected:

(1a) There exists an étale cover C — C' such that the restriction of Q over BG,, x SpecC’ is isomorphic to
Pp, Ko Cl;'

(1b) There exists an étale cover C — C' such that the restriction of Q" over BG,, x SpecC’ is trivial;

(2a) For every geometric point C — k of Spec C, the G-torsor x*Q over BG,, x Spec k is isomorphic to P, ®@o k;

(2b) For every geometric point C — K of Spec C, the G{u}-torsor x* Q" over BG,, x Speck is trivial;

(3a) For some geometric point C — k of Spec C, the G-torsor z*Q over BG,, x Spec & is isomorphic to P, Qo k;

(8b) For some geometric point C — k of Spec C, the G{u}-torsor x*Q* over BG,, X Speck is trivial.

Proof. The (a),(b) counterparts in each numbered pair are equivalent, so we will replace @ by Q" and prove the
(b) sides of each pair.

The map BM,, — Z" associates with each M,-torsor P° the G-torsor obtained via pushforward along the map
M,  — Go: Such a G-torsor is equipped with a canonical extension to an action of G 1, Gy,.

Let us now show that this yields an isomorphism of BM,,(C') with the space of G{p}-torsors over BG,, x SpecC
satisfying any of the three given conditions (1b), (2b) and (3b). For condition (1b), it is easy: Giving such an object
over BG,, x SpecC is the same as giving an étale torsor over C for the fixed point group scheme of G{u}, which
is of course M,,.

To finish, it is enough to see that BM,, is an open and closed substack of Z°. The quickest way to see this is
to observe, as Drinfeld does in [26, §C.2.3] that we have discrete invariants on Z° given by G-conjugacy classes of
cocharacters G,,, — G %, Gy, lifting the identity map of G,,. Now, BM,, is the open and closed substack of Z°
associated with the trivial such lift. 0

Remark 4.9.7. Let Z~ be the attractor (of the base-change over A'/G,, of) Z. Then we find that Z~(C) x zo(¢)
BM,,(C) is spanned by G{u}-torsors Q" over A'/G,, x SpecC satisfying the following condition: There exists
an étale cover C' — C' such that the restriction of Q" over Al /G, X Spec C’ is trivial. Indeed, this amounts to
checking that a G{u}-torsor Q* over A'/G,, x Spec C with trivial restriction over BG,, x SpecC is itself trivial.
This is because Q" is smooth over A'/G,,, x Spec C, and we have

MapAl/Gm xSpec C (Al/Gm X SpeC C, Q/L) i) I&H MapAl/Gm X Spec C((Al/Gm> (tm=0) X SpeC C, Q'u) .

See the proof of Proposition [8.4.4]
In particular, Z~ X zo BM,, is isomorphic to the stack of étale torsors for the attractor group scheme associated
with G{pu}, which is of course P". In other words, we have Z~ x z0 BM,, ~ BP, .

4.10. 1-bounded cocharacters. Here, we will present a key example of a 1-bounded stack relevant to Theorem [D]
The notation will be as above.

Definition 4.10.1. Following [47], we will say that p is 1-bounded if, under the adjoint action of p, we have
g; = 0 for i > 1. In this case, we will set g, = g1.
If G is reductive, then this condition is equivalent to asking that p be minuscule.

Lemma 4.10.2. If p is 1-bounded, the exponential map induces an equivalence:
V(ghY) = Ut
In particular, for any C' € CRingp//, we have an equivalence
gt @r (C/1p") > UM (0).

Proof. See [47, Lemma 6.3.2]. O
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4.10.3. 'We now isolate a particular open substack of Z?_bdd using the 1-bounded condition on p. For this, we
begin by noting that, for every representation W of G defined over R’, the usual twisting process by the G-torsor
P over BG,, x SpecC yields a canonical graded vector bundle M(W)p over SpecC.

In this way, we obtain a graded vector bundle M, (W) over Z°. Now, the graded perfect complex ’]I‘%. over Z°
is simply M (g)[—1].

The 1-bounded locus Z?, ;, is the open and closed locus over which we have M;(g) ~ 0 for i > 1.

Over BM,,, for each i € Z, we have the vector bundles M©O(g;) obtained by twisting the representation g; by
the universal M, -torsor. The restriction of TOZ7. to BM,, is then seen to be isomorphic to the graded complex
@Dicz M°(9:)(—i)[—1]. In particular, the 1-boundedness of x ensures exactly that this is a 1-bounded complex.
That is, we have defined a map BM,, — Z{, .4

Definition 4.10.4. B(G, u) will be the 1-bounded stack over the pointed graded stack (BG,, x Spec R, tp/) given
by the pair (BG x BG,,, BM,).
Remark shows that the attractor B(G,p)~ is simply BP,

,,» and an analogous argument shows that the
repeller is BP,".

Remark 4.10.5. It is easy to see from the definitions that B(G, 1) depends only on the isomorphism class of the
map By : BGy, rr — BGr/. In particular, it depends on the cocharacter p only up to conjugacy.

4.11. Deformations of 1-bounded fixed points. Suppose that ) = Spec(B,)/G,, for a non-positively graded
animated commutative ring B,.

4.11.1. For any m > 0, we have the animated commutative graded ‘quotient’ B, — Bx>_,, with underlying

graded Bo-module @,. . Bi(—i). To construct this, we need a different perspective on the co-category of non-

positively graded animated commutative rings: They can also be obtained as the animation of the category of
non-positively graded commutative rings, which admits a set of compact projective generators given by graded
polynomial algebras in finitely many homogeneous variables in non-positive degrees. From this perspective, the
quotient map B, — B>_,, is simply the animation of the usual construction for non-positively graded commutative
rings. Note in particular, that B>_; is the graded trivial square-zero extension of By by B_1(1).

4.11.2. Let X = (X°, X% — (Z,1) be a 1-bounded stack over a pointed graded prestack with ¢ : BG,,, x Spec R —
Z. Suppose that we have a map of pointed prestacks YV — Z.

Proposition 4.11.3. Suppose that X — Z is graded integrable (Definition . Then the natural map
Map,z (¥, X) — Map, z((Spec B>_1)/Gm, X)
s an equivalence.

Proof. Consider the following general situation: Suppose that C, — C, is a square-zero extension of animated
non-positively graded commutative B,-algebras with fiber I,. By the graded analogue of the discussion in §4.5 one
sees that the fiber of the map

Map, z((Spec C1) /G, X) = Map, z((Spec C) /Gy, X)

over a section x has the following features:

e The obstruction to its being non-empty is given by a section of
MapC. (LXO,x,u I‘ [1])

where Ly¢ o is the graded Co-module obtained via pulling the relative cotangent complex of X’ < over Y
along .
e If the obstruction is nullhomotopic, then the fiber is equivalent to

Mape, (Lxo 4 05 1s)-
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Let xg € Map ,((Spf Co) /G, X?) = X*0(C) be the image of . Then Lemmabelow gives us a canonical
increasing and complete filtration Fil}'* L X0 3,0 With
g Lo o 2 Co(—i) ®cy Loz .45
and we have
Mapc, (gr™} Lxo e, 1e) > MapGrModco (Lxo uq,i Lo (i) = Mapg, (Lxo 4,6 Li)-

The right hand side here is is non-trivial only when L y¢ , ; is not nullhomotopic and when i < 0.

Now, if xg is in the image of X°(Cp), then it maps to a 1-bounded fixed point, and so Lyo 4o, =0 fori < 2.
From this, we deduce that the fiber over z depends only on the quotient I_1(1) @ Iy of I,. More precisely, the
following square is Cartesian

Map/z((Spec C)/Gp, X)) —— Map/z((Spec Ce)/Gp, X)

Map, z ((Spec CL 1)/Gp, X) — Map, z ((Spec C>_1)/Gp, X)

Applying this with Cy — Co the map 7<(y11)Be — T<x B, for £ > 0 and using the fact that X< is a nilcomplete
smooth sheaf reduces to the situation where B, is a discrete graded commutative ring, so that ) is now a classical

stack.
We can now complete the proof by applying the same reasoning again to the square-zero thickenings B>_,, —
B>_ 41 for m > 2 and using graded integrability. O

Remark 4.11.4. Proposition shows that X — (Z,¢) is graded integrable whenever X — Z has quasi-affine
diagonal.

However, graded integrability holds under weaker hypotheses. For instance, if X¥¢ = P x BG,, — Z = BG,,,
where P is as in Example then, even though P does not have quasi-affine diagonal over Spec Z, we still know
that the map

Map((Spec Bs) /Gy, P) = Perf((Spec Bs)/G,) — lim Perf((Spec B>_1)/Gp) = lim Map((Spec B>_1)/Gp, P)

is an equivalence. In other words, the 1-bounded stack Pyg,1} — BGp, from Example is graded integrable.
Similarly, the 1-bounded stack from Example is also graded integrable.

4.12. A useful cartesian square.

4.12.1. Suppose that Fil* S is a non-negatively filtered animated commutative ring, and set S = gr® S. The map
S — S underlies an arrow Fil* S — Filf;, S of filtered animated commutative rings corresponding to a map of
stacks

A'/G,, x Spec S — R(Fil* S)

whose restriction over the open point of A!/G,, is the closed immersion Spec S — Spec S.

We will view Y defn R(Fil* S) as a pointed graded stack via the composition

BG,, x Spec S — A'/G,,, x Spec S — Y.

4.12.2. Let X = (X°, X% — (Z,1) be a 1-bounded stack over a pointed graded prestack with ¢ : BG,,, x Spec R —
Z, and let X~ — Spec R be its associated attractor.
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Suppose that we have a map of pointed prestacks } — Z. We now have a commutative diagram

Map, z (¥, X) ———————— Map, z(Spec S, x°)
(4.12.2.1)

X~ (S) = Map,z(A'/G,, x Spec S, X) — Map/Z(Specg,XO).

Proposition 4.12.3. Suppose that the kernel of the map

7T0(S) — 770(5)

is locally nilpotent and that X© — Z is filtered integrable (Deﬁm'tion and also satisfies the following additional
condition: For any classical ming R and any locally nilpotent ideal I C R, and for any map Spec R — Z, we have

X(R) = lim X¢(R/T™).

m

Then (4.12.2.1)) is a Cartesian square.

Proof. Let Fil? 3 S be the non-negatively filtered animated commutative ring with Fil?sﬂg) S~ S and

(S—»S
) S ifi=0;
. = S~ '
&l(5-3) {O otherwise.

The associated Rees algebra sits in a Cartesian square of graded animated commutative rings

@, Fillg_5 5 -t — S[t,t7]
(4.12.3.1)

S[t] ——— S[t,t71].

One can obtain this construction for instance by animating the obvious one for surjections of polynomial algebras
over Z.

For any non-negatively filtered animated commutative ring Fil® A, view R(Fil® A) as a pointed graded prestack
with

t: BG,, x Specgr’® A — R(Fil® A).
Also, set
Fil* A" = Fill 4 gr0a)) 4,

where the right hand side is defined as above. If R(Fil® A) is a pointed graded stack over (Z,), set

X (Fil* A) “E" Map, z (R(Fil® A), X)
The diagram ([.12.2.1)) is Cartesian with R(Fil®S) replaced by R(Fil* S’). This is because of the Cartesian
nature of (4.12.3.1), and the surjectivity of the vertical maps; see (4) of |51, Theorem 7.5.1].
Note that there is a natural map R(Fil® S) — R(Fil®*S). To complete the proof of the proposition it now suffices
to show that the corresponding map

X (Fil* S) — X (Fil* 8")
is an equivalence. We will prove this using filtered deformation theory.

Suppose quite generally that Fil®* B — Fil®* A is a square-zero extension of non-negatively filtered animated
commutative rings with fiber Fil®* K, and write Fil®* K’ for the fiber of the induced map Fil®* B’ — Fil* A’. If
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R(Fil® B) is a pointed graded stack over (Z,:), by the discussion in we obtain a Cartesian square
X (Fil* B) X (Fil® A) X xo(go 4y X°(gr” B)

X (Fil® A) X xo(go 4y X°(gr® B) — X(Fil* A® Fil® K[1]) X xo(g0 4) X°(gr° B).
Moreover, if Lyo /y is the relative cotangent complex, then for any 2 € X'(Fil® A), we obtain a filtered Fil* A-module
Fil* Lyo /y,z» and we have a canonical equivalence:
fib, (X (Fil* A © Fil* K[1]) — X (Fil® A)) >~ Mapge 4(Fil® Lyo /y ,, Fil* K[1]).
Similarly, if ' € X (Fil® A’) is the image of x, we have
fib, (X (Fil* A" @ Fil® K'[1]) — X(Fil® A’)) ~ Mapgyje 4(Fil® Lyo )y ., Fil® K'[1]).
We claim that the natural map between these fibers is an equivalence. For this, set
Fil® J = hcoker(Fil®* K — Fil® K').
The claim would follow if we knew that
Mapgye 4(Fil* Lyo /y ., Fil* J[1]) ~ 0.

For this, first note that by construction we have Fil' J ~ 0 for i < 1. Now, the 1-bounded condition essentially
ensures that Fil®* L yo v,z 18 generated in filtered degrees < 1, and so the mapping space above vanishes as desired.

To see this precisely, one can argue as follows. If Fil® L yo /v,2 18 the filtered base-change over Filf,;, gr® A, then
the 1-bounded condition tells us that gr ExO/y,z ~ ( for i > 2. By Lemma gr®* Ly¢ sy, admits an increasing
filtration with ¢-th graded piece isomorphic to

gri EXO/)),ZE (7/) ®gr0 A gr' A7
and, for each ¢ and each j7 > 1, we have
Mapg, . A8 Loy (1) ®gro 4 gr® A, gr® J[1](—5)) ~ Mapgo 4(gr’ Laoy o, gr't7 J[1]) ~ 0

since either the source or the target of this mapping space has to be zero. Using this, one finds that

Mappje 4(Lyo jp 2, 8r° J[1](=7)) = Mapg,e 4(gr® Lyo y 4, gr° J[1](—5)) = 0.
Here we are viewing graded modules over gr® A as filtered modules over Fil® A with trivial transition maps: Geo-
metrically, this corresponds to pushforward along the closed immersion R(Fil® A)(t=0) — R(Fil* A).
Using the cofiber sequence
Fil* J(—j 4+ 1) = Fil* J(—j) — (gr* J)(—))
now shows that we have
Mapgye 4 (Fil® Lyo jy 5, Fil* J[1]) >~ Mapgye 4(Fil* Lyo jy 4, Fil* J[1](—5))

for all j > 1. Now, for every m € Z, the m-th filtered piece of Fil® J[1](—m + 1) is zero. Therefore, we conclude
that the mapping spaces in question are also zero.

The claim that we just verified shows that, if X(Fil®* A) — X (Fil® A’) is an isomorphism, then so is X' (Fil® B) —
X (Fil* B'). We will use this principle repeatedly in what follows.

For every k, we have the truncated filtered animated commutative ring 7<j(Fil®S) obtained by taking the
corresponding truncation for the associated Rees algebra: this is a square-zero extension of 7< ;1) Fil® S by a filtered
module 7 (Fil® S)[k]. Via the deformation argument above, combined with induction on k and nilcompleteness,
one therefore reduces to showing that the map

X (o (Fil* S)) — X (mo(Fil* "))

is an isomorphism
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So we can assume that Fil® S corresponds to a classical graded ring Rees(Fil® S). Set I = im(Fil' §) C S: this is
locally nilpotent by hypothesis. For m > 1, let Fil* S,,, = Fil®* S/I™ Fil® S be the induced filtered structure on the
ring S,, = S/I™. We now claim that we have

X(Fil® §) = lim X (Fil° S,,,).

Via smooth affine descent, this follows from our hypotheses: Indeed, they ensure that Map, - (Spec A, X) =
@m Map/Z(Spec A/J™, X) for any discrete commutative ring A with ideal J C A, complete for the J-adic topol-
ogy, equipped with Spec A — Z. We apply this with A = Rees(Fil® S) ®z Z[t,t1]®2" for r > 0 and J C A the ideal
generated by I, and appeal to descent to deduce the claimed equality.

Therefore, using the deformation argument again, we are reduced to the case S = S, where the map Fil* S — §
is 0.

In the notation of (A.2.6), we now have Filty) S = Filg,;, S = Filf;) S, and Filf,,) " = Fil*S" for m > 2.
Therefore, the proposition holds with Fil® S replaced with Fll(m) S for any m > 1. We now conclude using filtered
integrability. 0

Remark 4.12.4. The above result can be viewed as a generalization of |47, Remark 6.3.3].

Definition 4.12.5. Given the above result and Proposition we will find the following notion useful: A
1-bounded stack X over a pointed graded stack (Z,:) is strongly integrable if it is filtered integrable, graded
integrable, and also satisfies the following condition: For any classical ring R and any locally nilpotent ideal I C R,
and for any map Spec R — Z, we have

X (R) = lim X¢(R/T™).

Remark 4.12.6. Propositiontells us that X is filtered integrable whenever X¢ — Z has quasi-affine diagonal.
Moreover, by Noetherian approximation, and Theorem 1.5 from [10], it is in fact strongly integrable: Indeed, we
already observed in Remark that it is graded integrable.

These conditions are also valid more generally: For instance, if X = Pyo1; — BG,, with X ¢ = P x BG,,
(notation as in Example , then we still know that the map

Map(R(Fil® S) L m Map(R(Filt,,,) S), P)

is an equivalence. Moreover, for any I-adically complete ring R, we also have

P(R) = Perf(R) = lim Perf(R/I™) LP (R/I™).

m

See |10, Lemma 8.2]. Therefore, combined with Remark [4.11.4] we find that X is strongly integrable.
Similarly, the 1-bounded stack from Example [£.7.2]is also strongly integrable.

5. ANIMATED HIGHER FRAMES AND WINDOWS

The purpose of this section is to give an account of the theory of [47] in an animated context, and to use it to
prove two crucial technical results, Propositions [5.9.9] and [5.10.23] They play an essential role in the establishment
of the representability theorems of Section

5.1. Generalized Cartier divisors.

Definition 5.1.1. Recall that a generalized Cartier divisor for an animated commutative ring R is a surjective
map R — R whose homotopy kernel [ is an invertible R-module. By abuse of notation we will refer to such an
object via the cosection s : I — R, which is the same as a map s : Spec R — Al/G,,
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5.1.2.  Any generalized Cartier divisor lifts R to a filtered animated commutative ring Fil] R where the filtration

is the I-adic one given by
I%F if k>0
Filk R = nhe
R ifk<0O,

and the transition maps are the identity for £ < 0 and given by
I®% ~ [ @p 1801 22 p o, OG- ~ [9(k-1)

for k£ > 0. We will also have occasion to consider the two-sided I-adic filtration given by Fil’;i R = I®¥ for all
k € Z, which once again underlies a filtered animated commutative ring with

R(Fil} . R) ~ Spec R.

To verify the assertions in the previous paragraph, using the classifying map s : Spec R — A'/G,,, one reduces
everything to the case where R = Z[z] with I = zZ[z], and here everything can be checked explicitly.

Remark 5.1.3. This also gives a concrete way of thinking of a point Spec R — R(Fil®*S) of the Rees stack
corresponding to a filtered commutative ring Fil® S: it is equivalent to giving a generalized Cartier divisor I — R,
along with a map of filtered animated commutative rings Fil® S — Fil} R.

5.1.4. For any M € Modp, we will set M[I~1] = colimg>o I % ®p M, where the transition maps are induced by s.

When we have an isomorphism R — I of R-modules given by a section & of I, we will write Filg R and Filg’i R
for these filtered rings.

For any R-module M, we will write M/“(p, I) for M/“p @ R.

If " € CRingpg, is an R-algebra, and s": I’ = R' ®p [ 125 R/, then we will sometimes also denote the I’-adic
filtrations on R’ by Fil7 R" and Fil7 . R'.

5.2. Formal Rees stacks. Suppose that I — A is a generalized Cartier divisor with p-complete quotient A, and
suppose that A underlies a filtered animated commutative ring Fil® A.

Deﬁnitiqn 5.2.1. The formal Rees stack associated with this datum is the one associating with each R €
CRing?™P the space of generalized Cartier divisors J — R along with maps Fil® A — Filj . R (see Remark [5.1.3))
such that the underlying map A — R is in Spf(A, I)(R).

In the sequel, the Rees construction will only be appealed to in this formal context. Therefore, by abuse of
notation, we will denote this formal stack once again by R(Fil® A).
In particular, we have R(Fily . A) ~ Spf(A,I).

5.3. Witt vectors, d-rings and prisms. We recall the notion of an animated d-ring from |12, App. A]. First,
we note:

Remark 5.3.1. Every R € CRinng ; 1s equipped with a canonical Frobenius endomorphism ¢ : R — R obtained
by animating the usual Frobenius endomorphism for polynomial algebras over F,. In particular, for any R € CRing,
we obtain a canonical map

?: R R/Mp 5 R/Mp,
where can : R — R/"“p is the canonical surjection.

5.3.2. Now, one defines for any animated commutative Z,-algebra R the 2-truncated (p-typical) Witt ring W(R)
with underlying space R? such that the projection onto the first coordinate is a map of animated commutative rings
W5(R) — R. This amounts to the observation that the functor C' — W5(C) on discrete commutative rings is
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represented by a smooth ring scheme, and so extends canonically to an animated ring scheme equipped with a map
to G,. There exists a canonical Cartesian square of animated commutative rings

Wy(R) —> R
(5.3.2.1) can

Definition 5.3.3. A §-structure on an animated Z,)-algebra R is a section of the natural map W>(R) — R.
An (animated) J-ring is an animated Z-algebra R equipped with a J-structure. We obtain an oo-category
CRings of animated é-rings in the usual fashion.

Remark 5.3.4. Via projection onto the second coordinate of Wa(R), such a section yields an operator § : R — R
satisfying certain properties, which, when R is discrete, completely determines the d-structure.

Remark 5.3.5. The Cartesian square (5.3.2.1)) shows that, giving a ¢ structure on R is equivalent to giving a lift
¢ : R — R of the map @ : R — R/"p. In particular, when R is flat over Zp), a 0-structure is equivalent to giving
an endomorphism ¢ : R — R lifting the p-power Frobenius endomorphism of R/pR.

Remark 5.3.6. Note that, if R is an Fp-algebra, then the natural map R — R/%p is not a morphism in CRinng/,
and is in fact mot compatible with the natural Frobenius endomorphisms on source and target. Therefore, the
Frobenius endomorphism of R does not underlie a prism structure on R.

Remark 5.3.7. If R is k-truncated, so is Wo(R). This shows that, for any §-ring R, the composition R — Wa(R) —
Wa(7<kR) factors through 7<;R. In other words, 7<yR inherits a canonical J-ring structure from R.

Remark 5.3.8. The forgetful functor from CRings — CRing admits both a left and right adjoint: The former is
the free d-ring functor and the latter is the Witt functor A — W (A).

Lemma 5.3.9. Let Z,){z} be the free -ring obtained by hitting Z, [x] with the left adjoint. Then the associated

z—p(z)

Frobenius lift Z,y{x} —— Zpy{x} is faithfully flat.
Proof. See |14] Lemma 2.11]. O

Definition 5.3.10. Following [12, Def. 2.4], we define a(n animated) prism to be an animated J-ring A equipped
with a generalized Cartier divisor I — A with quotient A such that the following conditions hold:

(1) Ais (p,I)-complete.

(2) Given a perfect field k of characteristic p and a map A — W (k) of d-rings, we have W (k) @4 A ~ k.

If we want to emphasize the Cartier divisor, we will sometimes also denote the prism by (4,s: I — A).
Definition 5.3.11. A prism (A4, I) is transversal if A is flat over Z, and the map I — A is injective mod-p.
Definition 5.3.12. A prism (A, I) is perfect if the Frobenius lift ¢ : A — A is an isomorphism.

Remark 5.3.13. If (A, ) is a perfect prism, A/%p is a perfect F,-algebra and so is discrete; this implies that A is
also discrete and p-torsion free. It is a result of Bhatt-Scholze |14, Theorem 3.10] that the assignment (A, 1) — A
is an equivalence of categories between perfect prisms and perfectoid rings. The inverse carries a perfectoid ring R
to the perfect prism (Aju¢(R),ker 0) where Aj,¢(R) = W(R®) with R’ the tilt of R and 0 : Aj,¢(R) — R is the usual
map.

5.3.14. Associated with any prism (A, I) is a canonical invertible module A{1} over A constructed in [11, Propo-
sition 2.5.1] and characterized by the following properties:
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(1) (|11} (2.2.11)]) For any transversal prism (A, I), we have

A{1} = lim Iy /Tiqa,
K

where I = I¢*(I)--- (¢%71)*(I), and the maps Ij,/I+1 — Ir—_1/I) are induced by dividing the natural
maps by p.
(2) (|11} (2.5.3)]) For any map of prisms (A4, I) — (B, .J), there is a canonical isomorphism B®4 A{1} = B{1}.

By |11, Remark 2.5.9], we have a canonical isomorphism I ® 4 ¢*(A{1}) = A{1}.

For any M € Mod 4 and i € Z, we will set M{i} ‘“L" M @4 A{1}%".

5.4. Animated higher frames.

Definition 5.4.1. A(n animated higher) frame A is a tuple (Fil* A, I 2 A, ®, A{1}), where:

1 1s a non-negatively filtered (p, I)-complete animated commutative ring;

1) Fil* A i gatively filtered (p, I 1 i d ive ring

(2) s: I — Ais a generalized Cartier divisor;

(3) @ : Fil* A — Fil} A is a map of filtered animated commutative rings such that the underlying endomor-
phism ¢ : A — A of animated commutative rings is a ‘naive’ Frobenius lift in the sense that the induced
endomorphism of m(A)/pmo(A) is Frobenius;

(4) A{1} is an invertible A-module equipped with an isomorphisnﬂ

T @4 A{1} = A{1}.

Frames organize into an co-category in a natural way. The morphisms
’

A A =(Fil*A, T 2 A, 9" A{1})

are maps f : Fil* A — Fil® B of filtered animated commutative rings equipped with isomorphisms A’ @4 (I 2 A) ~

S

(r LN A’) and A’ @ 4 A{1} = A’{1}, along with a commuting diagram

Fi*A -2 S FitA

Fil® A" — Fil}, A’ > A’ @4 Fil} A.

5.4.2. Given a frame A, we will write R4 for the p-complete animated commutative ring gr’ A and A for the
quotient of T 2 A.
Let Fil , A be the two-sided I-adic filtration on A; then we obtain a map

O, Fil* A — Fil} |, A,

which restricts to ® in non-negative degrees, and which in filtered degree —i (for i € Z~g) is given by s o ¢.
Write ¢; : Fil' A — I®? for the filtered degree-i component of ®.

For any M € Mod and i € Z, set M{i} = M @4 A{1}®".

Definition 5.4.3. If (I & A) = (A & A) with A{1} ~ A we will say that A is a p-adic frame.
Since A{1} and I — A are superfluous here, we will denote a p-adic frame by a tuple (A4, Fil® A, ®).

12The main role of this ‘abstract’ Breuil-Kisin twist is in the interpretation of the (G, p)-windows appearing in §below in terms
of the general definitions of § (see Remark [5.5.8)). As such, it can be ignored for now. In cases of interest, this twist will either be
trivial or be determined by a prism structure on (A, I).
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Remark 5.4.4. Our definition of an animated frame is inspired by the definition of Lau in [47, §2], but allows for
more general objects. In fact, our notion of a p-adic frame is quite close to being the natural animated generalization
of Lau’s definition.

Indeed, suppose that we have a p-adic frame A such that A is a discrete Z,-algebra, and such that Fil’ A is also
discrete for all © > 0. Then we obtain the graded Rees ring

S(A) *2" Rees(Fil* A) = (D Fil' A -t
=0

along with maps 7,0 : S(A) — A. Here, 7 is given by
T:5(A4) = SA)/(t-1)~A
and o as the composition

Rees(®4)
EE—

S(A) Rees(Fily y A) — Rees(Fil) , A)/(t —p) ~ A.

The triple (S(A),o,7) is—after a sign change in the graded degrees—a (higher) frame as defined by Lau [47,
Definition 2.0.1]

Remark 5.4.5. One can somewhat reverse this process: Suppose that (S,0,7) is a higher frame in the sense of
Lau. Then one obtains an animated filtered commutative ring Fil® Sy with underlying ring Sy and filtration given
by Fil' So = S; = Sy. Note that this is in general not a filtered ring in the classical sense, since the Sp-modules
Fil® Sy are not necessarily ideals in Sp. This is the case for the truncated Witt frame from [47, Example 2.1.6].

As explained in [47, Remark 2.0.2], og : Sy — S is a lift of the mod-p Frobenius on S/pS, and o; gives a map
Fil’ Sy — Sp such that POit1 = Oilppit1 g, for all @ > 0. This means precisely that these maps organize into a map
® : Fil* Sy — Fil} Sp of filtered animated commutative rings.

If we now assume that each S; is derived p-complete, then we have recovered our notion of a p-adic frame.

Remark 5.4.6. As noted in the previous remarks, our definition is a closely related to that of Lau if we restrict to
p-adic frames. To motivate our more general definition, we need to look ahead to Lemma[6.11.6]and Theorem [6.11.7]
below. These results show that the Nygaard filtered prismatization and syntomification of a semiperfectoid ring can
be described in terms of an animated higher frame—as defined here—obtained from its Nygaard filtered prismatic
cohomology. Thus, we will be able to apply the theory from this section to study objects living over the stacks that
will appear in Section [6] and we do so in Section [8

Definition 5.4.7. A frame A is prismatic if the following conditions hold:
e The pair (A,T) is a prism.
e The endomorphism ¢ : A — A is the one obtained from the underlying §-ring structure on A. In particular,
it is a lift of the Frobenius endomorphism of A/“p.
e The invertible module A{1} and the datum of the isomorphism I ® 4 p*A{1} ~ A{1} are the canonical ones

from ([5.3.14]).

Since the datum of A{1} is superfluous here, we will denote a prismatic prism by the tuple (4,1 — A, Fil®* A, ®).
Note that any p-adic frame whose naive Frobenius lift underlies a J-ring structure is automatically prismatic.

Example 5.4.8 (The Witt frames). Suppose that we have R € CRing?“*™P. If R is discrete, since W(R) is a
derived p-complete d-ring, putting Remark together with [47, Example 2.1.3] gives us the Witt frame W(R)
associated with R. More generally, by applying this to the p-completed ring of functions of the Witt scheme W,
we see that W(R) underlies a p-adic frame W (R) for any p-complete animated commutative ring R. It is a p-adic
frame and the filtration Fil},, W(R) is given by

Lau

W(R)  ifi<0;

Fil},, W(R) =
o W (R) {F*W(R) ifi>1,
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with transition map Filf,, W(R) = F.W(R) — W(R) given by the Verschichung map, and that in higher degrees
given by F,W(R) £ F,W(R). The filtered Frobenius lift is obtained in filtered degree 0 via the fact that we have
FV = p, and is the identity in filtered degrees i > 1.

Note that this frame is prismatic.

Example 5.4.9 (The truncated Witt frames). When R is an Fp-algebra, in [47, Example 2.1.6], Lau also defines
the truncated Witt frames with underlying ring W, (R) for n > 1. In particular, when n = 1, we obtain the zip
frame from Example 2.1.7 of loc. cit.. Similarly to the previous example, Remark now also gives us p-adic
frames W,, (R); however, they will no longer be prismatic. Explicitly, the underlying filtered animated commutative
ring at level n is Fil} ,,, W, (R) with

Rl W (R) W,o(R)  ifi<0;
1 n =
Lau FEW,(R) ifi>1,

and once again the transition maps are given by Verschiebung in degree 1 and by multiplication by p in higher
degrees. The filtered Frobenius lift is given by F' in degree 0 and the identity in higher degrees.

The Witt frames have some useful universal properties. To explain them we need to introduce the following
notion.

Definition 5.4.10 (Laminations). A lamination for a prismatic frame A is the provision of an isomorphism of
generalized Cartier divisorﬁ
(I @4 W(Ra) = W(Ra)) = (W(Ra) 5 W(Ra))
and a lift of the resulting isomorphism
A@AW(Ra) =W(Ra)/“(I ©4 W(Ra)) = W(Ra)/"p
to an isomorphism of R s-algebras. Here, the R 4-algebra structure on the left is via the composition
Ra—g® A 22502 00 A A L A0, W(RA)

while that on the right is obtained from the map R4 — F.W(R4) induced by the Frobenius lift F' : W(R4) —
E.W(Ra).
A frame A is laminated when it is equipped with a lamination.

Lemma 5.4.11. The following data are equivalent for a prismatic frame A:
(1) A map of frames A — W(R4) extending the canonical map Aa : A — W(Ra4).
(2) A lamination for A.

Proof. The direction (1)=(2) is straightforward. The other direction uses the following description of the filtration
underlying the Witt frame W(R): We have a Cartesian square of filtered animated commutative rings

Fil},, W(R) —> Fil®,, R

triv

FW(R),

triv

Fil} F,W(R) —> Fil;

where the right vertical arrow is obtained from the map R — F,W(R) induced by the Frobenius lift F': W(R) —
F.W(R).

If A is prismatic, then the J-ring structure on A yields a map A4 : A — W(R4). A lamination for A extends
this to a map of filtered animated commutative rings

Fil§ A4 : Fil] A — Fils W(Ra).

13These are in fact Cartier-Witt divisors for R 4; see |12, Example 2.11] and also § below.
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There is now a canonical map Fil* A — Fil} . W(R4) induced by

can « Fil7 Aa,id e .10
Fil* A 5, G Fily A gy 5 Filly, Ra 20 Fils EW(Ra) Xpye ey Fillis Rt

Note that for the definition of the second map we are crucially using the fact that ¢, A — F,W(R,4) is a map
of R4-algebras. It is not difficult to see now that this underlies the map of frames whose existence is asserted in
(1). O

Remark 5.4.12. An earlier version of this paper erroneously omitted the condition that the isomorphism of
quotient rings be one of R-algebras. In particular, we had asserted the existence of a canonical map of frames
A — W(R4) for any p-adic prismatic frame A. Here is an example communicated to us by Eike Lau that shows
that this is incorrect: Let R = F)[e] be the ring of dual numbers over F,, and let h : R — R be the automorphism
given by € + ue for u # 1 € FS. Then one can define a frame A with the same underlying prism as W(R) but
where the map @ : Filf,,, W(R) — Fil} F.W(R) is replaced with ®" = Fily W(h) o ®. In this case, R4 = R and the

map A4 is simply the identity, but it cannot be extended to a map of frames A — W(R). Indeed, if it could be,

then we would have ¢’ = ®.

The issue is that the natural identification @*Z = F,W(R) is not an isomorphism of R-algebras. To see this,
note that W (R) is a trivial square-zero extension of R by G%(R)[1], and the map R — F,W (R) is classified (after
shifting) by a map of complexes R ~ Lg/p [~1] — G4(R) C W(R) carrying 1 to [¢], while the map R — ¢, A
corresponds to the map carrying 1 to [ue].

There is however the following result.

Lemma 5.4.13. Suppose that A is a p-adic frame with R4 an F,-algebra and that ¢ : A — A is a lift of the
Frobenius endomorphism of RA|E|. Then there is a canonical map of frames A — Wi (Ra4).

Proof. When R is an F,-algebra, we have a Cartesian square of filtered animated commutative R-algebras

Fil}, W1 (R) —> Fil%,;,, R

triv

Fil® . R —> Filf,;, ¢. R,

where the right vertical arrow is induced by the Frobenius endomorphism of R and the bottom horizontal arrow is
obtained via base-change from [F,, of the map of filtered animated commutative rings corresponding to the map of
graded F,[t]-algebras

u—0

Fpt, u]/(ut) —= Fp[t].
Now, the map Fil®* A — Fil],, W1(R4) underlying the map of frames A — Wj(R4) is given by

Fil* A 2, pil® o, A sy LoD, Bi1® 0, Ra XFits oo 1x Filly Ra.

triv triv

e
iy PxRa Flltriv R4

triv

O

Example 5.4.14 (Breuil-Kisin frames). Take (A, I’) to be a transversal prism, so that I’ C A is an ideal with A/I’
(and hence) A p-completely flat, and let I = p(I') C A. Taking Fil’ A = Fil}, A completes (A, ¢) to a prismatic
frame A. When A = W (k)[|u|] for a perfect field k with ¢(u) = uP, and I’ = (E(u)) is generated by an Eisenstein
ideal, this appears in the classical Breuil-Kisin theory.

The argument from 11, Proposition 3.6.6] shows that A is canonically laminated: More precisely, I'@ s W (R4) —
W(R4) is a Cartier-Witt divisor in the Hodge-Tate locus of the Cartier-Witt stack (we will encounter this in this
paper in §, and so its Frobenius twist 7 ®4 W (R4) — W(R4) is canonically isomorphic to W (R4) 2 W (Ry4).

14Note that this holds if either A is prismatic, or if A — R4 is a map of Fj-algebras and ¢ is the Frobenius endomorphism of A.



36 ZACHARY GARDNER AND KEERTHI MADAPUSI

Moreover, since the map A — W(R4) is a map of d-rings, one sees that the map R4 — W(R4) is the canonical
one.

More generally, given any prismatic frame A, we will say that it is of Breuil-Kisin type if the filtration Fil® A is
of the form Fil$, A, where (A, I’) is another prism structure on A equipped with an isomorphism ¢*I’ = I, and the
map & is the associated map of filtered animated commutative rings. The argument from the previous paragraph
shows that A also admits a lamination. See also Remark and Lemma below.

Example 5.4.15 (The A;,¢ frame). As a special case of the previous example, we have the case where (A,1’) is a
perfect prism with R defo 4 /I’ perfectoid.

When p=0¢€ R, A= Ains(R) = W(R) with I = pW(R), and this gives a special case of Example

Remark 5.4.16 (Operations of frames). For future reference, let us record some basic operations on frames:

(1) (Base-change) Suppose that A is a frame and that 4 : A — A is the underlying naive Frobenius lift. If
(A,pa) = (B,pp) is a map of animated commutative rings equipped with naive Frobenius lifts such that
B is also (p, I)-complete, then one sees that the tuple (B ®4 Fil* A,B®4 I — B,B®a A{l})lﬂ underlies
a canonical frame B ® 4 A. The filtered Frobenius lift is the one underlying the map

¢ Fil* B~ B, ¢ Fil* B2 B, Filj A = Fily, ; B.
Here, we are viewing ® as a map ¢% Fil®* A — Filj A of filtered animated commutative A-algebras.

(2) (Reduction-mod-p™) Applying this with B = A/L“p™ with its induced naive Frobenius lift shows that we have
a canonical frame A/"p" obtained by reducing the original one mod p™. Note that, if A is not prismatic, then
this induced lift will not agree with the canonical Frobenius endomorphism of A/“p for n = 1. Therefore,
to avoid confusion, we will reserve this operation for prismatic frames in the sequel.

(3) (Postnikov tower) For k > 0, there is a canonical frame structure 7<; A obtained by taking the k-truncations
of all the defining data. By Remark this operation preserves the property of being prismatic.

Remark 5.4.17 (Mapping to zip frames). Suppose that A = (A,I — A, Fil* A, ®) is a prismatic frame. Then
the map A — A/%(p, I) is compatible with Frobenius, and so by Remark we obtain via base-change a frame
AY defn A/%(p,I). If further we can fix an orientation for the prist is, a trivialization of A-modules
A =y I—then A is now a p-adic frame, and so Lemma gives us maps of frames

A= AY S Wi(Rao).

If A is a p-adic prismatic frame, then the lemma already gives a map A — Wj(R4) through which the above map
factors.

Definition 5.4.18 (Stacks associated with frames). Let Spf A defn Spf(A, I) be the p-adic formal scheme obtained

from A with its (p, I)-adic topology. If R(Fil* A) — A'/G,, x Spf Z, is the associated formal Rees stack over Spf Z,
as in we obtain two maps
7,0 : Spf A — R(Fil* A)
as follows:
e 7 is obtained by pulling back the open point
G /Gy, x SpfZ, — A'/G,,, x Spf Z,.
It is in particular, an open immersion.
e o is obtained as the composition
Spf A = R(Fil} . A) 202, R(Fil* A).

15The tensor products here are meant to be in the (p, I')-complete category.
16This is mostly for convenience. We could omit this condition at the cost of replacing the truncated Witt frame by a twisted version
that incorporates the invertible module I.
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Remark 5.4.19. We also have a canonical map 7 : R(Fil* A) — A'/G,, x Spf A arising from the map of filtered
rings Filf;, A — Fil* A. From it, we obtain a map R(Fil* A) — Spf A whose composition with 7 is the identity,

while its composition with ¢ is the endomorphism of Spf A obtained from the Frobenius lift ¢.

Remark 5.4.20 (The abstract filtered de Rham point). The restriction of the map 7 to Spf R4 extends along the
open immersion
G /G x Spf Ry < A'/G,, x Spec R4
toamap Al /G,,, xSpf R4 — R(Fil® A). On the level of filtered rings this corresponds to the map Fil®* A — Filf,,, Ra.
In particular, by restricting this last map to BG,, x Spf R4, we can view R(Fil* A) as an R-pointed graded
formal stack in the sense of Definition 8.1

Example 5.4.21 (The stacks in the oriented Breuil-Kisin case). Suppose that A is of Breuil-Kisin type associated
with a transversal prism (A, I’). Assume also that we have an orientation given by a generator ¢’ € I’. Then
Fil* A = Filg, A, and so we have

. . . ry—1 w
R(Fil* A) = Spf <@(g’)mm<0ﬂ>t%> /G, <“% Spf (Afu, t]/(ut — £)) /G,
The map 7 now corresponds simply to the open immersion of the locus ¢t # 0. The map o is a bit more interesting:
On the level of maps of graded rings it corresponds to the composition

Alu,t)/(ut =€) = (o A)u, 1]/ (ut — &) = (e A)[u,u™" 1]/ (ut — &) = (@A) [u,u"].
Here, the first map is induced by the Frobenius lift ¢ acting on coefficients. Put more simply, o is obtained by
inverting u and then applying the Frobenius endomorphism of Spf A. It is an open immersion if and only if (A, I")
is a perfect prism.

Before we state the next result, recall the following:

Definition 5.4.22. We will say that a map B — C in CRing is Henselian if m¢(B) — mo(C) is surjective, and if
(mo(B), ker(mo(B) — m(C))) is a Henselian pair as defined for instance in |68, Tag 09XD].

Proposition 5.4.23. Suppose that A is a (prismatic) frame. Then A — R, is Henselian. Moreover, every p-
completely étale map Ra — Ras lifts uniquely to a (p,I)-completely étale map A — A'EL where A’ underlies a
(prismatic) frame A’ uniquely determined by the fact that Fil®* A’ = Fil®* A®4 A’.

Proof. This is an animated variant of [47, Lemma 4.2.3].

Let us check that A — R4 is Henselian. We follow the argument from [1, Lemma 4.1.28]. Since A is (p, I)-adically
complete, it is enough to check that mo(A/%(p, I)) — mo(Ra/%(p,I)) is Henselian, which is true since its kernel is
locally nilpotent; indeed, our hypotheses imply that it is annihilated by the p-power Frobenius.

In fact, this argument also proves the assertion on lifting p-completely étale maps to (p, I)-completely étale ones;
see [68, Tag OALI|.

Similarly, we also have an endomorphism ¢’ : A’ — A’ extending ¢ : A — A and lifting the Frobenius endomor-
phism of mo(A")/pmo(A’). The corresponding filtered map @' : Fil®* A" — Fil7 A’ is now given by

Fil* A’ ~ A’ @4 Fil* A’ 222 A’ @, Fils A’ ~ Fil$ A'.
If A is prismatic, we can interpret d-ring structures on A’ as sections A" — Wh(A’), and the (p, I)-complete

étaleness of A’ over A guarantees that there exists a unique (up to homotopy) such section lifting the corresponding
one for A. O

5.5. (G, p)-windows over frames. Now, suppose that we are in the situation of so that GG is a smooth group
scheme over Zj,, O is the ring of integers in a finite unramified extension of Z, and i : G,, 0 — G is a cocharacter.
The associated map By : BG,, 0 — BGo classifies a G-torsor P,, over BG,, 0.

7By this, we mean that A’ is (p, I)-complete, and A/L(p, I) — A’ /“(p, I) is étale.
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5.5.1. Let k be the residue field of O. If A is a frame such that R, lifts to CRing,,, then A lifts canonically to
CRingp,: Lift the map O — Ra/%(p,I) first to O — A/%(p, I) using local nilpotence and the formal étaleness of
O, and then to A by (p, I)-completeness.
We will view R(Fil® A) as living over the stack BG,, via the line bundle associated with the filtered module
Fil* A{1} “<" Fil* A(—1) @4 A{1}.

Note that the restriction of this line bundle along 7 corresponds to the A-module A{1}, while that along o corre-
sponds to I ® 4 p*A{1} ~ A{1}. Therefore, if we take the structure map Spf A — BG,, classifying the line bundle
associated with A{1}, both o, 7 can be viewed as maps of stacks over BG,,,.

Proposition 5.5.2. The following are equivalent for an fpgc G{u}-torsor Q" over R(Fil® A) ® Z/p"Z.

(1) Q* is trivial étale-locally on Spf Ra. That is, there exists a p-completely étale map Ra — Ras such that
the restriction of Q" over R(Fil®* A') @ Z/p"Z is trivial.
(2) The restriction of Q" to R(Fil® A)y—o) ® Z/p"Z is trivial étale-locally on Spf R,.
(3a) The restriction of Q" over Al/G,, x Spf Ra is trivial étale-locally on Spf Ra.
(3b) For every geometric point Ra — k of Spf Ra, the restriction of Q" over Al/G,, x Speck is trivial.
(4a) The restriction of Q* over BG,, X Spf R4 is trivial étale-locally on Spf R4.
(4b) For every geometric point Ry — k of Spf Ry, the restriction of Q" over BG,, X Speck is trivial.

If Spf R 4 is connected, then this is also equivalent to: For some geometric point R4 — K of Spf R4, the restriction
of Q" over BG,, x Speck is trivial.

Proof. The equivalence of (3a), (3b), (4a) and (4b) follows from Lemma and Remark as does the
equivalence of these statements with the last unnumbered assertion.

We can finish by showing (3a)=-(1). Since the stacks involved are (p,I)-complete, it is enough to know that
every section of the smooth relative scheme Q" over A!/G,, x Spec Ra/%(p,I) can be lifted to a section over
R(Fil* A/%(p, I)).

Note that the kernel of the classical truncation of A/%(p,I) — Ra/%(p,I) is a locally nilpotent thickening, as
observed in the proof of Proposition If yu is 1-bounded, we can now conclude using Proposition [£.12.3]

In general, we can use the argument from the proof of loc. cit. to prove the following claim: Given a non-
negatively filtered animated commutative ring Fil®* B where the kernel of m(B) — mo(gr’ B) is locally nilpotent,
and given a map X — R(Fil® B) fibered by smooth schemes, X admits a section over R(Fil® B) if and only if
it admits a section over A'/G,, x Spec B. Indeed, using the invariance of this property under filtered nilpotent
thickenings of Fil* B, we reduce successively to the case where Fil® B is discrete, then to the case where Fil' B — B
is the zero map, and then using Proposition to the case where the Rees algebra of Fil® B is itself a nilpotent
extension of B[t]. O

Definition 5.5.3. Windfo’f‘A(RA) is the oco-groupoid of G-torsors Q over R(Fil®* A) equipped with an isomorphism
of G-torsors & : 0*Q = 7*Q over Spf R4, and satisfying the following equivalent conditions:

(1) The associated G{u}-torsor O is trivial étale locally on Spf R4.
(2) For every geometric point R4 — k, the restriction of Q* over BG,, X Spec« is trivial.
(3) For every geometric point R4 — &, the restriction of Q over BG,,, x Speck is isomorphic to P,,.

We will refer to the objects of this oco-groupoid as (G, u)-windows over A.

When A is prismatic, we will define the co-groupoid of n-truncated (G, p)-windows over A by replacing
R(Fil* A) with R(Fil®* A) ® Z/p"Z in the above definition, and asking for the isomorphism ¢ to be of G-torsors over
A/lpn,

We have

Wind$%, = lim Wind 7.

Definition 5.5.4. We will call (G, u)-windows over the Witt vector frame W(R) (G, u)-displays over R, and

write Disp$*(R) for the oo-groupoid spanned by them.
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If R is an Fp-algebra, then, for n > 1, we will call (G, u)-windows over the truncated Witt vector frame W, (R)
n-truncated (G, u)-displaysﬁ

For classical R, these definitions recover the definition from [18] (for n = co0) and [47, §5].

When n = 1, one can show that, in the language of [67], Disp$*
type u.

is the stack over k parameterizing G-zips of

Remark 5.5.5. Here is a slightly different perspective on the definition, closer to the treatment in [47}[18]. Suppose
that we have a trivialization A = A{1}.
Let Qg be the G-torsor over R(Fil® A) ® Z/p"Z obtained from the torsor P, — BG,, o: Its automorphisms are
represented by the sheaf LEG(TL){M} given by
LiG"{u}(Ra) = Mappg, ,(R(Fil® A') @ Z/p"Z, G{u}).

Because of our chosen trivialization of A{1}, the restriction of Qy along both 7 and ¢ is also trivial, and so its
automorphisms are represented on the p-completely étale site of R4 by the sheaf LXG(") given by

LEG™(Ra) = GM(A) = G(A'[*p").
Pullback along ¢ and 7 gives two maps
o,T: LEG(TL){M} — LEG(”)
We now have
Windih = [LEG™ , ), LIG™{p})],
where the right hand side indicates the quoti;lt by ile action gi;en symbolically by

(h,g)=7(h)"'go(h)

LIG™ x LEG™{p} LiG™.

Remark 5.5.6. Under the same condition as in the previous remark, the oo-groupoid of (G, u)-windows over A
can be viewed as the quotient

LXG ), L5G{n]
with
LiG(Ra) = G(A'); LEG{u}(Rar) = Mappg, ,(R(Fil* A'), G{u}).
Note that, by Proposition if 1 is 1-bounded, we have
LEG{p}(Rar) ~ G(A') xqr,,) P, (Rar).
Assume for the rest of this subsection that p is 1-bounded.

Remark 5.5.7. If R is a discrete p-complete O-algebra and W (R) is the Witt frame from Example then
the above description shows that our notion of a (G, p)-display in terms of (G, p)-windows over W(R), recovers the
notion defined in [18].

Remark 5.5.8. Let G(A) be the coequalizer in p-adic formal prestacks of the two maps
o,7: Spf A — R(Fil* A).
Unwinding definitions, Windiﬁ(RA) is simply the space
Map, gg, (6(A) ® Z/p"Z, B(G, 1)),

where B(G, 1) — (BGyy,t0) is the 1-bounded stack from Definition [4.10.4] and we are viewing &(A4) as a pointed
graded stack via Remark [5.4.20)

18This is unfortunately inconsistent with our use of the adjective ‘n-truncated’ for windows, but it is compatible with the definition
from [49]. For perfect R, the two notions of truncatedness agree.
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Remark 5.5.9. Suppose that A is flat over Z,. Suppose also that we have Fil' A = (E) for some non-zero divisor
E € A, sothat Ry = A/(E), I = (p(F)) and A{1} is trivial. In particular, A is prismatic.

Let H, — G4 be the dilatation of G along the subgroup P, ® R4 C G ® Ra (see for instance [15, §3.2]).
This is a smooth affine group scheme over A characterized by the fact that, for any flat A-algebra B, we have
H,(B) = G(B) Xg(B/(E)) P. (B/(E)). In particular, conjugation by p(E) on the generic fiber of G restricts to a
map int(u(E)) : H, = Ga

Then we have LEG{u}(Ra) = H,(A"), 7 is just the natural map H,(A") — G(A’), while o is given by
@ oint(u(E)); see the argument in [47, Lemma 5.2.1].

Therefore, we see that Windg’;)” 4 is the étale sheafification of the functor

Rar = [G(A) gof e Hu(AD)]-

In other words, a section over A’, amounts to giving an H ,-torsor P over A for the p-completely étale topology,
along with an isomorphism & : ¢*P = 7*P.

Remark 5.5.10. There is another situation in which the description of WindoCi’fLA simplifies considerably: If A is
flat over Z,, Fil' A=0fori>1, Ry = A and I = (p). This is of course not a laminated frame.
Then LEG{M}(RA’) =P, (A'), and 7 : P (A") — G(A’) is the natural map, with o is given by ¢ o int(u(p)).
We find that an object of WindoGO’,“A (A") is simply a P -torsor P’ over A’ for the p-completely étale topology,
along with an isomorphism o*P’ = 7*P’
5.6. A-gauges and the case of GLj;. Here, we look at what the above definitions specialize to for G = GL;, for
some h > 1. First, a more general definition.

Definition 5.6.1. An A-gauge of level n (resp. A-gauge) is a quasicoherent sheaf M € QCoh(R(Fil* A)QZ/p"7Z)
(resp. M € QCoh(R(Fil® A))) equipped with an isomorphism & : o*M = 7*M in QCoh(Spf A/%p™) (resp.
QCoh(Spf A)).

Note that by definition an A/“p"-gauge is the same as an A-gauge of level n.

As usual, one can append the adjectives ‘vector bundle’, ‘perfect’, ‘almost perfect’, ‘connective’ and ‘almost
connective’ to obtain objects in the corresponding full subcategories.

Remark 5.6.2. We can also view A-gauges (of level n) as quasicoherent sheaves over the prestack G(A4) from
Remark

Definition 5.6.3. Every A-gauge yields via pullback along
BG,, x Specmo(Ra/"(p,I)) — R(Fil® A)
a graded complex over mo(R4/"(p,I)). The Hodge-Tate weights of an A-gauge are the integers i € Z such that

the associated graded complex is not nullhomotopic in degree i.

Remark 5.6.4. Explicitly, given an A-gauge (M, &), we can view M as a derived (p, I')-complete filtered module
Fil* M over Fil* A. Base-change along ®. : Fil* A — Fil} . A yields a filtered module ®% Fil* M over Fil7 ; A
whose degree-0 filtered piece is an A-module M, corresponding to o* M. The isomorphism & now corresponds to
an isomorphism M, = M in Mod ,.

Remark 5.6.5 (Parasitic A-gauges). Suppose that we have a quasicoherent sheaf Q over A!/G,,, x Spf R4 whose
restriction over G,,,/G,,, x Spf R4 is nullhomotopic: this corresponds to a filtered module Fil®* Q over R4 such that
colim,, Fil" Q ~ 0. Via pushforward along the closed immersion

t: A'/G,, x Spf Ry = R(Fil{

triv

R4) — R(Fil* A)
we obtain a quasicoherent sheaf ¢, Q over R(Fil® A). One checks that we have

T, Q >0~ 0"1,.0.
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The first equivalence is from our hypothesis on Q, while the second applies generally to any pushforward along ¢.
In particular, ¢, @ is trivially equipped with the structure of an A-gauge. We will call this the parasitic A-gauge
associated with Q (or, equivalently, with Fil® Q).

Example 5.6.6. In §[5.9] we will need a particular instance of a parasitic A-gauge arising in the following way: Given
any p-complete N € Modp, and an integer m € Z, there is a canonical p-complete filtered module Fil* Q(N, m)
over R4 such that, for any other p-complete filtered module Fil® M, we have a canonical equivalence

RHompjs g, (Fil* M, Fil* Q(N,m)) ~ RHomp, (Fil™ M, N).

We have Fil’ Q(N,m) = N if j > m and 0 otherwise. The transition maps are the identity in filtered degrees > m
and 0 in other degrees.

Let Mpar(N,m) be the parasitic A-gauge associated with Fil®* Q(N,m). If Fil®* My, (N, m) is the associated
filtered module over Fil®* A, then, for any other filtered module Fil* M with filtered base-change Filﬁdg M over Ry,
we have

RHomgye 4(Fil* M, Fil* My (N, m)) =~ RHomgss g, (Filfig, M, Fil* Q(N,m)) ~ RHompg,, (Filffy, M, N).
In particular, if Fil* M underlies an A-gauge (M, ), then giving a map of A-gauges M — M., (N, m) is equivalent
to giving a map Filjf;, M — N in Modp, .
Remark 5.6.7. A-gauges (of level n) organize into a symmetric monoidal stable co-category A—gauge (A—gauge,,).
For any map A — B of frames, there is a natural base-change map

M, B M,
Agauge UHOPERAMO B

that induces functors between gauges of level n > 1.
The proof of the next result is as in [47, Example 5.3.5], and follows from Proposition m

Proposition 5.6.8. Suppose that p : G, — GLy is the cocharacter given by

z > diag(2™, z™2, ..., 2"")
for my,ma,...,my, € Z. Then WindS’IA’““ is equivalent to the oco-groupoid of A-gauges M of level n such that the
underlying filtered module Fil* M satisfies the following condition: There exists a p-completely étale cover Ra — Ra
and an isomorphism
h
Fil* A’ ®@pye 4 Fil* M = @D Fil® A’ {m;}/“p".

i=1

Here, we have set
Fil® A'{m;} “S" (Fil* A')(—m;) @4 A{m;}.

5.7. Divided Dieudonné complexes. We will fix a prismatic frame A. The purpose of this subsection is to
connect the definitions here with those of Anschiitz-Le Bras [1]. More precisely, we show that perfect A-gauges with
Hodge-Tate weights in {0, 1} admit a more concrete description modeled after the notion of a filtered Dieudonné
module appearing in loc. cit. Similar discussions—though in a more limited context—can be found in [33] and [62].

Definition 5.7.1. Set R = R4. Then the filtered Frobenius lift carrying Fil* A to I induces a map P:R— A A
divided Dieudonné complex over R with respect to A is a tuple (M, Fil° M — M, M Tu, ©*M, £) such that:

(1) M € Perf(A) is a perfect complex over A;

(2) Fil° M — M dfn g ®4 M is a map of perfect complexes over R;

(3) Um: M — ©*M is a map of perfect complexes over A;
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(4) £ is an isomorphism of perfect complexes over R sitting in a diagram

©*M ———— hcoker(Upy)

12
"

A®zprgr ' M.
Here, gr=* M = M/ Fil® M and the diagonal map is obtained as the composition
M = A4 "M S A@zr M — ARz per ' M.
These can be organized into an oo-category in a natural way, which we denote by DDC4(R).

A divided Dieudonné complex has Tor amplitude in [a, ] if M is in Perfl®?) (A) and if Fil® M, gr—! M are both
in Perfl®*/(R). Write DDC v b]( R) for the subcategory spanned by the objects with Tor amplitude in [a, b].

Remark 5.7.2. Observe that the definition of a divided Dieudonné complex does not use the full frame structure.
Indeed, we only need the prism (A, I) and a commuting square of animated commutative rings

A—2% s A

R—¢>Z.

With this setup, we can define categories DDCEAbI)( ) just as before.

Proposition 5.7.3. Let Perf[{%bl]}(A gauge) be the full subcategory of A—gauge spanned by the perfect A-gauges

with Hodge-Tate weights in {0,1} and Tor amplitude in [a,b]. Then there is a canonical equivalence of co-categories

Perf {%’ )

Proof. Let Pgy13 — BG,, be the 1-bounded stack from Example so that Map,pg, (R(Fil* A), Pyo1y) is
canonically equivalent to the oo-groupoid underlying the oo-category Perf o 13 (R(Fil® A)) of perfect complexes over
R(Fil* A) with Hodge-Tate weights in {0,1}. Then Proposition [£.12.3 shows that this co-groupoid is equivalent to
that of tuples (M, Fil®* M, n) where:

(1) M € Perf(A);

(2) Fil®* M is a filtered perfect complex over R with associated gradeds supported in degrees 0, —1;

(A— gauge)-»DDCA ( ).

(3) n: R®4 M = M is an isomorphism of perfect complexes over R.
In fact, one can upgrade this equivalence to one between the oco-category of such tuples and Perf{o’l}(R(Fil' A)).
Indeed, morphisms between two objects M, M’ in the latter category are parameterized by sections of the 1-bounded
stack V(M ® ./\/l/’v) (see Example , and one can now apply Proposition once again to conclude.
Given a tuple (M, Fil* M, n) mapping to M in Perfy 13 (R(Fil® A)), let Fil* M be the filtered perfect complex over
Fil®* A corresponding to M, and let Fil®* *M be the filtered perfect complex over Fil] A obtained via base-change
along the filtered Frobenius lift ®. By Lemma we find:

. 0 ifi< -1
gr'o™™M >~ ¢ _
A@zpregr M ifi=-1.

Using this, one finds a canonical identification M, — Fil® ¢*M, and so giving an isomorphism M, — M is equivalent
to giving a fiber sequence of perfect complexes over A of the form

M= oM — A@pegr ' M.
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The datum of the pair (Fil®* M,n) is equivalent once again to giving the underlying map of perfect complexes
Fil M — R ®4 M over R. With this, we have completed the proof of the proposition, except for the matching of
the conditions on Tor amplitude. But this can be verified directly. U

Corollary 5.7.4. Let Vectyg 1y (A—gauge) be the full subcategory of A—gauge spanned by the vector bundle A-gauges
with Hodge-Tate weights in {0,1}. Then there is a canonical equivalence of co-categories

Vecto,13(A—gauge) = DDCEAO’O] (R).

5.7.5. We can now complete the connection with [1]. Suppose that A is classical in the following sense: A is
p-completely flat, Fil® A is a discrete filtered commutative ring filtered by A-submodules Fil' A ¢ A, and also I C A
is a locally principal ideal. Suppose also that we have Fil' A = @ 1(I) C A; equivalently, we are assuming that the
map @ : R — A is injective.
Proposition 5.7.6. Under these conditions, there is a natural equivalence of categories between Vect 13 (A—gauge)
and the category of pairs (N, pn) where:

(1) N is a finite locally free A-module;

(2) on : N — N is a p-linear map such that the cokernel of the linearization ¢*N — N is killed by I;

(8) The image of the composition N 2N - N/IN is a locally free R-module Fy such that the induced map
A®pg Fy — N/IN is injective.

Proof. By Corollary Vectyo,13 (A—gauge) is equivalent to the category of tuples (M, Uy, M — gr=* M) where:

(1) M is a finite locally free A-module;
(2) ¥pm: M — ¢*M is an injective A-linear map;
(3) M =M/(Fil* A)M and M — gr—! M is a surjection onto a finite locally free R-module gr—! M

such that ¥y (M) is the kernel of the composition
M = AQ4 "M = A@sr M — A®z R gr=t M.
Given such a tuple, we will identify M with a submodule of ¢*M via ¥y. Note that the short exact sequence
0—-M—=¢*M— ARz rgr "M — 0
implies in particular that we have Io*M C M. Now, set N = M{—1}, so that we have a map
on s N TP N F A1) 94 "M ~ A{ -1} @4 T9*M € M{—1} = N.

We claim the pair (N, o) satisfies the conditions in the proposition. Indeed, set Fil” M = ker(M — gr=' M). Then
one checks that we have ¢y ' (IN) = (Fil” M){—1}. Hence the composition of the projection onto N/IN with ¢y has
image Fy ~ (gr=' M){—1}. Similarly, one finds that the base-change along @ of F\y maps isomorphically onto the

direct summand (A ®pg gr—* M){—1} of N/IN.
Conversely, given a pair (N, o), we set

M= N{1}; Fil°M = oy '(IN){1} ; gr~' M = M/ Fil’ M.
Then condition (2) of the proposition tells us that gr=! M is locally free over R. To obtain the map Wy, we first
observe that we have
IM{~1} = (1 ® on) ' (IN) C *N.
Indeed, since IM,{—1} = ker(¢*N — A ®@g Fy), this is equivalent to condition (3), which asserts that A ®p Fy
maps injectively into N/IN. Now, tensoring this inclusion with I®~*{1} gives us ¥y. O

Remark 5.7.7. As in Remark the definition of the category of pairs (N, ¢n) appearing in the above proposi-
tion requires only the discrete prism (A, I), since we have R = A/¢~Y(I). When (A,I) = ( g, Ig) is the initial prism
associated with a qrsp ring R, the proof of Proposition shows that the category DDCEO’IZ{ In) (R) is equivalent to
the category of admissible prismatic Dieudonné modules over R from [1, Definition 4.10]. Later, in Section@ we will

see that there is in fact a canonical frame _ extending the data of ( g, Ir) and Fil' g =ker( r — R). Therefore,
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these categories can be further identified with the category Vectyo 1y(_p—gauge), which in turn can be identified
with the category of vector bundle F-gauges over R with Hodge-Tate weights in {0, 1}; see Proposition

5.8. Wi(R)-gauges and F-zips. Suppose that R is an [F-algebra, so that we have the associated 1-truncated Witt
frame W1 (R). We will now find that Wy (R)-gauges are the same as (derived) F-zips as appearing for instance in |71].

In general, as explained in the introduction, the stack RF%' associated with this frame will play an important role
in what follows, so we begin by describing it explicitly.

5.8.1. As explained in |47, Example 2.1.7], the Rees algebra Rees(Fil} ,,, W1(R)) admits the following description
as a graded R-algebra:
(5.8.1.1) Rees(Filf,, W1(R)) = R[t] X, r ¢« R[u].
Here, t is in graded degree 1 as usual, and v is in graded degree —1. The map R[t] — . R is the composition of
the Frobenius map R — ¢, R with ¢ — 0 and the map @, R[u] = ¢.R is given by u — 0.

Geometrically, this is telling us that R(Fil},, W1(R)) is obtained as follows. Consider the two canonical closed
immersions
(5.8.1.2) X+ : BGy, x Spec g, R — Al /G, x Spec o, R
(5.8.1.3) x— : BG,, x Spec R — A'/G,, x Spec R

of stacks over R and let ¥x_ be the composition

BG,, X Spec o« R dxe, BG,,, x Spec R X, A'/G,, x SpecR.

Then we obtain R(Fil},, Wi(R)) by gluing the two closed substacks A'/G,, x Spec R and Al /G,, x Spec p, R
along BG,, x Spec ¢, R via the maps ?y_ and x.

5.8.2. Let us now consider the two maps 7,0 : Spec R — R(Fil{,,,, W1(R)). For this, note that we have a canonical
map
R(Fil} ., W1(R)) — A'/G,, x AL /G,,
of BG,,-stacks. It suffices to construct this for R = F,, where it arises from the identity F,[t] xp, F,[u] =
Fplt, u]/(ut).
It is now not difficult to check that the map 7 (resp. o) is the open immersion obtained as the pre-image of the
open locus ¢ # 0 (resp. u # 0) of A'/G,, x AL/G,,.

Definition 5.8.3. The stack RF%P (the F-zip stack for R) is the stack &(W;(R)) obtained as the coequalizer
of the open immersions

7,0 : Spec R — R(Fil} ., W1(R))

Remark 5.8.4. We now obtain the following alternative construction of RF4P: We first glue A'/G,, x Spec R
with A}‘_/Gm x Spec ¢, R along the open substack Spec R ~ G,,,/G,, X Spec R. Denote the resulting stack by Yx:
Note that this is not a stack over Spec R, only over Spec[F,,.

RFZP is now obtained as the coequalizer of the two maps

7

BG,, x Specp.R X+, A}r/((}m x Spec ., R < Yg ; BG,, x Spec R BESN A'/G,, x Spec R — Y.
Remark 5.8.5. This stack is the same as the stack Xg defined by Yaylali in |71, Appendix] with S = Spec R.
Definition 5.8.6. An F-zip over R is an W;(R)-gauge. Equivalently, it is an object in QCoh(RF%P).

Remark 5.8.7. Using Remark one sees that giving an F-zip M over R is equivalent to specifying the
following data:

e A decreasingly filtered complex Fil;ldg M~ over R obtained via pullback along the map A'/G,, x Spec R —
RFZiv,

e An increasingly filtered complex Fil<® M over R obtained via pullback along Al /G, x Spec R — RF%p;
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e An isomorphism 7 : M+t = M~ in Mod r identifying both with a common R-module M;
e An isomorphism of graded R-modules

a:gréoy Mt = o grﬁég M~.
In the sequel, we will use the identification M™ ~ M~ ~ M to drop all superscripts.

Remark 5.8.8. When R is classical and M is a vector bundle over RF%" we essentially recover the definition
of Moonen-Pink-Wedhorn-Ziegler from [67]. The de Rham cohomology of any smooth projective scheme over R
with degenerating Hodge-to-de Rham spectral sequence, when equipped with its decreasing Hodge filtration and
its increasing conjugate filtration, yields an example of such an F-zip. The more general definition given here
corresponds to that of a derived F-zip as appearing in the work of Yaylali |71, §3.6].

Remark 5.8.9. Note that the Hodge-Tate weights of an F-zip M as defined in Definition [5.6.3) are precisely the
integers ¢ such that grﬁég M is not nullhomotopic.

Construction 5.8.10. Given an F-zip M over R, we obtain Mode—valued prestacks over R:
RT%7:, (M) : C +— RHomgeon(crzivy (M |crain, Ocrain) ;
RFFZip(M) :C— RF(CFZip, MlCFZip).

We can make this ‘F-zip cohomology’ quite explicit using the description of the stack from Remark Let us
do this for the first functor. We obtain two maps

g1, 2 : RHomp(M/ FilM M, C) X Rutomn(ar,c) RHompg(M/ Filjy, M, C) — RHomp(grg™ M, C),
where the first is via restriction to gri®™ M, and is R-linear, while the second is via

RHom (M} Filly, M, C) — RHom g (grhq, M, C) £% RHomp (gr™ M, C)
and so is @-semilinear. We now have:
(5.8.10.1) Rz, (M)(C) ~ hker (q1 — q2) -
For a full justification of this isomorphism, one can argue as in the proof of Lemma below.
Remark 5.8.11. If M is perfect with dual F-zip MY, then we have a canonical isomorphism
RTyi0 (M) = BT pyip(MY).

Remark 5.8.12. Suppose that A is a prismatic frame and that we have fixed an orientation for (A,I) (we will

simply refer to this data as an oriented prismatic frame from now on). Then Remark tells us that we have
FZip

a map of prestacks R 5" — &(A), where

RAQQ = RA/]L(Iap)
In particular, there is a symmetric monoidal functor

(M,6)

M .
A—gauge MM, QCoh(REEP).

A©
If A is a p-adic prismatic frame, then we actually have a map RiZip — G(4), and so we obtain a symmetric
monoidal functor
M, M i
A—gauge MM, QCoh(RE%P)

lifting the previous one.
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5.9. Abstract deformation theory for 1-bounded stacks. For any frame B, we can view R(Fil® B) as an Rp-
pointed graded formal stack using Remark More precisely, for every n,m > 1, we can view R(Fil* B) ®p
B/ L (p"™,I™) asan Rp/ Lpn, 1 ™)-pointed graded stack. We will assume for simplicity that B is an oriented prismatic
frame as in Remark Given a map of prismatic frames B — C, C' again inherits the orientation.

Construction 5.9.1. Suppose that X = (X?, X°) — R(Fil® B) is a strongly integrable 1-bounded formal stack.
By this, we mean that it is an inverse system of strongly integrable (in the sense of Definition [4.12.5)) 1-bounded
stacks over R(Fil* B) @ B/“(p", ™). Suppose also that it is equipped with an isomorphism & : ¢*X¢ = 7* X
of formal stacks over Spf B. Then, for any p-completely étale Rp-algebra Rp, we will set
ofn . oo™
(¥, €) () "2 ea (Map(ROFIE B),2) = X9(8)).

*
T

All mapping spaces here are of formal prestacks over R(Fil® B), and we have set X (B’) = Map(Spf B’, X), where
we are viewing Spf(B’) as a formal scheme over R(Fil® B) via the map 7.
Equivalently, if §(B) is as in Remark then & gives a descent Xy — &(B) for X, and we have

Lp(X,§)(Rp) = Map(&(B), )

Remark 5.9.2. Suppose that the structure map for X factors through R(Fil® B) ® Z/p"Z for some n > 1. For
clarity, denote the corresponding stack by

Y = R(Fil* B) ® Z/p"Z.

Since R(Fil* B) ® Z/p"Z is Rp/“p"-pointed, the asociated fixed point stack Y ¢¥ lives over Rp/"p", and the
fixed point stack X0 — Spf Rp for X is obtained via Weil restriction (see : X0 =Res(r,, jrpny/rp YOO
The open substack X° C X0 of 1-bounded points determines and is determined by a canonical open substack
Y? € Y0 such that X© is the Weil restriction of Y° along Rp — Rp/“p". The attractor stack X~ is similarly
the Weil restriction of Y~ = Y%~ xy0.0 YO,

In particular, we find that X arises from a 1-bounded stack Y = (Y, Y?) over R(Fil®* B) ® Z/p"Z. Suppose now
that the isomorphism ¢ arises from an isomorphism &, : *)¢ =5 7* Y9 of stacks over B /Ep™. Then we can define

Epo0*
(Y, &) (Rp) =" eq (Map(R<Fil' B)®L/p"L,Y) = y<>(B’/Lzo“>).

We now have a canonical isomorphism of prestacks I'g(Y, &) = I'p(X,€)
Remark 5.9.3. By the filtered integrability of X', we have
Map(R(Fil* B'), X) ~ Map(A' /Gy, x Spf R/, X) X xo(r,,,) X (B).
Indeed, it is enough to know that we have
Map(R(Fil* B'/“(p", I™)), X) ~ Map(A' /G, x Spec Rp: /“(p", I™), X) X 30 (r,y, /1o, rmyy X0 (B /M (", I™))

for each n,m > 1, and this follows from the filtered integrability assumption, because the kernel of 7o (B’ /“(p, I)) —
7o(Rp " (p,I)) is locally nilpotent, as observed in the proof of Proposition |5.4.23

Construction 5.9.4. Let ¢ : B — A be a map of frames such that the associated map Rp — R4 is a locally
nilpotent thickening—that is, mo(Rp) — mo(Ra4) is a surjection with locally nilpotent kernel. We now have a
canonical equivalence of small p-completely étale sites (Rp)et % (Ra)e. Write T4(X, &) for the sheaf on

(RB)est = (RA)ss obtained from the pullback of (X, &) over R(Fil® ;1) We then obtain a canonical map of sheaves
@ : Tp(X,8) = Ta(X,6).
Definition 5.9.5. Let X~ be the (formal) attractor on p-complete Rp-algebras given by
R+ Map(A'/G,, x Spf R, X),



CONJECTURES OF DRINFELD 47

and let X be the stack R — X¥(R) = Map(Spf R, X¢). For any map of frames B — A as in Construction m
write X, (resp. X4) for the sheaf X : Rp/ +— X (Ra/) (vesp. X4 : Rpr — X(Ra/)) on (Rp)st-

Construction 5.9.6. Suppose that B — A is surjective, and set K = hker(B — A). Suppose in addition that the
map B — Rp factors through a map = : A — Rp lifting A — R4; equivalently, K — B factors through a map
Fil' B — B. Note that this is trivially the case if either B = A or Rz — Ra. Then we have a commuting diagram

FQ(X7£) — X

FA(X,f) — XX XXAX

of sheaves on (Rp)s;. Here, the top arrow arises from pullback along the map from Remark |5.4.20| (for B), while
that on the bottom is from this map (for A) in the first co-ordinate combined with pullback along 7 o Spf(7) :
Spf Rp — R(Fil® A) in the second co-ordinate.

There is a trivial situation in which the square from Construction [5.9.6]is Cartesian.

Proposition 5.9.7. Suppose that ¢ : B = A, and the lift A =s B — Rp is the obvious one. Then the square in
Constmction obtained via the map A = B — Rp is Cartesian.

Proof. For any p-completely étale map Rp — Rp: reducing to R4 — R4/, first note that our hypothesis says that
X(B) = X(4).
By Remark [5.9.3] we have

Map(R(Fil* B'), X) ~ X~ (Rp') X x(r,,,) X°(B');
Map(R(Fil* 4'), X) ~ X~ (Ra') xx(r,,) X (4).

The proposition follows quite formally now from the two previous paragraphs. (|

~1
Remark 5.9.8. With the hypotheses of Construction set Fil A = hker(7 : A — Rp), which factors through

~1
Fil' A — A via a map v : Fil A — Fil' A. This gives us a canonical y-semilinear map ¢, : K — K such that we
have a commuting diagram with exact rowsiﬂ

—~1
K— SFil'B—>Fil A
P1 P1 (¢1)ov
K B A

Proposition 5.9.9. With the hypotheses and motation of Remark suppose that the following additional
conditions hold:

(1) B and A are prismatic.
(2) mo(Fil' B) — mo(Fil* A) is surjective; equivalently,
Fil' K = hker(Fil' B — Fil' A)
18 connective.
(8) The map K — K induced by ¢y is topologically locally nilpotent; equivalently, the endomorphism induced
on K/%(p,I) is locally nilpotentm
Then the commuting square in Construction is Cartesian.

19Here and elsewhere we are using the orientation on (B, I) to identify the target of the divided Frobenius lift with B.
20That is, an endomorphism that is a filtered colimit of nilpotent endomorphisms.
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Corollary 5.9.10. With the hypotheses as in Pmposition if Rp =5 Ra, then q. is an equivalence.

Remark 5.9.11. The proof of Proposition which is the main result of this subsection, will be given below,
and is inspired by the arguments of Lau [47], who, in our language here, considered the case of the 1-bounded stack
yielding (G, p)-windows. Similar arguments, building on the work of Zink [72] for nilpotent displays, also appear
in [18], [5] and [35]. All of these arguments involve some kind of nilpotence criterion. Our result here is closest in
spirit to that of Lau, since the locus of nilpotence is on the fiber K, while in the other works, it is manifested in
the display or window that is being deformed.

Remark 5.9.12. Suppose that B is a laminated prismatic frame. Then Lemma [5.4.11] gives us a canonical map

of frames ¢: B -+ A defn W(Rp). The map B — W (Rp) is surjective if and only if B surjects onto W (C)/pW (C)

where we have set C = mo(Rp)/pmo(Rp). If C is semiperfect, then we have W (C)/pW (C) = C, and so this
surjectivity is immediate. Therefore, if we knew the topological local nilpotence of the endomorphism ¢, then
it would follow from Corollary that ¢, is an equivalence, and so we can compute I'g(X, ) using the Witt
frame. In practice, this kind of nilpotence is seldom true. However, one can salvage the situation by transferring
the nilpotence condition to the pair (X, &) instead. See Remark below.

We now begin our preparations for the proof.

Remark 5.9.13. By (p, I)-completeness, to see that B — A is surjective, it is enough to know that B/“(p,I) —
A/"(p, I) is so. Moreover, in the situation of Construction we have a commuting diagram with exact rows

K—  >Fl'B— >TFilA

FilK — > Fil'!B——>Fil' A4

K B A
where the composition of the vertical arrows on the left is isomorphic to the identity on K. In other words, we have
a section K — Fil' K splitting the fiber sequence
Rk[-1] = Fil' K - K,

where Ry = hker(Rp — R4). Therefore, we have Fil' K = K @ Ry[—1]. This shows in particular that condition
(2) of Proposition holds if and only if Rx is 1-connective.

Construction 5.9.14. Set Fil® K 2" hker(Fil® B — Fil* A): The associated quasicoherent sheaf K over R(Fil* B)

naturally underlies an B-gauge (K, &), where £ is determined by the fact that both ¢*C and 7*K can be canonically
identified with the quasicoherent sheaf over Spf B associated with K.

Lemma 5.9.15. There is a canonical fiber sequence of B-gauges
K'— K = Mpar(Rg[-1],1)
where K’ has Hodge-Tate weights < —1. Here, Mpar(Ri[—1],1) is the parasitic B-gauge from Ezample .

Proof. Let Filj,(Rp ®p K) be the filtered base-change of Fil* K along Fil* B — Filf,;, Rp. Then above factors

though Filhdg(RB ®p K). As observed in Example W’ giving the second map in the purported fiber sequence
amounts to giving a map Filhdg(RB ®p K) = Ri[—1]. To see this, it is enough to know that the map Fil' K —
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Ry [—1] induced by the splitting from Remark |5.9.13| factors through Filll{dg(RB ®p K) — Rg[—1]. Now, there is
a natural fiber sequence
Fil' Bop K — Fil' K — Filjy,, (Rp @5 K),

so we want to show that the induced map Fil' B&g K — R k [—1] is nullhomotopic. Equivalently, we want to know
that it factors through the map K — Fil' K defined in Remark [5.9.13] Unraveling definitions, this amounts to

knowing that Fil' B®p A — A factors through Fil A= hker(A — Rp), which is clear.

To finish, we need to check that ' = hker(X — M (Rx[—1],1)) has Hodge-Tate weights < —1. This amounts
to knowing that, if Fil® K’ is the associated filtered module, then gr’® K’ ~ 0. Equivalently, we want to know that
the map gr’ K — gr® Mya, (Rx[—1],1) is an isomorphism; but the source and target of this map are both canonically
identified with Rx with the map being identified with the identity. O

The key tool for the proof of Proposition [5.9.9]is deformation theory in the form of the next lemma.

Lemma 5.9.16. Suppose that we have a commuting diagram of frames

B——A
D——C
satisfying the following properties:

(1) The horizontal arrows satisfy the hypotheses of Proposition .
(2) The lift C — Rp is compatible with the lift A — Rp in that we have a commuting square

A——>C

Rp ———> Rp

(8) The vertical arrows are square-zero extensions. More precisely, the underlying maps Fil* B — Fil®* D and
Fil* A — Fil® C are square-zero extensions of filtered animated commutative rings.
(4) The commuting square

I‘Q(X7£) — Xa XXC XD
from Construction [5.9.6] applied to D — C' is Cartesian.

Then the corresponding commuting square for B — A is also Cartesian.

The bulk of the rest of this subsection will be devoted to the proof of Lemma [5.9.16] For now, let us see that
the lemma implies the proposition.
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Proof of Proposition assuming Lemma[5.9.16, Applying the lemma to the squares

T<(h41)B — T<e1n4

T<kB — 1<, A

for k£ > 0 and using nilcompleteness for the stacks involved, we reduce to the case where R(Fil® B) and R(Fil® A4)
are classical (p, I)-complete formal stacks (with bounded p-power and I-power torsion).
Now, the images of K in B/(p,I)B and mo(Rp)/pmo(Rp) are locally nilpotent. Therefore, using the strong
integrability hypothesis, we find that if we se
ENL = 7TO(B/I(WL ®B B)?

then we have

(_

I'p(X,€) = @FBM(X7§) ; X7 =lmXp ; X = I'&HXB,".
Therefore, by applying the lemma to the squares

B —— A4

B, — A4,

——m

we reduce to the case B = By = A. Here, the result follows from Proposition a

Construction 5.9.17. Suppose that we have A-gauges (M, &), (M’, &) corresponding to (p, I)-complete filtered
modules Fil* M, Fil* M’ over Fil®* A, with underlying A-modules M and M’, and isomorphisms

M, SM; €M S M
of A-modules. Here, M, and M/ are the A-modules underlying the quasicoherent sheaves obtained from M and
M’ via restriction along o. Set

/00_*05—1_

RH 4 (M, M')(R4) “<" hker(RHompye 4(Fil® M, Fil* M') =

™, RHom (M, M')).
Put more succinctly, we have

RHp(M, M')(R4) = RHoma - gauge((M, €), (M, £)).

Construction 5.9.18. Suppose that M (resp. M’) has Hodge-Tate weights > —1 (resp. < —1). Let MY and
M'"-? be the associated F-zips over R o (see Remark |5.8.12). They correspond to tuples

(Filf gy M7, Fil MY, 0" grpyg, MO =5 gr® M) ;5 (Filfy, M7, Fil MY, 0" grpyg, M©0 =5 griomi M),
The hypotheses on the weights tell us that
g M =~ gr®® M® ~ 0 for i < 1;
8i1dg M ~ g™ MY ~ 0 for i > 1;
21we are implicitly using the following fact: If I, J C B are d-ideals in the classical d-ring B (that is, we have §(I) C I,6(J) C J,

or equivalently the §-structure descends to both B/I and B/J), then I.J is once again a d-ideal. This follows easily from the defining

identites §(z + y) = 6(x) + §(y) + Ef;ll %(?)xiyz’_i and 0(zy) = xPd(y) + yPo(x) + pd(z)d(y).
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Therefore, we obtain maps
Yaro : Filig, MY — MY = gr{®™ MY = ¢* Filjy, MY
ipo @ ghgg MC SFUI MY — MY — grl, MO,
This yields an operator
Q . ! . /
Unrar : RHomp o, (Filjg, MY, grizg, M) — RHomp o, (Filiyg, M7, grizag M%)
given as the composition

RHomp, , (Filfjg, M7, grijg, M V) £ RHomp ., (¢* Filjig, M7, 9" gripg, M )
~ RHomp ,, (g1 M7, Fil{™ M7
— RHomg , (MY, M"?)
— RHomp o, (Filjgy M7, grig, M ).
Here, the penultimate (resp. last) arrow is obtained via precomposition along MY — gri®™ M® (resp. Filll{dg M° —
M®) and postcomposition along Fils®™ M"Y — M9 (resp. M"Y — grhdg M"9).
Remark 5.9.19. If A is p-adic and R4 is an F,-algebra, then we obtain F-zips M, M’ over R4 from which
M, M"-? are produced via base-change along the natural map R4 — R4v. Moreover, the operator wg/h pge arises
from an operator
¥n,n : RHomp, (Filjg, M, grijg, M) — RHompg,, (Filiy, M, grig, M ).
Since R o = R/%(p,I) ~ R/™(0,0) is an iterated square-zero extension of R4, 1/)1?4 e is locally nilpotent if and
only if ¢ps ppr 18 sO.
Lemma 5.9.20. Suppose that we have A-gauges (M, &) and (M’, &) with the following properties:

(1) M is almost perfect with Hodge-Tate weights > —1 and M’ has Hodge-Tate weights < —1;
(2) The operator ¢1Q\7/I,M’ is locally milpotent.

Then RHA(M, M')(Ra) ~ 0.
Proof. With the notation as in Construction we want to show that the map

¢ oo* o™t — 7% : RHompye 4(Fil® M, Fil* M”) — RHom4 (M, M)
is an equivalence.

Let Filfy, M’ be the filtered Ra-module obtained via pullback along A'/G,, x Spf Ry — R(Fil® 4). Our
hypothesis on the Hodge-Tate weights of M’ implies

gr' M =5 grll{dgM’ cgr'M ~0 fori < 1.
This can be seen for instance from Lemma and its proof. Arguing as in the proof of Proposition and
using the condition on the Hodge-Tate weights of M, one now finds that the natural maps
RHompgje 4(Fil® M, Fil®* M") — RHomgje 4(Fil®* M, Fil®* M’ (—3))
are equivalences for all j > 1, and this shows that the map
7" : RHomgye 4 (Fil®* M, Fil* M") — RHom 4 (M, M’)
is an equivalence.
To finish, therefore, it is enough to know that the composition

(r)~t &oo*og™ !

RHom (M, M’) . — RHompye 4(Fil* M, Fil* M') £22°°_, RHom (M, M')

is a topologically locally nilpotent endomorphism. We will in fact see that, with M"Y = M’ /%(p, ), the induced
endomorphism of RHom 4 (M, M"O) is locally nilpotent.
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Let Fil® ¢*M and Fil® ¢*M’ be the filtered complexes over Fil} A obtained via base-change along ® : Fil* A —
Fil] A. Then the condition on the Hodge-Tate weights of M tells us that we have
M, =» It @4 Fil' ¢*M ~ Fil! p*M,
where we have used the chosen orientation for I for the last isomorphism. From this, we obtain a map
_ -1 ~ _
C:M S5 M, 5 Fill "M - A @ g, Fillyy, M.
On the other hand, consider the composition
"M =Fil' "M = I71 @4 Fil' o*M — M, S5 M,
This factors through a map
£ A@s R, grt M Z gt o*M¥ 5 M,
One now checks that the relevant endomorphism of RHom 4 (M, I\/I/’v) is given as the composition
RHom (M, M%) — RHomg ., (M7, M%)
— RHomg,, (Filjg, M, griyq, M7)

Z@* . J— J— ’
2024, RHom o (A @5 p, Fillgy MY, A ®5 1, grhag M)

L0, RHom, (M, M V).

This shows that it is enough to know the local nilpotence of the endomorphism obtained as the composition

Z®¢~RA(')
e

RHomp o, (Filjjgy M7, grijgs M°) RHomo (A @5, g, Filijg, MY, A @55, grhgg M 7)

0% RHom4 (M, M)

— RHomp,, (MY, M"?)
— RHomp, , (Filfq, M, griyq, M7)
But this is nothing but ¢1?/I,M/I O

Remark 5.9.21. The local nilpotence of @Z)XL v can be deduced from two finer conditions:

(1) A condition on ¥psv: Successive pullback and composition yields a map

) Fr (™) folp™ 1) foop™ fof

®,, : Mapp, , (Filg, M7, ¢* Filjg, M7 Mapp , (Filigg M7, (¢"+)* Filjg, M°)

If we have ®,,(¢ps0) ~ 0 for some n, then 1/}1?471\/[, will be nilpotent.
2) A condition on 9% , : We can view 9% , . as an endomorphism in the classical derived category of the con-
M@ M@

nective complex of Fp-vector spaces underlying gri ag M ".9. that is, as an element of End DSO(F,) (griy ae M /’O).
Within this ring, we have the ideal of locally nilpotent endomorphisms

End?)ﬂé)omp) (grllidg M/’®)7
and we can ask that ¢} , , belong to this ideal. This will imply that ’(/J]Q\)/L g 18 locally nilpotent.
Construction 5.9.22. Let us put ourselves in the setup of Lemma [5.9.16] Set
Fil* J = hker(Fil* B — Fil®* D) ; Fil® I = hker(Fil* A — Fil* C);
Fil* P = hker(Fil* D — Fil* C) ; Fil®* N = hker(Fil®* J — Fil® I) ~ hker(Fil®* K — Fil® P).

Since they are fibers of square zero extensions, we can view Fil®* J (resp. Fil®I) as filtered modules over Fil®* D
(resp. Fil* C). As in Construction [5.9.14] we then obtain a D-gauge J (resp. C-gauge Z) with underlying filtered
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module Fil® J (resp. Fil®I). Similarly, associated with Fil® P and Fil* N, we have D-gauges P and N. Note that
we have fiber sequences of ﬁ—gaugeﬁ

N—oK—=P;N—-J—T.
Moreover, by Lemma [5.9.15] we have a commutative diagram of B-gauges

N’ N Mopar(Ry[—1],1)
K’ K Mpar(RK[_l]v 1)
P’ P Mpar(Rp[—1],1)

where the rows and columns are all fiber sequences and where the left vertical row only involves B-gauges with
Hodge-Tate weights < —1. Here, we have set Ry = hker(Rx — Rp).

Remark 5.9.23. Let K% be the F-zip over Rpo associated with K’. Then, as in Construction [5.9.18] we obtain
an operator
w;{,p D" grll{dg K© — grll{dg K9,
Similarly, we have operators
Yo 0 8 N7 = gritag N 3 o 0 0" grijag P° — grijag P
obtained from A and P’, respectively. Now, we have
grll{dg K9 ~gr! K/ (p, 1),

and the underlying ¢-semilinear map for 1 is the composition

K'©
gr! K/M(p, 1) = K/"(p. 1) = Fil' K/*(p, 1) — gr' K/“(p, 1)

where the first map is induced from the divided Frobenius lift ¢; : Fil' K — K, and the second is obtained from

the section K — Fil' K seen in Remark [5.9.13] In particular, we find that the topological local nilpotence of ¢4

implies the local nilpotence of ¢, ., in the sense of condition (2) of Remark [5.9.21] A similar conclusion holds for
Ypr o, and hence for ¢, o as well.

Construction 5.9.24. For each y € X(R) and y~ € X~ (R), the relative cotangent complex of X yields via
pullback an almost perfect module Ly , € Modp and a filtered almost perfect module Fil* L xo y- € FilModg.
For S = B,A,C, D, and Q € Modg, define maps of sheaves

Map(Lyx, Q) — Xs ; Map(Fil' Ly, Q) — Xg ; Map(Ly/Fil' Ly, Q) — Xg

as follows: The fiber of Map(Lx, Q) (resp. Map(Fil! Ly,Q), Map(Ly/Fil' Ly, Q)) over y € Xs(Rp) = X(Rs/)
(resp. y~ € X5 (Rp) = X~ (Rg)) is the sheaf on (Rp/)s given by

B" MapRS/ (Lx,y, Rs» ®rs N)
(resp. B" = Mapp_, (Fil' Ly _, Rsw @gg N))
(resp. B = Mapp_, (L _/Fil'Ly _, Rsw @gs N))

22Given a map of frames S — T, we can via restriction view any T-gauge also an S-gauge. We will do so freely in what follows.
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Lemma 5.9.25. There is a canonical Cartesian square of sheaves on (Rpg)at

X~ X5

(X %x4 X3) Xxpuo x5 XD — Map(Fil' Ly, Ry)
where the two arrows out of X~ are the natural ones.

Proof. This is an exercise in deformation theory. An application of Lemma [4.6.7] gives us canonical Cartesian
squares

X~ X5

X, — Map(Ly/Fil' Ly, Ry[1]);

and
XXXAX‘X XDXXcXé
0
Xp xxe Xg — Map(Lx, Ry[1]) Xmap(Lx,r:1)) Map(Ly / Fil' L, Ry[1)).
The lemma can be shown by combining these diagrams appropriately. O

Proof of Lemma[5.9.16 For simplicity, we will omit £ from the notation in what follows. It suffices to show that
the diagram

I'p(X) X~

FaA(X) Xpea) Tp(X) — (X xx, X} ) X Xpxxg X5 X5
is Cartesian. Using the Cartesian square from Lemma [5.9.25] we reduce to showing that the resulting diagram
I'p(X) Xp

TA(X) X () Tp(X) — Map(Fil' Ly, Ry)

is Cartesian.

Given any = € I'c(X,€)(Rc), pulling back the cotangent complex of X¢ along z yields an almost perfect C'-
gauge L(X),. We now obtain a map of sheaves H(L(X),Z[1]) — I'c(X) whose fiber over x is the sheaf of animated
abelian groups on (R¢/)gt given by

Her(L(X)2, C' @c Z[1]) S 7= RHo (L(X),, C' ®@¢ Z[1]).

Here, we have denoted by C’' ®¢ Z the C’-gauge obtained from Z via the obvious base-change operation. The same
construction applied with Z replaced by J and N gives maps of sheaves

H(L(X),J[1]) = Tp(X) ; H(L(X),N1]) = Tp ().

defn
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Standard arguments using filtered deformation theory (see the proof of Proposition below for instance) tell
us that we have canonical isomorphisms of sheaves

(5.9.25.1) TA(X) = Te(X) Xobo,m(cx),zin.0 Le(X);

Lp(X) = Tp(X) Xonp.m(e(x). 1.0 To().
for certain sections

obc 1 T'o(X) — H(L(X),Z[1]) ; 0bp : Tp(X) — H(L(X), T[1]).
These isomorphisms imply that the restriction of obp along the projection to the second coordinate lifts to a

map

ob : T4 (X) Xrg(x) Tn(X) = H(L(X), N 1])
of sheaves over I'p(X), and furthermore that we have a canonical Cartesian diagram

Ip(¥) ———— I'p(¥)

LA(X) xrg) Tp(X) —> H(L(X), N1]).
Therefore, the proof of the lemma is completed by:

Sublemma 5.9.26. There is a canonical isomorphism
H(L(X),N[1]) = Tp(X) x - Map(Fil' Ly, Ry).

Proof. Given z € I'p(X)(Rp'), the associated D'-gauge L£(X), has Hodge-Tate weights > —1 by our 1-boundedness
hypothesis. Explicitly, the underlying quasicoherent sheaf over R(Fil®* D’) is obtained via pullback of the rela-
tive cotangent complex of X¢ along the section R(Fil® D') — X® underlying . The associated filtered module
Filfq, L(X), over Rps admits the following description: Let np, (r) € X (Rp) = X~ (Rps) be the image of
under the map I'p(X) — X. Then we have a canonical isomorphism

Filfiay L(X), ~ Fil*L} _ € FilModp,,,.

Mpr (=)
From Construction [5.9.22] we obtain a fiber sequence of D-gauges
N'[1] = N[1] = Mpar(Rn, 1)

with A’[1] having Hodge-Tate weights < —1. Now, as explained in Example and from the discussion in the

first paragraph of the proof, we obtain a canonical isomorphism

H(L(X), Mpar(Ryv, 1)) =+ Tp(X) % - Map(Fil' Ly, Ry)

Therefore, to prove the lemma, it is now enough to know that H(L(X),N’'[m]) ~ 0 for all m € Z. This follows
from Lemma [5.9.20] criterion (2) from Remark [5.9.21} and Remark [5.9.23 O
O

Construction 5.9.27. Since we have a map of frames B — W;i(Rpv), we can consider the associated sheaf
FWl(RBO)(X,g) on (Rp)e equipped with a natural map

FA(Xa g) - FWl(RBO)(X7 g)

Given x € FWI(RB@)(X,@(RB), by pulling back the cotangent complex of X along the associated section of X',

we obtain an F-zip LY(X), over Rgo with Hodge-Tate weights > —1. In particular, via the process explained in
Construction [5.9.18 we obtain an operator

Y Fil' LY (X)), — o Fil' LY(X),.
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As z varies, this data organizes into an F-zip LY (X)) over Pwi(r,o) (X, €) along with an operator 1% : Fil' LY(X) —
©* Fil' LY (X).

Remark 5.9.28. An analysis of the proof of Lemma [5.9.16] and in particular that of Sublemma [5.9.26] shows
that it goes through if one replaces the topological nilpotence hypothesis on ¢ with the following condition: The
operator 1% : Filll{dg LY (X) — o* Filhdg L7 (X) satisfies ®,(¢%) ~ 0 for n sufficiently large. Indeed, this amounts
to replacing the use of nilpotence criterion (2) of Remark with that of criterion (1).

If LY(X) is perfect with dual F-zip T (X) obtained from the relative tangent complex of X, then this is also
equivalent to requiring that the dual map

9 = (%) " g, TV (X) = gy, T (%),
when viewed as a ¢-semilinear endomorphism of grﬁég TY(X), is nilpotent in the usual sense.

Remark 5.9.29. Taking Remark [5.9.12|into account, we see that I'g (X, §) can be computed using the Witt frame
W(Rp) when mo(Rp)/pmo(Rp) is semiperfect and when the nilpotence condition of Remark [5.9.28| holds.

Remark 5.9.30. Suppose that B is a p-adic prismatic frame and that X arises from a pair (), 1) over R(Fil®* B)QF,
as in Remark Then by the same process from which LY (X) was obtained, we get an F-zip L()) over
Cw,(rp)(V,€1), and by Remark [5.9.19} it is enough to check that the corresponding operator

b+ Filly, L) = @ Filly, L(Y)
satisfies @, (1) ~ 0 for n sufficiently large.

5.9.31. There is a somewhat different (and much simpler) situation in which one also obtains a Cartesian diagram
as above. This will prove useful to us in Section Instead of the hypotheses from Proposition [5.9.9] suppose
instead that the map o : Spf B — R(Fil® B) admits a factoring

Spf B % R(Fil* A) — R(Fil* B)
along with a factoring of o : Spf A — R(Fil® A) as
Spf A — Spf B % R(Fil® A).
Here, the first map is the one arising from the map of frames.
Proposition 5.9.32. Under these hypotheses, there is a canonical Cartesian diagram

I'p(X,§)(Rp) —— X~ (Rp)

Fa(X,6)(Ra) — X7 (Ra) Xx(ra) X(BB)
Proof. We have Cartesian squares

F4(X,€)(Ra) —— Map(R(Fil* A), X) I'p(X,€)(Rg) — Map(R(Fil®* B), X)

(T%,5%) ) (5%

X°(B) XC(A) x X°(B) X¢(B) ——> X%(B) x X¥(B)

(gx,id)
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which together yield another Cartesian square

Ip(X,€)(Rp) ——> Map(R(Fil® B), X)
(g+,0)

T A(X,€)(Ra) — Map(R(FiI® 4), X) - yo(a) X (B)
The proof of the proposition is now completed using the filtered integrability of X. O

5.10. A pseudo-torsor structure associated with 1-bounded stacks. Suppose that we have a p-adic prismatic
frame A as in Definitions and and suppose also that the following conditions hold:

e A is laminated, so that we have a map of frames A — W(R4) (Lemma [5.4.11)).
o R4 is a semiperfect IFp-algebra.

Let us take a 1-bounded stack ) — R(Fil* A) ®F,, that is strongly integrable, and is equipped with an isomorphism
& 0" Y° — 7Y% over Spec A. We will view this data as a 1-bounded stack ) over &(A). Via Remark we

obtain the sheaf
defn

FA(Y) = Tay, &)

over (R4)s;. Further, as in Remark [5.9.30, we can consider the sheaf I'pyzi, () defn Tw, (ra) (Y, 1), and we obtain

a canonical map

La(Y) = Trzip(Y)

of sheaves on (Ra)e. The goal of this section is to prove Proposition |5.10.23]) which gives a somewhat explicit
picture of this map of stacks. Later, in Section [8] we will apply it to prove a general version of Theorem [E]

Remark 5.10.1. We will see that I'4(Y) is a pseudotorsor over I'pz;,()) for a particular group stack constructed
from A and the relative cotangent complex of Y. This group stack is an abstraction of the complexes of Artin-Milne
computing the fppf cohomology of height 1 group schemes |[3].

The basic strategy behind the study of the map involves the following steps:

(1) When A is the Witt frame W(R.4), &(W(Ra)) ® F,, is a square-zero thickening of R}“P = &(W1(Ra)),
and so we can use deformation theory to describe the map 'y (g,)(Y) = Trzip(Y).

(2) In general, we have a map of frames A — W(R,) lifting the mod-p map from above, and we can use it,
along with the 1-boundedness of Y, to lift the description in the first step from W(R,4) to A. This step also
uses deformation theory and the strong integrability of ).

To carry this out, we break down the stacks R(Fil®* A) ® F,, and R(Fil},, W1(Ra)) via compatible stratifications
by certain somewhat explicit substacks, and we use a stratum-by-stratum analysis to get a grip on the picture.

Remark 5.10.2. Our hypotheses imply that the filtration Fil® A is p-adic, in the sense that R(Fil® A) is a p-adic
formal stack over

R(Fil} Zy) ~ Spf Zy[u, t]/(ut — p) /Gy,

where u has degree —1 and ¢ has degree 1. We can interpret u as yielding, for every ¢ € Z, a commuting diagram

Fil' TA.¢—i+1 X S RilPA .40

Fil' ™t AL
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This gives us a diagram of closed immersions

R(Fil®* A) ()
Fll A (t u=0) > Fﬂ' F,
R(Fil® A) o)

obtained via base-change from the diagram
A'/G,, x SpecF, ~ R(Fil3 Zy) (u=0)

/

BG,, x SpecF, ¥R Fll Zp) (t=u=0)

S~
T~

Al /G, x SpecF), ~ R(Fily Zy) 1—0).

Fll. QF

Remark 5.10.3. We have canonical maps of stacks over Spec A
a_ Al/Gm X Spec Ry ~ R(Flliau Wi (RA)>(u:O) — R(Fﬂ. A)(u:O) — R(Fﬂ. A) X ]Fp;
AL /Gy, x Specp, R ~ R(Fil},, Wi(Ra))(t=0) = R(Fil® A);—0) — R(Fil* A) @ F,,.
In particular, a_ gives a map ag : BG,, x Spec Ry — R(Fil® A)(;=u—=0), and we can use it to view R(Fil* A),—0),
R(Fil* A)(4—oy and R(Fil® A)4—,—0) as Ra-pointed graded stacks.

Definition 5.10.4. Let Y~ — Spec R4 (resp. YY — Spec R4, YT — Spec R4) be the attractor stack (resp. fixed
point stack, repeller stack) over Ry for Y¢ — R(Fil* A) ® F, associated with the maps a_ (resp. ag, ay).

Remark 5.10.5. We have canonical maps Y~ — Y% and YT — ¢Y?, where Y% = Y?© X Spec Ra,pSpeC R 4, induced
via restriction along the projections A'/G,,, — BG,, and Al +/Gy — BGy,
We also have maps x* : Y? — Y~ and 3 LYt — ¢Y0 induced by restriction along the closed immersions
_: BG,, » A'/G,, and x4 : BG,;, — AL /G,,.
There are also maps j* : Y~ — Y and j7 : YT = ?Y =Y Xgspec Ra,p Spec R4 obtained via restriction along

the open points of Al/G,, and A} 4 /Gy,. The isomorphism & : o*Y® = 7Y induces an isomorphism Y = Y of
stacks over R4, which we also denote by £. In partlcular composing with this isomorphism gives a map Y+ — Y.

Finally, we have the relative Frobenius map yo £ —> Y0 over Spec R4.

Lemma 5.10.6. There is a natural isomorphism of étale sheaves
~ pr
FFZip(:)});> eq|:Y0 Xeyo y+ Xy Y~ - 2 Y0:|
xZoprg

Proof. By definition, we have

~ foo*
T (V) () = | Map(RIFilE, Wi (Ra),9) —2 ¥ ()|

T

1
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The compositions

Map(R(Fﬂiau Wl(RA))ay) - Y~ j;> Y ; Map(R(Fﬂiau Wl(RA))ay) - Y J;) Y

arising from restrictions along the v = 0 and ¢ = 0 loci, respectively, can be identified with 7* and o*.
Now, quite formally, we see that the right hand side in the isomorphism asserted by the lemma is equivalent to

X opr;
eq(Y“‘ Xy Y~ 2 “’Y()).
#(x™opr,)
Therefore, to finish, it is enough to know that we have

Map(R(Filf,, Wi(RA)), V)= eq<(y+ X Y=)(Ra) %)WYO(RA/))

?(x*opr,

Let T be the Rees algebra R(Fil},, Wi(Ra)). Via smooth descent for V¢, we are reduced to knowing that, for
any R j-algebra S, we have

~ u—0
YOS @r, T)= eq| V¥ (S @r, pxRalu]) x V(S @R, Ralt]) = 2YO(S R, %RA)}
po(t—
The claim now follows from the cohesiveness of V Xz (rii» a)gF, Spec.S — Spec S (property (4) of [51, Theorem
7.5.1]), and the fact that the commutative diagram

S®RAT > S®RA RA[t]

S ®pr, psRalu] — S®pr, p«Ra
is a Cartesian square of surjective maps of animated commutative rings. Indeed, it suffices to check this for S = R4,

where it was seen in the identity (5.8.1.1]). O

We would like a similar description of I'4(Y), and we begin by looking more closely at the substacks from
Remark [5.10.2]

Construction 5.10.7 (The abstract Hodge filtration). The relatively affine map
R(Fil* A)(u=0) = R(FIL} Zy) (u0) = A" /Gy x SpecF,,
corresponds to a lift Filf{dgz of A to an animated filtered commutative ring: this is the Hodge filtration on A.
By construction, we have ' _ _
Filjyy, A = heoker(u : Fil' ' At~ 5 Fil' A-¢77).
We have an open immmersion
j— : Spec A ~ R(Filfiy, A)120) = R(Filfrqg A)
through which the map 7 : Spec A — R(Fil® A) @ F,, factors.

Example 5.10.8. Let us take the Witt frame from Example associated with R € CRinng , semiperfect. The
filtration in this case is p-adic: The map w is an isomorphism in filtered degree ¢ > 1, is the map F : W(R) —
F, W (R) in degree 0 and is multiplication by p in negative degrees. Thus we have
heoker(F : W(R) — F,W(R)) ~ (W(R)[F])[1] ~ GL(R)[1] ifi=1
Filjyq, W(R) = { W(R) ifi <0
0 otherwise.

Here, in the case i = 1, we have used the surjectivity of F' : W(R) — F,W(R)—which is a consequence of the
semiperfectness of R—and [11, Variant 3.4.12]. Concretely, for R discrete, the isomorphism W (R)[F] — G% sends
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an element = with Witt coordinates (zo,z1,...) to the element x equipped with the unique collection of divided
powers 7, (7o) determined by the fact that ~; (zo) = z, for all r > 0.
The map
G (R)[1] ~ heoker(F : W(R) — F.W(R)) ~ Filjyy, W(R) — W(R)
is induced from V : F,W(R) — W (R).

In particular, we find that Filjjy, W(R) is a square-zero extension of Fil}

oriv 12, and we have

hker(Filfyq, W(R) — Filf;, R) ~ G4 (R)[1] @ Filf;, R(1),

where Filf;, R(1) is the free filtered module of rank 1 over R with associated graded supported in degree flﬁ

Note also that the associated graded algebra ng’{dg W(R) is supported in degrees —1,0, and is isomorphic as a
graded R-algebra to G¥(R)[1] ® R.

Construction 5.10.9 (The abstract conjugate filtration). The relatively affine map

R(Fil* A)4—0) = R(Fil} Zy) (1=0) = A} /Gy, x SpecF,,
corresponds to an increasingly filtered animated commutative F,-algebra: The underlying animated commuta-
tive [F,-algebra corresponds to the derived affine scheme R(Fil® A)(t=0,u0), and the degree —i component of the

associated Rees algebra is isomorphic to gr’ A - u?.
Now, o factors through a map

Spr ~ R(Fll; A)(t:O,u;éO) — R(Fll. A) (t=0,uz0)-

In our applications, A will be the frame associated with the Nygaard filtered prismatic cohomology of a semiperfect
F,-algebra R, and this map will be an isomorphism: This last fact is equivalent to the known assertion that the
conjugate filtration on the Hodge-Tate cohomology of R is exhaustive.

Therefore, we will write Fil® A for the increasingly filtered animated commutative ring associated with R (Fil® A) 1=0),
and call it the conjugate filtration on A. In particular, we have a map

j4 : Spec A — R(Fil¢oM A) w0y = R(Fileo™ A4)
through which o factors.

Remark 5.10.10. The pullbacks of both R(Fil® A);—g) and R(Fil® A),—g) over BG,, x SpecF, are isomorphic
to R(Fil® A)(;=u=0): this identification corresponds to an isomorphism of graded animated commutative rings

grﬁonj A grﬁdg A.

Example 5.10.11. Let us return to the Witt frame from Example [5.10.8] Here, we have

R ifi=0
Fil{™ W(R) = gri . W(R) ~{ F,W(R) ifi>1
0 otherwise.

The transition maps Fil™ W(R) — Filffij (R) are the identity when ¢ > 1, while the map
R = FilS™ W(R) — Fill™™ W(R) = F,W (R)

is induced from the commuting diagram

W(R) —> F,W(R)

|

23Recall that according to our convention the i-th associated graded piece for a decreasing filtration is in graded degree —:.

— F,W(R).
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The map Fil® W(R) — W (R) for i > 1 is the identification F,W (R) ~ W(R).
Definition 5.10.12. Define sheaves on (R4 )st:

Cy= 0)(37) R — Map(R(Fil® A)(t 0)s V);
[(u=0)(Y) : Ras — Map(R(Fil* AN =0y, V);
Lt—u=0)(Y) : Rar = Map(R(Fil* A) 4—u—0), V);

Tx(Y) : Rar = Y(A).

All spaces of maps are over R(Fil®* A) ® F),, and we are viewing Spec A’ as a scheme over it via .

Lemma 5.10.13. We have an isomorphism of étale sheaves

~ Al opry
LaA(Y) — GQ<F(t—0)(y) Xjr )5 Dw=0)(Y) —= F(t—u—O)(y)>'

- A* opry

Proof. As in the proof of Lemma [5.10.6] this reduces via smooth descent to the claim that, for any p-adic formal
affine scheme Spf T — R(Fil® A) we have

Map(SpecT/"p, V) = eq {Map(Spec T/"u,Y) x Map(SpecT/“t, ) —< Map(Spec T/L(u,t),y)}
Here, we have set
defn defn
T/"u ST @ w10 Lplt] s T/t =" T @, u,1],60 Zop [u]

defn
T/L(ua ) = T ®z plu,t], u»—)Ot»—)OZ

and all the mapping spaces are over R(Fil®* A) ® F),.
Just like in the proof of Lemma [5.10.6] the claim now follows from the fact that the commutative diagram

T/*p —— T/*u

T/M —— T/ (u,t)
of surjective maps of animated commutative rings is Cartesian. This last assertion only needs to be checked when
T = Zy[u,t]/(ut — p), where it is clear. O

Construction 5.10.14. As we saw in Construction there are certain quasicoherent sheaves over the stacks
Y,Y*, Y T'pzip(Y) that can be produced from the relative cotangent complex Ly of V¢ over R(Fil® A) @ F,,.

To begin, we can simply restrict the cotangent complex over Y to obtain an almost perfect complex L()) €
APerf(Y). TIts pullback over Y~ (resp. Y1) underlies a decreasingly filtered (resp. increasingly filtered) almost
perfect complex Filfyy, L()) (resp. Fil®® L())). The associated graded complex g L(Y) (resp. gri®™L(Y)) is
pulled back from a graded almost perfect complex over YO (resp. over ¥Y?) along Y~ — Y© (resp. Y+ — ¢Y?),
which we denote by the same symbol.

Finally, over I'rzip(Y), we have a canonical isomorphism between the pullbacks of ¢* griyy, L(Y) and gri®™ L(Y)
along the canonical map I'pz;ip(Y) — YO obtained via projection onto the target of the equalizer diagram in
Lemma This yields an F-zip L(Y) over I'pzip(Y), which is precisely the one described in Remark

Construction 5.10.15. Let Q be a quasicoherent sheaf over Spec R4 associated with an R s-module Q). For any
sheaf Z over (R4)é and any almost perfect complex M over Z, as in Construction [5.9.24) we can define a map of
sheaves

Map(M, Q) — Z
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whose fiber over y € Z(R4/) is the sheaf on (Ra/)s given by
A" Mapp, , (My, Rar ®r, Q).
Construction 5.10.16. Let ZA be the quasicoherent étale Sheaﬁ over Ry given by
Z4(Rar) = Fil{"™ A’ x— Filjy, A ~ hker(Fili" 4" — ¢, Ra/).

The R4-module structure is given via the isomorphism Ra = gr® A’ = Filgonj A
Let Hg be the quasicoherent étale sheaf

C—t
Hé: Ry gri®™ A

Note that we have two maps

q1,q2 : Zi—> Hé.

The first of these is obtained via the natural map Fil'ionj a - grionj Z/, and is a linear map of quasicoherent sheaves,
while the second is obtained from the composition

Zy(Rar) — Filhdg P g 4= gréon A
This one is yp-semilinear, and so corresponds to a map 1 ® ¢ : w*ZA — HA.

Example 5.10.17. Let us return to the example of the Witt frame. Here, using Examples [5.10.8 and [5.10.11} we
see that

Hyy gy (R) ~ heoker(R — F.W (R)) ~ G (R)[1];

Zyy gy (R) ~ hker(F,W(R) = ¢.R) ~ ¢.G}[1]

Here, in the first isomorphism, we have used the inverse of the composition of the isomorphisms

G¥ (R)[1] ~ heoker(F : W(R) — F.W(R)) = hcoker(R — F,W(R)).

Via these identifications, g2 is the identity on the underlying [F)-modules, corresponding to the R-linear counit
©*p.GE (R)[1] — GE[1], while ¢, arises after a shift from the map

0.GE(R) ~ (F.W(R))[F] % W(R)[F] ~ G(R).

We can now describe the relative situation between the consituents of the equalizer diagrams involved in Lem-

mas [£.10.6] and B.10.13]

Lemma 5.10.18. (1) There is a canonical equivalence

T'5(Y) xy Y™ = ey (V).
(2) There is a canonical Cartesian square of prestacks over R4

Li—q)(Y) —————>Y°

Y+ xeyo YO —= Map(Filga, L(Y), Z4[1])

24Recall that all sheaves are with respect to the small étale site.
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(8) There is a canonical map
1_\(t:u:O) (y) — YO
presenting the source as a trivial torsor under Map(Filll{dg L(y),HA). In particular, there is a Cartesian

square
Limu=o)(Y) —————> Y7

V0 —— Map (Filjy, L(Y), H4[1])

Proof. The first assertion is immediate from filtered integrability and Proposition The other two will use
graded integrability and Proposition This tells us that we have

oy () (Ro) = Map (R (R ), )
~ Map (Spec(Filionj A uaFiIN A /G, y) ;
and
Y+ (Ras) ~ Map(Al /G, x Spec Ras, )
~ Map (Spec(p«(Rau® Rar))/Gp, V) .

This description, combined with graded deformation theory, shows that I';—gy()) is a trivial torsor over Yo
under the sheaf Map(FilIl{dg L(Y), Filionj). Here, Fil'iorlj is the étale sheaf over R4 given by Ra/ +— Fil‘{onj A

Similarly, Y* is a trivial torsor over *Y%—and therefore Y+ x,y0 Y? is a trivial torsor over Y%—under the sheaf

Map(FilIﬂdg L(Y), ¢.O), where O is the structure sheaf on (Ra)¢t.
Assertion (2) follows from this and the definition of Z}. Assertion (3) is shown in similar fashion. O

Notation 5.10.19. Let us simplify our notation in the following way: Set Y = Y0 xyy0 YT, Trzip = I'rzip(Y)
and

L—0) = Te=0) (V) Xy= Trzip 5 Tu=0) = Lu=0)(Y) Xy~ Trzip =~ Tz =T3(Y) Xy T'rzip;
L (t=u=0) = I'(t=u=0) (V) Xyo I'rzip.

Remark 5.10.20. Note that we have two maps (1, (2 : I'(y—g) = ['(4=u—0) obtained as follows: The first arises from
the natural map I'(;—¢)(Y) — I'(4=u=0)(Y’), while the second is defined as the composition

(5.10.20.1) im0y = Timoy(V) xy= Trzip
= Ta(Y) Xy Trzip
& Tiueoy)(Y) Xy- Trzip
= Dt=u=0) (V) Xyo T'rzip = T'(1=u=0)-

Unwinding definitions now shows that we have
~ ¢
LA(Y) — eq(T=o) Cﬁ L(t—u=0))-
2
Remark 5.10.21. Write
Y Trgip = Y05 4T i Tz = V>

for the tautological maps. Define maps

d%0~° .
8° : T pzip —— Map(Filjyy, L(Y), Hy[1])

+ont
6" Tpzip s Map(Fillyy, L(V), Z4[1))
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Lemma [5.10.18| now gives us canonical isomorphisms

(5.10.21.1) L=0) = I'Fzip X0 Map(Fill,, L(),23 1))+ [ Fzip3
(5.10.21.2) Uit=u=0) = I'rzip Xo,Map(Fill,, L), [1)).60 L' FZip-

Construction 5.10.22. As explained in Remark[5.9.30 the F-zip L(}) over I' pz;, with Hodge-Tate weights > —1
gives us a map
¥ Fillygy L) = ¢ Fillyy L(Y)
of almost perfect complexes over I pzip.
Combining the maps q1,¢qo : Zé — Hé with v yields, for every i € Z, two further maps of étale sheaves

q1,5i], a2, [i] : Map(Filjzg, L(Y), Z4[i]) — Map(Filja, L(Y), H4[i]).

The map ¢1,[¢] is simply given by postcomposition with ¢;[i], and is independent of ¢, while the map ga 7] is
given by the composition

[ ]) (1®4g2)o()oy

Map(Filfiq, L(Y), Z4[i]) = Map(¢” Filjja, L(Y), ¢ Z4 i Map (Filga, L(Y), H,[i]).-

We now set for any 7 € Zﬁ

T 4,y (Fillyg, LY)[—]) ="

This is a Mod%';—valued prestack over I'pzp,.
We also obtain two further maps

arp(1] 00T, qa.p[1] 06T : Tpzsp — Map(Filja, L(Y), HA[1)).

7= hker(q1,p[i] — g2,ui])-

Here is the main result of this subsection:

Proposition 5.10.23. (1) The maps 6°,q1 (1] 06T, ga,p[1] 08T are all canonically isomorphic. In particular,
fori=1,2, ¢; y[1] yields a map n; obtained as the composition of

D=0y =~ Urzip Xo Map(Fitly,, L().24 1))+ L Fzip

Hdg
= Trzip X 0,Map(Filly,, L(¥),H} [1]),q 5 [1]o6+ L' rzip
=~ I'rzip Xo,Map(Fill,, L), H1[1]),8° L Fzip

—— 7 D=u=0)-

(2) There are natural isomorphisms of maps n; ~ (; for i =1,2. In particular, we have
~ n
LA(Y) — eq(L (=0 ﬁ L (t=u=0))-
n2
(8) There is a canonical Cartesian diagram

FA(Y) ————— Trzp

[ rzip —> Dy (Filgg LY)[—1]).

25The geometric meaning of this definition—when specialized to the case where A = _p is the frame associated with the prismatic
cohomology of a semiperfect [Fp-algebra R—will be explained in Section E
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Remark 5.10.24. Assertion (3) is simply a reinterpretation of the description of I"4()) given to us by the second
part of assertion (2), which in turn is immediate from the first part and Remark Moreover, it is straight-
forward to see from the deformation theory that assertion (1) and the first part of assertion (2) both hold for ¢ = 1.
The non-trivial part of the proposition therefore is seeing that they are also valid for i = 2.

Remark 5.10.25. Though this is not obvious from the formulation here, the validity of assertion (1) for i = 2
contains as a special case the key identity (5.6) of [26, Lemma 5.3.3].

Just as in the proof of Proposition the main input to the proof of Proposition [5.10.23|is deformation theory,
which we encapsulate in the Lemmas [5.10.28| and [5.10.34] below. For now, we make some preliminary remarks.

Remark 5.10.26. Suppose that Fils S' is a non-negatively and increasingly filtered animated commutative ring

equipped with a map = : § — S° defn Filyp S of animated commutative rings, and write f for the composition
S» =Filg S — S — S”. The map 7 induces a filtered morphism Fil, 7 : Filg S — Filt,riv SP.If gr, S is the associated
graded object, then we have a projection w : gry S — gr, S = S° onto the degree 0 part whose composition with
the endomorphism f agrees with gr, 7 if we view S as a trivially graded animated commutative ring. Given a
module Fil, M over Fil, S, base-change along Fil, 7 gives an increasingly filtered module Fil, M” over S°. Taking
the associated graded and then graded base-change along w gives us a graded module (gry M )b over S”. We have
a canonical isomorphism
Frgre M) =5 gr, M.
Note in particular that for all i € Z, we have an S°-linear map Fil; M — f, Fil; M".

Lemma 5.10.27. With the setup from Remark @ let Fil¢ M and File N be modules over Filg S with the
following properties:

(1) (gr; M) ~0 fori>1;
(2) Fil; N ~0 fori < 1.
Then there is a canonical isomorphism
¢ : Mapgy, s(File M, Fil, N) =5 Mapg, ((gr; M), Fil; N)

such that we have a commuting diagram

Mapgs ((gry M)b7Fill N) <£— Mapgy, s(File M, Fily N) ——— Mapg (M, N)

Mapg; (gry M?, Fil; N*) <— Mapgjuiv g» (File M, Fily N7) — Mapg, (M", N*)
Here, the vertical arrow on the left is the composition
Mapgs ((gr; M)’ Fily N) — Mapgs ((gr; M)’, f. Fil; N*) =5 Mapg, (f*(gr; M), Fil; N) = Mapg, (gr, M”, Fil; N?).
Proof. Taking the associated graded and then base-change along w gives a canonical map
Mapgy, 5(File M, Fils N) = Mapgyev 50 ((er, M)’ (g1, N)').

Using our hypotheses, one can now use Lemma to see that this map is an isomorphism and also that the
right hand side can be identified with Mapgs ((gr; M )b7 Fil; N). This gives us the isomorphism ¢. The map on the
bottom left is obtained from restriction to Fil; M”: The fact that any such restriction must factor through gr, M®
and that the resulting map of mapping spaces is an isomorphism can also be deduced using the weight filtration
from Lemma O

Lemma 5.10.28. Suppose that A — A, is a square-zero extension of prismatic, p-adic frames equipped with p-adic
filtration, and suppose that assertions (1) and (2) of Proposition|5.10.25 hold with A replaced with A;,. Then they
hold for A.
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As usual, we will need to set up some prepwork before we embark on the proof.

Notation 5.10.29. Set R = R4 and R; = R4,. We have a canonical equivalence R¢; ~ Rp¢. There are the
counterparts of the various sheaves on Rg; considered above, but obtained from A, instead of A. We will distinguish
these counterparts with a 7 index: Y=, Lt=0),5(Y)s TFzip,n, Ln(Y), ete. We will also simplify Ly ()) to Ly in what
follows.

Set
Filfg, K ‘2" hker(Filfi, A — Filfi, Ap) ; FICY K S hker (Fil™ 4 — File™ A4y).

Also, set I = hker(R — Rp,).

Construction 5.10.30. Write Filfo;;j for the sheaf of increasingly filtered animated commutative rings given by

R’ s FilcoM Z;l. Over I'(;—p),»(Y), we obtain a sheaf of increasingly filtered modules Filso™ £, over Fili‘?;;j, whose

fiber over a point = € T'(4—¢),5(V)(R’) with underlying map

Y Ry (FilP™ ALY — YO
is the pullback Fili™ £, along y of the relative cotangent complex of Y over R(Fil® A) ® F,. Filtered base-
change to the structure sheaf Oy : R’ — R} with its trivial increasing ﬁltrationlﬂ yields the pullback along the
map I'—g) z(Y) — Y, of the filtered module Filg®™ Ly. Similarly, taking the associated graded and then graded
base-change to the structure sheaf Oy with its trivial gradingiﬂ gives the pullback along I'(;—g) (Y) — Y of
8 hag Lh-
Construction 5.10.31. Write Fil;{dgﬁ for the sheaf of decreasingly filtered animated commutative rings given by
R+ Filjyy, Z;L. Over I'(,—0),(), we obtain from the cotangent complex of V¢ a sheaf of decreasingly filtered
modules Filfy, Lp, over Filfyy, 5. Filtered base-change to the structure sheaf O, : R + R}, with its trivial decreasing
filtration yields the pullback along the map T'(,—0)#(Y) — Y}, of the filtered module Filfjy, Ls. Similarly, taking
the associated graded and then graded base-change to the structure sheaf O with its trivial grading gives the
pullback along I'(,—) () — Y of 8Hag Ln-

Construction 5.10.32. Write gr} for the sheaf of graded animated commutative rings given by
R’ grfiag A, ~ greoni A
Over T'(4—y—0),5()), entirely analogously to the previous constructions, we obtain a sheaf of graded gr}-modules

La 1, over T i—y—0),n(Y). Graded base-change to the structure sheaf gives the pullback along I'(;—,—0),7(Y) — Y} of
8Tfag Ln- Moreover, the pullback of this graded module to I'(4=0),1(Y) (resp. I'(y=0),n())) is canonically isomorphic

to the associated graded for Fil®™ £ (resp. Filfqq Ln).

Remark 5.10.33. The Aj-module J defn Filll{dgf can be equipped with the structure of a filtered module Fil, J

over Fil®™ A with

FiL T — Fil; K x7J if i > 0;
otherwise.

Note in particular that we have
Fil; J = Fil§™ K x Filly, K 5 ZL "= hker(Z} — 2} ).

Moreover, the map gr, J — gre®™ K factors through

grNEK U Yker(greom K — grifiv 7).

Note also the composition of maps
(5.10.33.1) T = Fillyy K — grig, K = gr™ K.

26The map in question is obtained from Fils®™ A, — Rj.
L]

27Hcro, we are viewing Oy as the zeroth graded piece of Filconj.
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Proof of Lemmal5.10.28. Consider the map I';—o) — I'(4—0),n XTpzi,.» I Fzip: An unwinding of the definitions shows
that this can be rewritten as

Lt=0) (V) xy= T'pzip = |Tt=0),n(Y) Xy» Y| xys Tpzip.
Via this and deformation theory we obtain a Cartesian square

o) —— L4=0),n XTrzip.n [ Fzip

L(1—0).h XTpgipn D Fzip —> Map(Filg™ Ly, Fil, J[1]).

We also obtain similar Cartesian squares

Fiw=0) ———— D(u=0).h XTraip.n I Fzip Litmu=0) ——— Lt=u=0),n XTpzip.n L Fzip
0 : 0
F(u:O),h XFFZipYﬁ, 1_‘inp E—— Map(£h7j[1]) F(t:u:O),h XFFZip,h FFZip — Ma’p(ﬁo,ha gr;lnj ?[1])

Lemma gives us canonical isomorphisms
(5.10.33.2) Map(Filg®™ L, Filg J[1]) = Map(Filjiq, Ly, Fily J[1]) = Map(Filjia, L, Zi[1]).
Further, using Lemma [A:2:3] one deduces that there are canonical isomorphisms

(5.10.33.3) Map(La 5, g3y K[1]) = Map(Filjya, L, g1 K[1]) = Map(Filja, Ln, Hi[1]),

where H} “S" hker(H} — H} ).
The map I';—¢) — T'(4=u=0) is compatible via these isomorphisms and the Cartesian squares above with the
composition

Map (Filja, L, Zj [1]) = Map(Filja, L, Hf[1])
induced by q1 : Zj — H.
The map I'(y,—p) — I'(4=u—0) is compatible via the map
(5.10.33.4) Map(Lp, J[1]) = Map(Lp, gri® K[1]) — Map(FﬂIlMg Ly, ng[l]),

where the first map is obtained from post-composition with the map (5.10.33.1)), and the second via restriction to
Filhdg Ly. Note that the first mapping space is of morphisms linear over the sheaf R’ — A’ while the other two

spaces are of maps linear over the structure sheaf.
The map from (5.10.20.1) is in turn compatible with the composition

Map(Filjzq, Ln, Zj[1]) Map(FilS®™ L, Fil, J[1])

— Map(Lp, J[1])
(5.10.33.4) .
Map(Filga, Ln, Hi[1]).
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Lemma tells us that the resulting map is canonically isomorphic to the composition
Map(Filyjg, Ln, Zj[1]) — Map(Filizg, Ln. ¢ Hc[1])
= Map(¢" Filiiqq Ln, Hic[1])
= Map(gry™ L, Hic[1])
— Map(Ly, Hg[1])
— Map(Filjig, L, Hjc[1]).
The three preceding paragraphs complete the verification of Lemma [5.10.28 ]

Lemma 5.10.34. Assertions (1) and (2) of Proposition|5.10.25 hold for A = W (R) the Witt vector frame associated
with a semiperfect Fp-algebra R.

Proof. We'll follow the notation simplifications from Lemma 0.28] To begin, Lemma [5.10.18, combined with
Example [5.10.17] tells us that we have Cartesian squares

F(t:O) XFiW(R) F(u:O) FFZip
0
Przip —————— Map(Filhy, L(), .G} [2])

and

Paumu=0) — Trzip

1_\F’Zip ? Map(Fllll-Idg L(y)v Gg [2])

Since W (R) is a square-zero extension of R with fiber G (R)[1], standard deformation theory also gives us a
Cartesian square

Fu=0) —— I'rzip

'rzip - Map(L(Y), G5 [2]).
Furthermore, the composition
Przip “— Map(L(¥), G4[2]) — Map(Filhy, L(), G4[2])

is canonically isomorphic to §°.
An unwinding of the deformation theory used above now shows that §~ agrees with the composition

Tz 2o Map(Filjzq, L(Y), ¢ G4[2]) = Map(gri®™ L(Y), G [2]) — Map(L(Y), G4 [2))

Here, in the isomorphism in the middle, we have used the isomorphism ¢* Filllﬁldg L(Y) = gr$™ L(Y) and adjunction
for .

Combining the last two paragraphs with the definition of ¢,  and the explicit description of gz in Example[5.10.1
now completes the proof. O
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Proof of Proposition[5.10.23 To begin, note that the last assertion of the proposition follows immediately from the
definitions and the first two assertions.

The verification of the other two assertions follows the same format as the proof of Proposition so we will
be terse. First, we can use Lemma [5.10.28| and the nilcompleteness of the various prestacks involved to reduce to
the case where the Rees algebra Rees(Fil® A) is a discrete graded ring.

Now, Lemma gives us a canonical map of frames A — W (R), where we have set R = mo(R4). Since Ry is
semiperfect, this map is surjective on the underlying filtered animated commutative rings: First, the map A — W (R)
is surjective. Indeed, by p-completeness, this assertion is equivalent to saying that mo(A4) — W (R)/pW (R) is sur-
jective. But the semiperfectness of R4 tells us that W (R)/pW (R) ~ R. Next, the map Fil* A — Fili _ W (mo(Ra))
is surjective for each ¢ > 1. By the definition of the Lau filtration on W (R) and the fact that Fil® A is p-adic, it
suffices to check this for i = 1, where it follows from the fact that Filj,, W(R) = F,W(R) is a submodule of W (R)
via the map V.

As in Remark classical base-change along A — W(R) (viewed as the derived base-change, followed
by taking the O-truncation), yields a non-negatively filtered animated commutative ring Fil®* W (R) lifting W (R),
underlying a frame 4W(R), and admitting surjective maps of frames

A — AW(R) - W(R).

The kernel of the first map is locally nilpotent mod-p, and so—using strong integrability and Lemma once
again—it is enough to know that the proposition holds for the frame sW(R).

If Fil* K is the kernel of Fil* W(R) — Filj,, W(R), then the frame structure on Fil* W(R) descends to the
filtered quotient Filf,,) W(R), where

Filim) W(R) = Fil’ W(R)/( Z im(Fﬂjl K Qw(r) ® - Qw(r) Filim K))
JiteFim=t

Now, we have Filt;) W(R) = Fil},, W(R) and the map Filf,, ;) W(R) — Fil{,,) W(R) is a square-zero extension,
for each m > 1. Therefore, we can use filtered integrability and the deformation argument above to reduced to the
case of the Witt frame W (R), which is taken care of by Lemma [5.10.34] O

Here is a useful corollary to Proposition [5.10.23

Corollary 5.10.35. Suppose that the following additional conditions hold:

e Y is smooth over R(Fil® A) @ F,;
o [ts relative tangent complex Ty is 1-connective;

Then T 4(Y) = Tpzip(Y) is a torsor under T 4 4 (Filhdg L(Y)).
Proof. Tt is enough to know that, in assertion (2) of Lemma [5.10.18] we have the stronger assertion that
Li—0) (V) = Y1 xeyo YO

is a torsor under Map(Filhdg L(Y), Z}).
Looking at the proof of that assertion, we find that we need to know that the map

(Filizag L))" @0 Fili™ — (Filjee L))" ®0 0.0

is surjective on connective covers. But in fact our hypothesis on the tangent complex shows that the source and
target of this map are already connective. Therefore, it is enough to know that the map

R ~Fils®™ A" — o, Ra

is surjective for any étale map R4 — R4/. But this is guaranteed to us by the semiperfectness of R4, and the fact
that any étale algebra over a semiperfect ring is also semiperfect; see Lemma [9.2.1] below. O
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6. THE STACKS OF DRINFELD AND BHATT-LURIE

6.1. Transmutation. Suppose that we have a map 7 : Z — Y of p-adic formal prestacks such that Z is a relative
ring prestack over Y: For us, this will mean that we have specified a lift of the associated functor

CRingz;';/lilp W) Spc

to a presheaf valued in CRing, which we will denote by the same symbol. 4
Here, CRing’/o';,lllp is the oco-category of pairs (C, y) with C € CRing”™P and y € Y(C), and Z((C,y)) is the
fiber of Z(C) over y. Then, for any R € CRing? ™ its transmutation with respect to 7 is the p-adic formal
prestack over Y given by
T (R) : CRing’/’_;/1i1p — Spe
(C,y) = MapCRing<Ra Z((C,y)))

ThiS gi\/es us a hmit preser\/ing funCtOI‘
p-ni Spe R—%t (R
CRlng a 1lpa()]) C —>( ) PS[k/Y .

6.2. Cartier-Witt divisors and prismatizations. Here, we quickly recall the story of (derived) absolute prisma-
tizations from [12| §8].

6.2.1. To begin, we have the p-adic formal prestack Z, (the notation is from [9]) of Cartier-Witt divisors, denoted
WCart in [11]. For R € CRing? ™, Z,(R) parameterizes surjective maps m : W(R) — W(R) of animated rings
such that two properties hold:
e [ = hker(r) is a locally free W (R)-module of rank 1;
e The map mo(I) ~ I @y gy W(mo(R)) — W(m(R)) is a Cartier-Witt divisor in the sense of |11} §3.1.1].
The second condition means that, Zariski-locally on Spec R, we have a W (mg(R))-linear isomorphism mo(I) ~
W (mo(R)) such that the composition W (mg(R)) ~ 7o(I) — W (mo(R)) is given by multiplication by a distinguished
element d € Wyist(mo(R)), given in Witt coordinates by (do,ds,...) with dy € mp(R) nilpotent mod-p and with
d1 € T (R)X .
In this situation, we will call the map I — W(R) a Cartier-Witt divisor over R.
This description shows (see [12, Proposition 8.4]):

Proposition 6.2.2. We have Zp ~ Waist /W™, where Waist is represented by the formal spectrum of Zy[xo, xlil, To,..

and inherits the W>-action from the natural one on W, where W is represented by the formal spectrum of
Zplxo, w1, .. ]y In particular, Z,, is classical.

6.2.3. Over Z,, we have the tautological relative ring prestack G, given by (W (R) 5 W(R)) — W(R). Trans-
mutation with respect to this (see ii now gives a functorial assignment R — R from CRing?”™P to PStk /z,-

Concretely, R associates to any (W(C) — W(C)) € Z,(C) the space Mapcgi,g(R, W(C)). We call R the
prismatization of R.

Remark 6.2.4. We have a canonical equivalence Spf Z,, = [, induced by the Cartier-Witt divisor W (F,) = Z, LN

Ly =W(F)p).
Remark 6.2.5. There is a canonical ‘Frobenius lift” ¢ : Z,, — Z,, arising from the map F': W — W, which carries

a Cartier-Witt divisor I — W(R) to F*I — W (R)

Remark 6.2.6. If (A,]) is an animated prism as in [12, §2], then there is a canonical map ¢(4,1) : Spf A — Z,
associating to each p-nilpotent A-algebra C, the Cartier-Witt divisor I ® 4 W(C) — W(C). Here, A — W(C) is
the canonical lift of A — C afforded by the J-ring structure on A. If we have a map R — A/I—that is, if (A, I)
lifts to an object in the (animated) prismatic site of R—then ¢(4 ) admits a lift to a map to R .

6.3. The Hodge-Tate locus.

}/\
J(xo,p)’
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6.3.1. Let A! be the p-adic formal completion of A!, equipped with the inverse of the usual action of G,, (as
in ‘i Then, Al /G,,, parameterizes line bundles £ equipped with a cosection ¢ : £ — & that is nilpotent mod-p,
meaning that for some (hence any) local trivialization of £, t is given by a section of & that is nilpotent mod-p.

Then the natural map Wyisy — A descends to a map Z, — Al /G, and the Hodge-Tate locus ZHT is defined
to be the fiber product (derived or classical: both are the same in this case)

HT
ZEY = Z, %51 10 BGon.

This is a closed substack of Z,, with locally invertible ideal sheaf, which Bhatt-Lurie make a very detailed study of
in [11, §3.4]. They show that ZET has a somewhat concrete description.
To explain this, first note that we have a canonical map Spf Z, — Z;IT corresponding to the Cartier-Witt divisor

w(z,) Y w(z,).

Proposition 6.3.2. The above map presents as the formal classifying stack BG! over Spf Zy. In particular,
it is a flat surjection. Moreover, there is a natural equivalence

HT
ZP

Spf Z,, Xz, F, = GF, x Spec F,.

Proof. The first assertion is [11, Theorem 3.4.13]; see also [28, Lemma 4.5.2].
For the second, note that the left hand side is a canonically trivial G -torsor over

HT defn ,HT
IFp = Zp X7, ]Fp,

but this base is canonically identified with the closed subscheme SpeclF, C SpfZ, via the equivalence of Re-

mark [6.2.4] O

6.4. The Nygaard filtered prismatization. The underived story of the Nygaard filtered prismatization is ex-
plained in Bhatt’s notes [9), §5] following Drinfeld in |28 §5]. We will now explain how to make sense of these
constructions in the context of animated rings. This explanation was helped greatly by conversations with Juan
Esteban Rodriguez Camargo.

6.4.1. View W as a ring stack over SpfZ,, associating with each p-nilpotent R the ring of Witt vectors W (R).
We will consider modules for the ring stack W in the oco-category of fppf sheaves over R, and refer to them simply
as W-modules over R. Here are some examples of W-modules:

e Any quasicoherent sheaf can be viewed as a G,-module, and is hence equipped with the structure of a
W-module via the map W — G,.

e Given an invertible R-module L, we can take the divided power envelope of the identity section within
the vector group scheme V(Lv)ﬁ to obtain the W-module V(LV)f. Here, the W-action is via the map
W — G,.

e Given any W-module M, we obtain a new W-module F,M via restriction along the map F : W — W. If
M = W, then F,W is in fact an animated W-algebra.

e Given any W (R)-module M, we obtain an associated W-module I ®yy gy W that assigns to every R-algebra
S the W (S)-module I @y gy W(S).

28Recall that we are using Grothendieck’s convention, so that this is the total space of L.
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We now have a diagram of W-modules over SpfZ, where all the rows and columns are fiber sequences of W-
modules.

\4 p
(6.4.1.1) Gt — FW
G# G GIR ~ F,W/Ep.

See [9, Corollary 2.6.8].

6.4.2. Consider the (derived) p-adic formal stack Z, x A'/G,,: over any p-nilpotent R, this parameterizes pairs

(I 4 W(R),L — R), consisting of a Cartier-Witt divisor and a generalized Cartier divisor. We will view the map
of W-modules

FM' S B (I @wimy W) S FW
as a generalized Cartier divisor for the W-algebra F,W. In turn this induces a generalized Cartier divisor
F*M, Rr. W GSR — GSR

for the W-algebra GI®. On the other hand, over this formal prestack, we have another generalized Cartier divisor
L ®r GIR — GIR for the same W-algebra.
Suppose that we are given a map

F.M' @p,w Gt 5 L op GIR

N/

GIR
of generalized Cartier divisors. Then pulling back the fiber sequence
V(L) - L®r Gy — L@ GI*
of W-modules along the composition
F,M' — F,M @pw G % [ o GIR
now gives us a sequence of W-modules

V(LV)* = M(a) — F,M'.

Lemma 6.4.3. There is a canonical map of W-modules M («) Aoy W whose cofiber has a canonical structure of a
W -algebra.

Proof. We can lift F,W to a filtered W-algebra with filtration Fil}, ,,, FL.WW obtained from the generalized Cartier
divisor F,M' — F,W. Similarly, we can lift GI® (resp. G,) to a filtered W-algebra with filtration Fil} GI® (resp.
Fil} G,).

The map « can be viewed now as yielding a map of non-negatively filtered animated W-algebras

F. Fily, W — Fil} G},
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and we can upgrade W to a non-negatively filtered animated W-algebra FilS, W such that we have a Cartesian

square
Filt W —> F, Fil},;, W

Fil G, —> Fil} GIR,
This has the feature that Fil), W = W and Fil}l W = M(«). In particular, we obtain a canonical map M («a) — W,
and we also see that its cofiber is the W-algebra gr? W. g

Definition 6.4.4. Let Zﬁf be the p-adic formal prestack whose values on R € CRing?™ are given by triples
(I = W(R),L — R,«), where (I - W(R),L — R) is a section of Z, x A'/Gy,, and « is a map of generalized
Cartier divisors on ring stacks

a: (F.M @p,w G = GIR) & (Log GIR — GIR),

By abuse of notation we will refer to this tuple by the symbol M 4, W, where M ety (a) and d = d,, and refer

to it as a filtered Cartier-Witt divisor over R@ We will also write W/, M instead of grd W. We will also write

Ly — R for the underlying generalized Cartier divisor and M’ 2y W for the map of W-modules I @y gy W — W
arising from the Cartier-Witt divisor I — W (R), so that we have a diagram of fiber sequences of W-modules

V(LY,) M FM
d d’
Gt W W

Definition 6.4.5. Over ZI/)\/,

divisor W % M over R, the W (R)-algebra (W/aM)(R).
For any R € CRing?™', we now define the Nygaard filtered prismatization RV to be the transmutation
of Spec R with respect to Gfl\[ . That is, it is the p-adic formal prestack over Zﬁf that associates with each C €

CRing? ™ and (M % W) € Z&(C) the space Mapgpyg (R, (W/aM)(C)).

we have the p-adic formal ring stack G{L\[ assigning to every filtered Cartier-Witt

Proposition 6.4.6. The p-adic formal prestacks ZQ[ and G{l\/ are classical. Moreover, their classical truncations
agree with the descriptions in [9, §5].

Proof. By construction Zi)\/ lives over the classical formal prestack Z, x Al/G,,. So it is enough to know that it is
classical after flat base-change over the latter prestack.
Consider the pullback X of sz}/ along the flat cover

Waist x A' = Z, x A' /Gy

Then the fiber of X over a section (d',t) € Wgst(R) x A(R) is the stack of commuting squares of maps of

F,.W-modules
FW —> GgR

d th

FW — > GI®

29We will see in Proposition below this agrees with the definitions from [9] for discrete inputs. The notation and terminology
have been adapted from Bhatt’s notes.



74 ZACHARY GARDNER AND KEERTHI MADAPUSI

where the bottom arrow is the natural one, and where t® is the map induced by ¢ and the G,-algebra structure
on GIR. Another way of looking at X is as the stack over Wy, x Al x GI® sitting in a Cartesian diagram

X ———= Wyist X Al x GSR
(d t,0)(d 9B 9B oq)

dR dR dR
GIR ——— GIR x G

Here, d 9% is the section of GIR associated with d’.
Pulling back along the flat cover

Wdist X Al X Ga — Wdist X Al X GSR
gives us a flat cover Y — X sitting in a Cartesian diagram

Y — > Wy X Al x G,

(@ tu)s (d IR 19 RoydR)

A
dR dR dR
[
Ga Ga X Ga

By invoking (6.4.1.1)), we can write this as a composition of two Cartesian squares

Y s Wy x Al x G,

d—(F(d),n(d)) W x Gq

(d ) (d 4R a7

A
GIR A L GIRxG®
After all is said and done, the classicality of Zﬁf is now reduced to the classicality of Y, which comes down to
the assertion that the maps of formal schemes

WMWxGa;WdistxAleaMWxGa

(t,u)—tu

are p-completely Tor-independent. Here, m : A! x G, G, is the multiplication map.

But these are actually maps of affine formal schemes corresponding to maps of p-complete rings given by:

Twxg,zi—F*x;

a: LT, xo, 1, - - ]I/J\ — % Zplwo, 21, - - ]1/7\
Tw—ut,x;—x; +1

B Zy[T, zo, 21, .. ]IA, — Zplu, t,xo, 7, .. ']g\wo,p)'

The first map is the composition of the map o' : T — xg, z; — x; with the flat map F*. Therefore, it is enough to
check that o and 8 are p-completely Tor-independent. This comes down to the concrete (and easy) assertion that
the element

ut — xo € Fplu, t, zo, :Elil, .. ']é\fbo)

is a non-zero divisor.
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Let us now look at va . It suffices to check that it is classical after base-change to Y. Here, the above description
shows that we have a commuting diagram of fiber sequences of W-modules

G 147 W
ul?
(6.4.6.1) G, M FW
t# d’
G 147 W

where the composition of the middle vertical arrows is multiplication by a section d of W with F(d) = d’, and where
M — W is the universal filtered Cartier-Witt divisor over Y. This description shows that the W-module scheme
M over Y is classical: It is a colimit of the classical schemes W and G, and so the restriction of G2 to Y is also
classical.

The last assertion about the values on discrete inputs can now be deduced from [9, Lemma 5.2.8]. O

Remark 6.4.7. The proof shows that every filtered Cartier-Witt divisor can be obtained flat locally as one sitting
in the diagram for sections u,t of G, and d of W with d restricting to multiplication by (tu)* on Gf.

More generally, for any invertible module L equipped with a section R — L and a cosection L AN R, and a
section d of W restricting to (tou)* on G¥, we obtain a similar diagram with the middle sequence now an extension
of F,W by V(LY). For future reference, we will denote a filtered Cartier-Witt divisor obtained in this way by
M(L,d,t,u) - W.

Remark 6.4.8. As pointed out to us by Camargo, the definition of Zﬁf can also be formulated as follows. Let
(A1/G,,)R be the transmutation of A!/G,, with respect to the ring stack GIF: It is a formal prestack over Spf Z,
parameterizing generalized Cartier divisors P — GIR. There is a multiplication map

(0 A Gy x (A /G) ™ — (AY/Gy, )R

(L5 6a), (Q 5 61N s (Lo Q U219, iy,
We now have a Cartesian diagram:
N
z) AL/Gy % (A1) R
(6.4.8.1) 1
7 (Al/Gm)dR

P (M’ —5W)(Fu M’ ®p, w GIF—GIR)

Remark 6.4.9. The prestack ]Fi,v admits a quite explicit description explained in [9, Prop. 5.4.2]. Suppose that

we are given a filtered Cartier-Witt divisor (M 4, W) e Zﬁf (R). Then it is not difficult to see that the existence
of amap F, — (W/4M)(R) implies that M — W is isomorphic canonically to a filtered Cartier-Witt divisor of the
form M(L,p,t,u) — W. Therefore we have

N
FA o~ Z(ut — p) /G,

where Z(ut — p) C A' x AL = SpfZ,[t,u] is the closed formal G,,-equivariant subscheme defined by the equation
ut — p.
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6.5. The de Rham and Hodge-Tate embeddings and syntomification. We will now define two canonical
open immersions jar, jur : Z, — sz}/ , called the de Rham and Hodge-Tate embeddings. These are described
in |28, §5.3, 5.6, and in [9, §5.3]. Let M’ — W be the map of W-modules over Z, associated with the universal
Cartier-Witt divisor over Z,,.

Definition 6.5.1. The open immersion jqr is simply the open locus Z,, X1/, (G /G,y,) parameterizing filtered
Cartier-Witt divisors (M 4, W) € Z,(R), where the underlying map Ly = R is an isomorphism. Over this locus,
the classifying map (F. M’ — F.W) — (GJF N GIR) yields the filtered Cartier-Witt divisor given by

Gt M F.M'
d/
Gt W LW

where the right square is Cartesian.
The pullback of jqr to the stack Y from the proof of Proposition[6.4.6]is the open locus where ¢ # 0. Equivalently,
it is the pullback of the open locus

G /Gm x (A)G,,) ™ — AY/G,, x (A/G,,) "R
via the top horizontal map in ((6.4.8.1]).

Definition 6.5.2. The open immersion jyr is given by the natural map
(M 9 Ew) o (R M @5 GIR 5 GIR)
which classifies the filtered Cartier-Witt divisor given by

V(LV)! M’ F.F*M'

G} W F,W

Here L — G, is the generalized Cartier divisor for G, obtained via base-change from M’ — W. The filtered
Cartier-Witt divisors obtained in this fashion will be called invertible.

The pullback of jur to the stack Y from the proof of Proposition[6.4.6)is the open locus where u # 0. Equivalently,
it is the pullback of the open locus

AY/Gy, % (G /G AYG,y, x (AY/Gyy,) R
via the top horizontal map in ((6.4.8.1]).

Definition 6.5.3. We now define the prestack Z3™ to be the coequalizer of the immersions jqr, jur. Practically,
what this means is that we have

- i,
QCoh(Z™) — eq <QCoh(Zﬁf ) — QCoh(Zp)>.
HT

Definition 6.5.4. The process of transmutation now yields for every R € CRing?™!P open immersions jagr, jur :
R — RV, and we now define the syntomification of R, R%™, to be their coequalizer. By construction we have a
canonical structure map R*¥" — ZJ™. Equivalently, R*¥" is the transmutation of R with respect to the ring stack
Gy — Zp™.

6.6. The Breuil-Kisin twist. Here we will describe a canonical line bundle O*¥*{1} on Z}" called the Breuil-
Kisin twist.
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6.6.1. Specifying such a line bundle is equivalent to specifying a line bundle OV {1} on Zﬁf equipped with an
isomorphism
JiROV{1} = OV {1}
of line bundles on Z,,.
We begin by considering the pullback of the tautological line bundle on BG,,: this gives a line bundle OB%m {1}
over Z{,\/ . Note that we have a canonical trivialization

(6.6.1.1) JROPEm {1} = 0y, .
Via the Hodge-Tate embedding, we obtain a canonical equivalence
(6.6.1.2) O {1} = Fgur

where the right hand side is the ideal sheaf of the Hodge-Tate divisor.

6.6.2. Next, we consider a canonical line bundle O {1} on Z,, that is characterized up to isomorphism by any of
the following properties:

e ([11, (2.2.11)]) For any transversal prism (A, I) the pullback of O {1} to Spf A under the map ¢(4 1) from
Remark is canonically isomorphic to A{1}.

e ([28, §4.8, 4.9]) We have the line bundle ¢(ZIT) on Z, corresponding to the Hodge-Tate divisor. The
endomorphism ¢* —id of the Picard group Pic(Z, ) is an equivalence, and we take O {1} to be the preimage
of O(ZHT).

o (|11, (9.1.6)]) Let f : (P%p) — Z, be the map of prismatizations arising from the structure morphism
P;, — SpfZ,. Then, we have O {-1} ~ R*f.0.

6.6.3. There is a canonical isomorphism
* ~ HT
(6.6.3.1) O {1} = 0(Z, )0 {1}

of line bundles over Z,,.
We now set
oON{1} = O {1} @ ¥ 0O {1}.
Since 7 o jqr = id and 7 o jyr = ¢, combining (6.6.3.1]), (6.6.1.1)) and (6.6.1.2)) shows that this line bundle does
admit a canonical descent to a line bundle O*"{1} over Z;".

6.7. The canonical sections r4qr and xé\{%.

6.7.1. For any R € CRing” ™!, we have canonical maps
Tar : SpecR — R xé\% : A'/G,, x Spec R — RN
with the following properties:
e The composition
A'/G,, x Spec R LN AY/Gp,
is the canonical structure map.

e The restriction of x% to the open point Spec R is isomorphic to z4g.
e We have a commuting square

N
A'/G,, x Spec R ~*% > RN

SpecR ———>
TdR
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6.7.2. The map z4r corresponds to the Cartier-Witt divisor (W (R) £ W (R)) with the map R — W (R)/%“p the one
through which the Frobenius endomorphism of W (R)/“p canonically factors. Alternatively, there are equivalences
of abstract animated rings

W(R)/"p = F.W(R) = Gy(R),

and the desired map is the evaluation of the natural map G, — G4 on R.

6.7.3. The map x% associates with every cosection t : L — C' of a line bundle L over an R-algebra C' the filtered
Cartier-Witt divisor associated with the zero map GIF — L @ GIR. Explicitly, it is given by the map

vt
M(t) = Ew o V(L) SV, gy

where the quotient W/ M (t) is also a quotient of W/VW ~ G,, giving us the map
R — C=Gu(C) = (W/aM())(C).

6.8. Relationship with divided powers. The next observation will be used later to formulate abstract Grothendieck-
Messing type statements.

Lemma 6.8.1. Suppose that we have a divided power thickening R' — R in CRing? ™. Then the canonical point
ZTar,r' from factors canonically through a point Tqr g : Spec R’ — R .

Proof. The claim here is that the canonical map R’ — GF(R') admits a factoring through R that depends only
on the divided powers on the fiber J of R' — R. Since the constructions and the conclusion are compatible with
sifted colimits, we reduce to the case where R’ — R is a classical divided power thickening of p-completely flat
Zp-algebras.

Now, it suffices to construct a canonical lift of R’-modules J — G¥(R’): this follows from Remark O

Remark 6.8.2. The lemma can be interpreted as follows: For any A € CRing?” ““™P | we can consider the big

crystalline site, whose underlying co-category is the opposite to that of tuples (A — R, R’ — R,~) of divided
power extensions of objects in CRinng;‘llp. Associated with such an object we obtain a canonical map

SpfR' - R — A .

If one wants to be more judicious, one could also restrict to the small version where A — R is required to be
étale and finitely presented. This will not make any difference in the sequel.

Note that the sites we are considering here are the animated versions of the usual notions. The reader can
consult [60, §4] for a comparison of the two notions, derived and classical.

6.9. Prismatic cohomology. We will need the relationship between the stacks defined above and relative (Ny-
gaard filtered) prismatic cohomology as constructed in [14] and [11] for semiperfectoid rings.

Definition 6.9.1 (Relative prismatic cohomology). Suppose that we have a (classical) bounded prism (A, I') with
A = A/I. Then, with any R € CRingZ/ we can associate its relative prismatic cohomology gr/4.

This can be obtained—see [11, Construction 4.1.3]—as the left Kan extension of its restriction to polynomial
A-algebras R, where g /4 is defined to be an inverse limit in the oo-category of p-complete derived rings over A
(see also |12, §7]):

R/A E—) im B,
(B,v)E(R/A)
where (R/A) is the prismatic site for R relative to (A, I).

Remark 6.9.2 (Conjugate filtered Hodge-Tate cohomology). The base-change 7R/A defe 1 ®A Rya over I,

is the relative Hodge-Tate cohomology, which is equipped with a canonical exhaustive increasing filtration
Filso™  » sz, supported in non-positive degrees, and a canonical equivalenc

gt "R a{i} = AL z[-1]

30The cotangent complex appearing here is the p-completed version.
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for each i > 0; see [11, Remark 4.1.7]. This is characterized by the property that it respects sifted colimits in
A-algebras and is isomorphic to the Postnikov filtration on g/4 for polynomial algebras R over A.

Definition 6.9.3. A p-complete animated commutative ring R is semiperfectoid if there exists a perfectoid ring
Ry and a surjective map Ry — R.

In [11}, §4.4] one finds the construction of the absolute prismatic cohomology g of any p-complete animated
commutative ring R; see in particular Construction 4.4.10 of loc. cit. We will need to know the following result due
to Bhatt-Lurie and Holeman [36):

Theorem 6.9.4 (Affineness of the prismatization). Suppose that Ry is a perfectoid ring with corresponding perfect
prism (A, I) = (Aint(Ro), ker 0). Then:

(1) There are canonical isomorphisms of commutative rings

~

Ry — Ro/A E—) A.
(2) In fact, for any Ry-algebra R, there is an isomorphism

R — R/A-
(3) If R is a semiperfectoid Ry-algebra, then g~ pgsa is a (p,I)-complete animated commutative ring, and
there is a canonical isomorphism (independent of the choice of Ry) of p-adic formal stacks

Spf( gr) = R .

Proof. The second statement follows from |11, Proposition 4.4.12], while the second isomorphism in assertion (1)
is from the fact that (A, I) is an initial prism with a map Ry — A.

The last assertion is [12, Corollary 7.18]. The only additional remark to be made is that ( g, r®a4 I) is an
initial prism equipped with a map R — g, and so is independent of the choice of the perfectoid ring Rg: this
follows for instance from [36, Theorem 3.3.7]. The map Spf( g) — R is canonical and arises from the general

construction in Remark [6.2.6] O

Remark 6.9.5. Suppose that R is a semiperfect F,-algebra, then we can take Ry = R’ to be its perfection. In
this case, we obtain isomorphisms

crys

~ Tr/z, crys crys
(6951) R — R/Zp Tp> R;IZ,, — R?W(Rb) =~ ACY}’S(R)'

crys

Here, ;f;’;v (R (resp. 5 /Zp) is the relative derived crystalline cohomology of R over W (R”) (resp. over Zy)

and Acrys(R) — R is the p-completed animated divided power envelope of the map W(R?) — R The second
isomorphism is explained in |11, Remark 4.6.5], the third is a consequence of the fact that W(R’) is formally
étale over Z,, and the last isomorphism is an animated enhancement of a result of Illusie |60, Prop. 4.64]. The

composition of these isomorphisms is p-semilinear over W (R”) via the isomorphism p» — W(R?).
In fact, Remark 4.6.5 of [11] shows that we have canonical isomorphism

crys crys

Yrjz, * R/Z» — RJz,
for any R € CRing]Fp /- In particular, for any such R we have canonical isomorphisms
(6.9.5.2) =GN ( sz) /“p = dRpye
where on the right hand side we now have the derived de Rham cohomology of R over [F),.

Remark 6.9.6. The isomorphism p — Acrys(R) is compatible with the relationship between the big crystalline
site and the prismatization explained in Remark Namely, if R — R is a divided power thickening, then
Lemma gives a lift r — R’ of r — R, and the universal property of Ag.ys(R) as a p-completed divided

power envelope also yields a lift g = Acrys(R) — R'. These two are canonically isomorphic.

31Note that this will not agree with the classical p-complete divided power envelope unless R is quasisyntomic.
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6.10. Filtered Cartier-Witt divisors associated with filtered prisms. Our purpose here is to extend the
construction from Remark [6.2.6] to the filtered setting.

Definition 6.10.1. Let Fil* GI® be the filtered W-algebra over Al/G,, assigning to every section (L iN Q) e
(A'/G,,)(C) the filtered animated commutative ring Fil} GI® (see notation in Lemma|6.4.3). A filtered prism is
a prismatic frame A equipped with a commuting diagram of filtered derived commutative A-algebras

Fil*A 2 S, FillA

RT(R(Fil* A), Fil* GIR),
Moreover, we will ask for an isomorphism of the composition
¢, Fil} A — RT(R(Fil* A),Fil* GIR) — o, Fil} GIR(A)
with the canonical map of filtered animated commutative A-algebras
@, Fil} A — ¢, Fil} GIR(A).

We will denote such a structure by the pair (A4, ¢).
Explicitly, for every map 7 : Fil* A — Fil} C of animated commutative rings, ¢ yields a commuting diagram of
filtered animated commutative A-algebras

Fil*A 2 > o, Fils A
n ¢(n)
Fil; C — Fil} GIR(0).
These diagrams are functorial in 7, and agree with the obvious one when (L — C) = . (I — A).

Remark 6.10.2 (Breuil-Kisin filtered prisms). Consider the situation where A is associated with a prism (A, I’)
as in Example Then we have a canonical filtered prism structure arising from the composition

C:@.Fill A S Fil} A®4 . A = Fil}, A® 4 F,W(A) — Fil}, A4 GIR(A)
Proposition 6.10.3. Suppose that we are given a filtered prism (A, (). Then we have a map
ac)  R(FIl® A) — RY

of p-adic formal stacks over A /G, with the following properties:

(1) There is a canonical Cartesian square
Spf(A) —> R(Fil* A)
LA LA

R, — > RN
A Jdr A
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(2) There is a canonical commutative diagram
Spf(4) —Z> R(Fil® A)
LA, 14,0
R, —— RY.

JHT

(3) The composition of v(a,¢c) with the map
A'/G,, x Spf Ry — R(Fil® A)
from Remark is isomorphic to the filtered de Rham section xé\% :AY/G,, x Spf Ry — RJX
Proof. Write (M" — W) = (I @4 W — W) for the canonical Cartier-Witt divisor over Spf A. Given a generalized

Cartier divisor (L — C) and a map 7 : Fil®* A — Fil] C parameterizing a C-valued point of R(Fil® A), we obtain a
commuting diagram of filtered animated commutative W-algebras over C":

Fil* A@a W —= Fil},, W ——= F,Fil},, W
(6.10.3.1)

Fil} C ®c G, —> Fil} C ®¢ GIR.

Here, the right vertical arrow is the factoring via F, Filj;, W ~ (¢, Fil} A) ®,, 4 F.W of {(n). The square on the
right is Cartesian and Filf,,,) W is the filtered animated WW-algebra associated with the filtered Cartier-Witt divisor
over C' parameterized by the right vertical map as in Lemma In particular, note that we obtain maps of

animated commutative rings
Ra=gi' A— g A, W(C) — (grg(n) W)(C).

Therefore, we have produced from 7 a point in R{}( (C). This gives us the map ¢(4,¢).

If (L = () is an isomorphism, then it’s clear that a(n) lies in the de Rham locus, and moreover that the
top right arrow in is an isomorphism on associated graded algebras. In particular, the induced map
(grg(n) W)(C) — W(C) is an isomorphism of R4-algebras. This verifies assertion (1).

Let us look at assertion (2). When 7 factors as

Fil* A — ¢, Fil} . A — Fil} C,

the map A — C factors as A 2 ¢, A — C. Then Fil} C is the base-change of Fil} A along ¢,A — C and the
diagram of W-modules over C from ({6.10.3.1f) is of the form

Fil* A W —> ¢, (Fil} A) @y a4 W —> F.(Fil} A®4 W) = F.(p.(Fils.; A) @, 4 W)

Fil} C ®¢ G, Fil} C ®c G

where the top left horizontal arrow is obtained from the composition

Fil* A@s W ~ 0, 0" Fil* A@y 4 W 225 0, (Fil} A) @4, 4 W.

This implies that «a(n) lies in the Hodge-Tate locus.
For assertion (3), we begin with the following observation:
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Lemma 6.10.4 (Filtered prisms are laminated). The filtered prism structure canonically endows A with a lamina-
tion.

Proof. Using the map Fil* A — Fil?,;, R4 and the filtered prism structure, we get a commuting square of filtered

triv
animated commutative rings

Fil* A —> F,Fil%,, W(R4)

Fﬂ;riv RA — Fﬂ;riv GgR(RA)

Unwinding definitions, the existence of the right vertical arrow means that I @ g W (R4) — W (Ra)/"p is equipped
with a nullhomotopy, and hence that I @z W (Ra) — W(R4) admits a factoring through W (R4) 2 W(Ry4). Since
these are both Cartier-Witt divisors, we conclude that there is a canonical isomorphism between them. Moreover,
the bottom horizontal arrow shows that the isomorphism between the associated quotient algebras in fact lifts to

one of R s-algebras. O

Therefore, for any 7 factoring through a point of A'/G,, x R4 associated with a generalized Cartier divisor
t: L — C, we see that the top right corner in the diagram (6.10.3.1) is F Fil; W, and the right vertical arrow is
the zero map on all positive filtered degrees. It now follows that we have

(Vith)

(Filgy W = W) = (FW @ (L®G,) —— W)

and the map Fil' A — Fil}l(n) W ~ F,W & (L®G?) is the divided Frobenius in the first coordinate and the zero map
in the second coordinate. In particular, grg(m W is a quotient of G, ~ W/F,W, and the map R4 — (grg(n) W)(RaA)
is just the evaluation at R4 of this quotient map. This verifies (3) and completes the proof of the proposition. O

Example 6.10.5 (The Breuil-Kisin case). Let us return to the situation of Remark [6.10.2l A map 5 : Fil* A —

Fil} C for an A-algebra C corresponds to a factoring C @4 I' — L L © of the map C ®4 I' — C. Associated with
this is an arrow between maps of W-modules over C

(F,M' — F,W) — (I' 9.4 GIR 5 GIR) = (L 00 GIR L2 gIRY

where the second map is given by u9® on the source. The associated filtered Cartier-Witt divisor is obtained from
M’ via pushforward along ud®.

Remark 6.10.6 (The perfectoid case). In the previous example, when A = Aj,¢(Ro) = _p, is the frame associated
with a perfectoid ring Ry (Example , and I’ = (¢~ 1(&)) for an orientation I = (£), then, via Example [5.4.21
we see that we have a canonical filtered prism structure, which in this case is actually the unique possible one,
giving us a canonical map

Spf ( rolu,t]/(ut — ¢71(€))) /G — RY.

This map is actually an isomorphism; see |9, Proposition 5.5.8].

Example 6.10.7 (The Witt filtered prism). The Witt frame W (R) can be endowed with a canonical filtered prism
structure, and so Proposition gives us a canonical map R(Fil},, W(R)) — RV. To see this structure, note
that, quite generally, if A is a p-adically filtered frame, then we have a map Fil; A — Fil®* A, and base-change along
 yields a map

(ot Fill A~ TFils A®4 0. A — Fil* A®4 . A
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When A = W(R), we claim that the resulting diagram
Filf ., W(R) ——— F.Fil; W(R)

EW(R)
1®F

Flliau W(R) ®W(R) F*W(R)

is commutative. This follows from the fact that Filf,, W(R) — F. Fil) W(R) is an isomorphism in filtered degrees
> 1, while the right vertical arrow is an isomorphism in filtered degrees < 0. In particular, mapping the vertical
arrow further down to RT(R(Fil},, W (R)), Fil®* GIR) now gives us a canonical filtered prism structure on W(R).

Corollary 6.10.8. Suppose that we have a map of frames v : A — B with A underlying o filtered prism (A, (). Let
S(B) be as in Remark . Then we have an associated map

ty: 6(B) — RY"
of p-adic formal prestacks.

Proof. Proposition |6.10.3| gives a map &(A) — R", which we can compose with the map &(B) — &(A) obtained
from 7. O

Remark 6.10.9. If B is a Z/p"Z-algebra, then ¢, will factor through R}" ® Z/p"Z.

Example 6.10.10. Suppose that R is an [F-algebra. Example and Corollary [6.10.8| applied to the map of
frames W (R) — W1 (R) now give us a canonical map

R = §(Wy(R)) = R @F,.

See § for an explicit description of this map.

6.11. Nygaard filtered prismatic cohomology. We now review the story of the Nygaard filtration on prismatic
cohomology.

Definition 6.11.1. A map R — S of p-complete animated commutative rings is p-quasisyntomic (or simply
quasisyntomic) if it is p-completely flat (that is, S/Lp is flat over R/Yp), and if Lg /r has p-complete Tor amplitude
[—1,0]: that is, Lg/r ® IF, has Tor amplitude [—1, 0] over S/Ep.
We will say that R — S is a quasisyntomic cover if it is quasisyntomic and S/%p is faithfully flat over R/p.
These properties are invariant under base-change via maps R — R’ of p-complete animated commutative rings.

Example 6.11.2. The key example of a quasisyntomic map is
Zp[T) — L [TV,
where the superscript ”* denotes p-adic completion.
Remark 6.11.3 (Relative Nygaard filtration). We begin with the story relative to a bounded prism (A, I). For

what we need, there is no harm in restricting even to perfect prisms, and we will do so.
Given R € CRing%_;(’mp, Write ¢* g4 for the base-change A ®, 4 gya. It is shown in [11, §5.1] that there is

now a canonical lift Fil}, p* g /A of Rrsa to FilMody characterized by the following properties:

(1) It respects sifted colimits in R.
satisfies p-quasisyntomic descent with respect to R.
2) It satisfi isyntomic d t with t to R
3) f Ris a p-quasisyntomic over A such that the quotient ring R/pR is generated by the images of A and
D , then K1 R/A 18 discrete and we have
R/pR)’, then Filyy /4 is discrete and we h

Filj " pia={z€¢" pa: Q@) x) eI’ gl
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Remark 6.11.4. The map 1 ® ¢ : ¢ g/a — g/a can be canonically lifted to a filtered map
Fil}r ¢* rja — Fil7 gja.
inducing for every ¢ € Z an equivalence
gy 0" rya — I'/ T @7 FiliY " gy ~ Fil™ ™ 5 4 {d}.
See |11, Remark 5.1.2].

Remark 6.11.5 (Absolute Nygaard filtration). In |11, §5.5], we find the construction of an absolute Nygaard
filtration Fil}, g on absolute prismatic cohomology. It can be characterized by two properties: First, it satisfies
quasisyntomic descent. Second, if (A4,I) is a perfect prism and R is an Ry = A-algebra, then, by [11, Theorem
5.6.2], the isomorphism

Theorem 2) ~ «
R——— 7 R/A—7¥ R/A

lifts to an isomorphism of filtered objects
(6.11.5.1) Fily, r = Filly ¢ g/a.
In fact, if R is qrsp and ( g, Ir) is the canonical initial prism equipped with a map R — g, then we have
Fill)y r={z€ r: o(z)€Fil), g}

More generally, if R is semiperfectoid and ( g,Igr) is the associated initial prism, then we have a canonical
filtered map

P Fll;v R — FII;R R

lifting the Frobenius endomorphism of g, which agrees with the relative counterpart from Remark via the
isomorphism (6.11.5.1)). This follows from the construction explained in |11, Notation 5.7.5].

Lemma 6.11.6. Suppose that R is semiperfectoid. Then, in the notation of the tuple (Fily, gr,Ir — &, ®)
underlies a filtered prism (_p,(r) with gr?v r =~ R. Moreover, when R is perfectoid, this structure agrees with the
Breuil-Kisin one explained in Remark|[6.10.6,

Proof. We would like to first check that Fil}, g is a filtered animated commutative ring and that the map ® is
a map of filtered animated commutative rings. Via mod-p Tot descent |11, Propositions 4.4.15, 5.5.24], we can
reduce to the case where R is a semiperfect Fp-algebra. When R is qrsp, then the assertion is clear, and to know
it in general, it is easiest to note that the construction is via right Kan extension from Fj-algebras R as in (3) of
Remarkfollowed by left Kan extension from polynomial Fj-algebras. This endows Fil}, g with the structure
of a filtered derived commutative ring in general, and also shows that ® is a map of filtered derived commutative
rings. This assertion specializes when R is semiperfect to the structure desired.

The other thing to be verified is the existence of a commuting diagram witnessing the structure of a filtered
prism. Once again, via mod-p Tot descent and the right Kan extension followed by left Kan extension procedure,
we can reduce to the case where R is a qrsp Fp-algebra. In fact, to make things more concrete for the general case,
we will consider another possibility as well: One where R is qrsp and p-torsionfree. In both these cases, we can
make the following observations:

(1) R is classical and p-torsionfree, and Fil}, g = ¢~ !(Fil] R) is a filtration by submodules.

(2) I = pgis a principal ideal generated by the image ¢ of a distinguished element of W(Rj) ~ g,. Moreover,
& = (&), where ¢ is the image of another distinguished element. We have ¢ = £ = p when R is an
F,-algebra.
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(3) By working with the affine cover Spf Rees(Fil® A) — R(Fil® A), it is enough to check that we have a unique
factoring

¢(m)

Fil; GIR(C)
under the hypothesis that C is p-torsionfree and that L = (¢) for some non-zero divisor ¢t € C such that
n(&') € (t). In this case, we have GIR(C) ~ W(C)/pW (C).
We now consider the two cases separately:
e (p-torsionfree) In this case, we can also assume that (p,€) maps to a regular sequence in W (C') under the
natural maps g — W( r) — W(C). In turn, this implies that ¢+ maps to a non-zero divisor in GI%(C).
In filtered degree 1, the map I — Fil} GIR(C) = tGIR(C) underlying ¢(n) is now the unique one sending &

to the image of n(¢’) € tC. The factoring in higher filtered degrees is now immediate.
o (F,-algebra) Here, by Remark we have an isomorphism

Acrys (R) i R

where Agys(R) is the p-completed (classical) divided power envelope of the map W(R") — R. Let J =
ker(R” — R); then, by [11, Proposition 5.3.6], we can further identify Fily, g with the ideal in Aeys(R)
generated by the elements of the form

(6.11.6.1) P Yy ([21]) - - Yy ([])

with z1,...,2x € J and mg + my + --- + mp > n. In particular, we see that there exists u € C such
that p = ut, and also, for all z € J and m > 1, there exists s,,(x) € C such that n(vm(x)) = spm(z)t™.
Since C has no t-torsion, we deduce that s;(x) belongs to G (C) with m-th divided power given by s,,(z).
In turn, this implies that s,,(x) is in the kernel of the map C' — GIR(C), and one sees that the map
Fil™ g — Fil7' GIR(C) kills all elements of the form with m; > 1 for ¢ > 1. This means that we
have a commuting diagram

Fll;\n/' R (p*pm R

m

pry—uTy

¢(m)
Fil} GIR(C) = GIR(C) — GIR(O).
Here, 7% is the composition of 5 with the natural map Fil} C' — Fil} GI®(C), and y + 7 is the composition
r— W( r) = W(C) = W(C)/pW(C) = GZ*(C).

It’s now clear that ¢ as defined gives us the unique filtered prism structure on _p.
O

The following description of the Nygaard filtered prismatization of semiperfectoid rings due to Bhatt-Lurie will
be important for us.

Theorem 6.11.7. Suppose that R is semiperfectoid. Then there is a canonical isomorphism
L ey P R(FilY R) = RY

of p-adic formal stacks.
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Proof. The existence of the map L piCr) follows from Lemma [6.11.6] and Proposition [6.10.3
To complete the proof, we follow the format of [9, Theorem 5.5.10]. Choose a map Ry — R with Ry perfectoid,

and consider the map ¢ defn L(_p.Cr) S & map of stacks over

1 ~ e “CRoSRY) . N
[SpE( rolu, t]/(ut —©77(£)))/Gm] = R(Fil}  g,) Ry
See Remark Theorem [6.9.4] now shows that ¢ is an isomorphism over the ¢ # 0 locus. That it is also an
isomorphism over the u # 0 locus follows from the same theorem and the fact that the conjugate filtration on the
Hodge-Tate cohomology g /R, is exhaustive.

To see that ¢ is an isomorphism, it is now enough to know that it is also an isomorphism over the t = u = 0
locus. The restriction of G over

R()\,[(t=u=0) = RSIT x BG,, ~ Spf Ry x BG,,

is canonically isomorphic to the trivial square-zero extension G, & (O(1){—1} ® G%)[1]. Therefore, the fiber of the
map R{\t[:u:O) — R{)\’f (t=u—0) OVer a point of R{'T x BG,,given by a point of RET(C)—equivalent by our choice
of orientation £ to giving an Ry-algebra structure on C and a line bundle L over C—is isomorphic to the space
MapCRing/Ro (R,C®B(L{-1}®¢G*)(C)). This space in turn parameterizes R-algebra structures on the Rg-algebra

C along with a section of
Mapp(Lg/ gy, B(L{~1}®cGE)(C)) = Mapg(Lrr,®r LY [~1{~1},G4(C)) = Mapg(Tr(Lr/r,®r LY [-1]{~1}),0).

Here, we have used Lemma |3.6.5
To summarize, R.é\t/:u:O) is represented over R{'T x BG,, by the relatively affine formal scheme represented by
the formal spectrum of the graded p-complete animated commutative ring

Tr(Lg/R, [1{-1}) =~ @ NLpysro[=il{~i}.

By the Hodge-Tate decomposition (see Remark [6.9.2), this is also the case for R(Fil}, r)u=t=0)-
Therefore, the map

(6.11.7.1) R(FilY R)(u=t=0) = R{—u—)

corresponds to an endomorphism of the graded Ro-algebra @, A'Lg,g,[—i]{—i} that is functorial in the semiper-
fectoid Ry-algebra R, is compatible with tensor products and is the identity in degree 0. We claim that this is in
fact the identity. To see this, one follows the argument from [9, Theorem 5.5.10] to find that this endomorphism
is obtained via left Kan extension from an endomorphism of the same functor but now defined on p-completely
smooth Ry-algebras and valued in derived Ry-algebras that are p-complete. In fact, one can argue as in the proof
of [12| Theorem 7.17] to the consideration just of the p-completed polynomial algebra Ro[z]" over Ry. Here, the
graded algebra is just Ro[z]" @ Ro[x]"dz{—1}[—1], and one sees that the only possible functorial endomorphisms
with the required properties are the identity and the map killing dzx.

We claim that the latter is not possible. Indeed, it is enough to find one semiperfectoid Ry-algebra R such that
the map does not factor through RHT x BG,,. If Ry is p-torsion free, then we choose R = Ry/pRo;
otherwise, we choose R = Ry/xRy for some regular element x € Ry. In fact, in the first case, we can replace
Ry with its tilt, and reduce to the consideration just of the second case, where the claim is easily verified using

Remark [6.9.5 O

6.12. Descent. The stacks we are concerned with here carry p-quasisyntomic covers to covers in the fpqc topology.
This is well-known to experts, but we include proofs here, since it is important for what follows.

Proposition 6.12.1. Suppose that we have a p-completely étale map g : R — S in CRing?“™P. Then the
associated maps gN : SN = RN and g :S — R are(p,I)-completely étale.



CONJECTURES OF DRINFELD 87

Proof. The assertion for g is shown in [12, Remark 3.9]. The main point is that, for any C' € CRing?™'P and a

Cartier-Witt divisor I — W(C') with quotient W (C), the small p-completely étale site of W(C) is equivalent to
that of W(C'), and hence to that of C. This shows that, given R — W (C), we have

S@r W(C) ~W(C")

for a canonical étale cover C' — C".
Let us now look at ¢*V: given (M 4 W) in Zé\[(C), W/qM is an extension of W by hcoker(t), where t* :
V(LY)* — G is the map associated with a cosection of a line bundle over Spec C. Therefore, the map

(W/aM)(C) = W(C)
is surjective as long as C'is Gg—acyclic. For such C, the same argument as in the previous paragraph shows that
S®r (W/aM)(C) = (W/aM)(C")

for a canonical étale map C' — C”. In general, we can choose a faithfully flat map C' — D such that D is G#-acyclic,
and so the conclusion from the previous sentence follows for C' by fpqc descent for étale C-algebras. O

Proposition 6.12.2. Suppose that we have g : R — S in CRing? "™ with S the p-completion onp[Tl/px]Q@Zp[T]R
for some map Zy[T) — R. Then the associated maps VSN 5 RV andg S — R are surjective in the
p-completely flat topology.

Proof. By the limit-preserving properties of the prismatization and Nygaard filtered prismatization functors, we
are reduced to the situation where R = Z,[T]" and S = Z,[T'/?7 "

Here, we will use the following consequence of Lemma For any C' € CRing” ™! and any map 8 : Zy[T) —
W (C), we can find a faithfully flat map C' — C’, and an extension Z,[T/?”] — W(C") of 3. Now, given any
diagram W (C) — W(C) < Z,[T] corresponding to a C-valued point of R , we can first lift the second map to a
map Z,[T] — W(C), and then find C' — C’ as in the previous sentence, so that we have a lift to C’-valued point
of S .

This completes the proof in the case of the prismatizations. For the Nygaard filtered prismatization, suppose
that we have a point in RV (C). By replacing C' with a flat cover if necessary we can assume that it is of the
form M(C,d,t,u) — W (see Remark . We then have a surjection W/“d — W/M with homotopy kernel
heoker(u?). This means that, over G¥-acyclic algebras, any map Z,[T] — (W/M)(C) can be lifted étale locally to a
map Z,[T] — W(C)/"d, and thence to W (C), and we can run the argument used for the prismatization again. [

Corollary 6.12.3. For any R € CRing? “"", there exists a quasisyntomic cover R — Roo with REF™ semiperfec-
toid for all m > 1, and also satisfying the following properties:
(1) The maps
R,—R ; RN - RN
are surjective in the p-completely flat topology;
(2) R, =~ Spf g is a derived formal affine scheme and RN ~ R(Fily g) is a derived p-adic formal Artin
1-stack;
(3) The natural maps
(Rao®rRoo) — RY
are (p, I)-completely faithfully flat, where I = I__ .
Proof. Choose a set of generators {z; : i € I} for mo(R)/pmo(R), and a map Zy[T; : i € I])) — R carrying T; onto
x; € mo(R)/pmo(R). The R-algebra

defn oo oo ~
R = Zp[(é/” ][Til/p :ZEI];\@ZP[Ti:ieI]QR

now does the job. By construction REE™ is semiperfectoid for all m > 1, and it follows from Proposition [6.12.2
that R, -+ R and Rﬁ — RN are surjective in the p-completely flat topology: Indeed, the Proposition tells us
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that these are filtered limits of such covers, so one is reduced to the fact that a filtered colimit of faithfully flat

maps of rings is once again faithfully flat.
Assertion (2) is immediate from Theorem [6.11.7
The last assertion follows from Lemma [6.12.4] below. O

Lemma 6.12.4. Suppose that R — S is a quasisyntomic cover of semiperfectoid rings. Then the map
SN @ 7Z/p"7 — RN @ Z/p"Z
is a faithfully flat map of derived p-adic formal Artin 1-stacks.
Proof. Given Theorem the proof is identical to that of assertion (1) in the proof of |33, Proposition 2.29]. O

Combining Corollary [6.12.3| with Lemma also yields:
Corollary 6.12.5. Suppose that R — S is a quasisyntomic cover in CRing

SN 5 pN

p-comp

. Then the map

s a surjection in the p-completely flat topology.

6.13. A nilpotence result. We will need a certain nilpotence result for applications to the abstract Grothendieck-

Messing theory formulated in §8.7] Suppose that (R’ — R,7) is a divided power thickening of semiperfectoid rings

in CRing” ™. Then by Lemma and Theorem the natural map g/ — R’ factors canonically through
R-

Set

Kr g de:fn hker( R — R)

Just as in Remark the maps
@1 :Filyy g — Ip; o1 :Fily g —Ip
now give rise to a ¢-semilinear map
Kriop = I ® , Kr'sR-
Using the defining properties of the Breuil-Kisin twist, this map yields a ¢-semilinear endomorphisnﬂ
o1 Kpor{l} = Kror{1}.

Proposition 6.13.1. Suppose that the divided power structure is nilpotent of nilpotence degree m as in Defini-
tion[3.6.71 Then the composition

- 2m+1

Kpp{l} “— Krr{1} = Kn—r{1}/*(p.])
18 nullhomotopic.
We will need a little preparation.

Assumption 6.13.2. Until further notice, we will assume that R’ is an Fp-algebra. In particular, the Breuil-Kisin
twist is trivial in this case, and so will be ignored.

Notation 6.13.3. Set K = Kp/_.g, Fil* A = Fil}, g, Fil* A’ = Fil}, &/, and I = hker(R’ — R). We will use an

overline (+) to denote mod-p reduction. Set
17 17 .17 . 7 . i 1’ : i A
Fil' K = hker(Fil' A" — Fil' A) ; Fil;"” K = hker(Fil;"™ A" — Fil;*" A).
321 M — Ir' ® ,, M is a p-semilinear map for a r/-module M, then it factors through a linear map ¢*M — Ip/ ® ., M. In

turn this gives a linear map @*(M{1}) ~ Iy, ® o (@ M){1} — (I, ® w Ar) ® ., M{1} ~ M{1} corresponding to a ¢-semilinear
endomorphism of M{1}.
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Remark 6.13.4. The composition Fil' K — K — K induced by ¢; factors through Fil{®™ K. Moreover, we have
a canonical isomorphism

I = hker(R' — R) = hker(Fili™ A4 — Fil™ 4) = Fil K.
The factoring A” — A — R’ induces a splitting (see the argument in Remark :
(6.13.4.1) Fil' K = K @ I[-1].
The endomorphism of K arising from ¢; is now given by the composition
Ko Fil'K 5 FICE > K,
where the first map is obtained from the splitting . It will be useful therefore to consider the composition
(6.13.4.2) w:FIYE 5 K - Fil' K — FIlY K

Remark 6.13.5 (The not-necessarily-nilpotent qrsp case). Let us jettison the nilpotence hypothesis on the divided
power structure, and observe that all the constructions involved here make sense for arbitrary divided power
extensions (R’ — R, ) of F,-algebras.

Let us assume instead for the moment that R’ and R are qrsp F,-algebras and that we have ¢™(I) = 0 for
n sufficiently large; for instance, this is the case if the divided powers are nilpotent. In this situation, we can
understand K and the section K — Fil' K in reasonably explicit fashion. Let R’ be the inverse limit perfection
of R, and hence also of R’. Then A’ (resp. A) is the p-completed divided power envelope of W(R") — R’ (resp.
W(R’) — R). The lift A — R’ is obtained from the divided powers on I. The map Fil®* A’ — Fil® A is an injective
map of classical filtered commutative rings, and so we have

K ~ (A/A)][-1] ; Fil' K = (Fil' A/ Fil' A")[-1].
Set J' = ker(R” — R') and J = ker(R> — R). Write 7 : A — A/A’ for the quotient map. Then the A’-module
A/A’ is topologically generated by elements of the form
(Y, ([21]) - Y, ([22]),

for #; € J and m; > 2. The divided powers here are those in Fil' A given by the construction of A as a divided
power envelope. The section K — Fil' K is obtained after a cohomological shift from the map

(6.13.5.1) AJA" — Fil' A/ Fil' A/

e~

sending (v ([Z])) to the image of ~,,([Z]) — [1]/7,_1\(?)]7 where z € I is the image of Z and 7,,(z) € J is a lift of the
divided power 7,,(x) € I. Products of such elements are sent compatibly to the products of their images.

Remark 6.13.6. Let us now explicate the structure of Fil‘ljOnj K in the qrsp context. We begin by noting that the
map

REFISNACA
carries © € R to &P, for any ¥ € A lifting x; see |11, Remark F.7]. Moreover, by Construction F.8 of loc. cit,
we see that Fil{”" A is generated as a module over Filg"™ A by elements of the form ~,(#) for € J. Finally, by
Proposition F.9 of loc. cit., there is a canonical isomorphism J/J? =5 gr{®™ A sending &+ J? to the image of 7, ().
Since a similar description holds for Fil{”™" A’ we obtain compatible short exact sequences

0= R —Fil°A - J/(J)? —=0;0—R—Fil™A4 - J/(J)? 0.
Together they yield a fiber sequence
I — FIlMN K — g™ K ~ hker(J'/(J')? — J/J?).
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Lemma 6.13.7. With the setup of Remark consider the commuting diagram
HO(Fil$™ K)[0] — Fil{™ K — H'(Fil°™ K)[-1]

H° (u)[0] u H' (u)[~1]

HO(Fil{™™ K)[0] — Fil{* K — H'(Fil{* K)[-1]
where the rows are the tautological fiber sequences. Set ug = H°(u) and uy = H*(u). Then:
(1) We have uo(I) = uo(HO(Fil{*™ K)) ¢ HO(Fil{°V K).
(2) The composition
T2 HOFIEMNEK) — Fis™ A
carries x € I to n,(z) — 7, () where T € J is any lift of x. Here, we are viewing n,(x) as an element of
A’ via the identification R' = Filgonj A
(3) Via the isomorphisms HY(Fil{°™ K) ~ J/(J? 4+ J') =~ I/I?, uy corresponds to the endomorphism

1/12 x+12’_>77;0(37)+I2 I/IQ
In particular, if the divided power structure is nilpotent of nilpotence degree m, then u?>™ is nullhomotopic.

Proof. Assertion (1) amounts to knowing that, for all € J' N J?, u kills v,,(Z). Via the isomorphism ¢ : H(K) ~
(A/A")[p, 7, (%) is mapped to the image of %}i]) €A Ifz =73, 9% for §;,Z; € J, then we find that

—_~—

- _ ~ 1y 6:13.5.9) - . . a1 41
@) = (p =Y 7 p([FDw(ED)) =7 (0= DY (wld] — [ (ya)]) (] = [p(z)]) € (FiI' A/ Fil' A)[p].
It is clear now that this element dies under the divided Frobenius: it lies in the image of Fil* A.

Let us now proceed to assertion (2). The map I — HO(Fil°¥ K) ¢ HO(K) ~ (A/A")[p] now admits the following
explicit description: It associates with each x € I the element (p — 1)!7(7,([Z])), where & € J is any lift of z. Via

the section we obtain maps
I — (AJA")[p] — (Fil' A/ Fil' A')[p] — Fil' A’
whose composition now takes x to the image in Fil' A’ of the element
[#7] — p! - [,(x)] € Fil' A'.
Hitting this element with the divided Frobenius and then taking the image in A gives
u(z) = (p = D! (7 () = () = mp(a) — 7,(#") € HO(FIF*™ K).
Now for assertion (3): Unwinding definitions, we see that the composition of this endomorphism with the inclusion
T/ J) 22D A i (A

can be described as follows: Given Z € J lifting an element of J/(J? + J'), we consider ~,([Z]) € A, map it to the

element v, ([Z])— [m] € Fil' A, hit it with the divided Frobenius to get the element @ —(p=1D)vp(Inp(2)]) € A
and take its image in A/ im(Zl). Since 7, ([ZP]) is divisible by p?, this image is exactly that of m e J.

Finally, note that (1), (2) and (3) together imply that, when ;" = 0, ug* and uj* are both the zero endomorphism.
Therefore, u™ factors through a map H' (Fil{®™ K)[—1] — HO(Fil{°™ K) and so its square will be nullhomotopic. [J

Proof of Proposition [6.13.1. Suppose first that R’ and R are quasisyntomic F,-algebras, and that the divided power
structure has nilpotence degree m. Consider the endomorphism u from (6.13.4.2)). Then, using quasisyntomic
descent and Lemma [6.13.7, we find that u?™ = 0. Since gbfmﬂ factors through u?™ mod p, this shows that we have

1™t =0 mod p.
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The case where R’ is a general Fp-algebra can be deduced from this and the fact that the co-category of
divided power extensions (R’ — R, n) of Fp-algebras of nilpotence degree m is generated under sifted colimits by
extensions where R’ and R are quasisyntomic. This boils down to the observation that the universal quotient of
the divided power algebra F,,(X) in one variable in which the divided power has nilpotence degree m is isomorphic
to ]FP[X(), v aXm—l]/(X(I))a . ’erii—l)'

For the general case, using mod-p Tot descent for prismatic cohomology [11, Proposition 5.5.24], one now sees
that, even when R’ € CRing?” **™P is arbitrary, the divided power structure on R’ — R being nilpotent of nilpotence

degree m implies that ¢3! acts nullhomotopically on K{1}/%(p, I). O

7. A RESULT OF BRAGG-OLSSON

The goal of this section is to state and prove Theorem [7.1.5] which is due to Bragg-Olsson in the case of perfect
complexes, and is an important ingredient in the general representability theorem that will appear in the next
section.

7.1. Formulation of the result.

7.1.1. For R € CRingg,_/, set
Z'(R) = Fil{®™ " x—_Filjy, r ~ hker(Fil{*”(R/“p) — R)

Then we have two maps

conj —

a1, 20 Z'(R) = gri®™ g ~ Lgyr, [-1],

where ¢; arises from the natural map Fil{"™ p — gri®

Rr, and ¢o arises from the natural map Fil%ldg "
gr%{dg g composed with the Cartier isomorphism.
Z'(R) inherits the structure of an object in Mody from Filionj ~ p. For this structure, ¢; is R-linear, while g5 is

p-semilinear, and so corresponds to an R-linear map 1 ® ¢ : ¢*Z1(R) — grionj N

7.1.2. Let Modﬁ’* be the oo-category of pairs (N, ), where N € Modg, and ¢ : N — ¢*N is a map in Modp.
For each such pair, we obtain two maps

a1y, 92,9 - RHompg(N, A (R)) — RHompg(N, gr(l:onj 73)'
The map ¢, is simply postcomposition with ¢;, and is independent of 1, while the second is the composition

(1®qg2)o(-)oy

RHompz(N, Z'(R)) <= RHomg(¢* N, ¢* Z'(R)) RHompg (N, g1 g).

Remark 7.1.3. Suppose that R is a smooth Fj-algebra. Then we have
Filf-Onj R TSiQ;%/]Fp,

and therefore Z!(R) ~ Q}z’jlﬁp [—1] is the shifted module of closed differential forms, while gr{®™ ~  ~ H( rye )1

The map ¢; now is the natural surjection, while g is the composition

1,cl ~ °
Uik, (1] = Dby, 21 5 B @y -1
where the first map is the inclusion, and the second is the Cartier isomorphism.

When N is a vector bundle over R, there is an associated finite flat commutative group scheme G (N, ) of height
one (see below), and the complex RI',(R, (N, 1)) is (up to shift) precisely that of Artin-Milne appearing in |3,
Prop. 2.4], which computes the flat cohomology of G(N, ).
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7.1.4. We can now associate with each (N,1) € Mod%™ the space
RT,, (R, (N,)) = hker (RHomR(N, ZY(R)) 27", RHomp(N, gr$™ *R)) .
This yields a prestack
S(Nw) CRingR/ — Modﬁf;
C+ 7<°RT, (C,(C ®g N,id ® 1))
Theorem 7.1.5. Suppose that N is almost perfect and (—m)-connective; then S(y ) is represented by an almost

nitely presented derived Artin m-stack over R. If N is perfect, then Sy ) is finitely presented. If, further, N has
(N9)
Tor amplitude in [1,00), then S(y ) is smooth over R.

Remark 7.1.6. When R is classical and N is finite locally free, we will see in Corollarybelow that S(n,y) is in
fact a finite flat group scheme over R. The stacks associated with shifts (IV, ¢)[—r] can then be described in terms of
this group scheme. When R is Noetherian and N is a finitely generated R-module, the classical truncation of Sy )
can be described non-canonically as follows: Choose a presentation (Fy,11) — (F2,¥2) — (N,9) — 0 with Fy, Fy
finite locally free over R, and take the kernel of the resulting map of finite flat group schemes Sg, 4,) — S(F, )

Remark 7.1.7. Suppose that we have a cofiber sequence
(N, 9") = (N, y) = (N”,¢")
in Mod%*. Then we obtain a Cartesian diagram of prestacks

S(Nw) = S(N )

Sy T SN [-1] -
7.2. Flat cohomology of height one group schemes. We now present the proof of Bragg-Olsson with appro-
priate modifications to accommodate almost perfect complexes.

Construction 7.2.1. Suppose that R is discrete and that N is locally free of finite rank over R. Then the pair
(N, 1) gives rise to a finite flat commutative p-group scheme G(N, ) over R of height 1, meaning that its Frobenius
endomorphism is trivial; see |23, Exp. VIIA], [20, §2]. Explicitly, the Cartier dual G(N,)* is given as the kernel
of the map
vy V(Y)-F * ATV v
V(NY) —————= V(¢"N") 2 R®y,r V(NY),
where F is the relative Frobenius map for V(¢*NV) with respect to R.
We now have:

Theorem 7.2.2. For any C € CRingR/, we have a canonical isomorphism
RT, (C,(C &g N,id ®¢)) = RTgpe(Spec C, G(N, ).

Proof. By considering the universal situation for pairs (IV,%), one reduces to the case where R is a smooth F,-
algebra. The arrow in question is obtained via left Kan extension from an isomorphism of functors for smooth
R-algebras C, where it is a classical theorem of Artin-Milne [3, Proposition 2.4]; see Remark

That this map is an isomorphism is a theorem of Bragg-Olsson |16, Theorem 4.8], who attribute the proof to
Bhatt-Lurie. g

Corollary 7.2.3. (1) The stack S(n,y) is canonically isomorphic to the group scheme G(N, ).
(2) If r >0, the stack S(n v s isomorphic to the iterated classifying stack B"G(N,1)).
(3) If r <0, the SN y)[—r) 8 derived affine over R and is of the form Spec B_,., where the map R — B_,. has
(—r)-connective cofiber.
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Proof. The first two assertions are clear from Theorem [7.2.2] For the last assertion, note that, for each r < 1,
applying Remark to the cofiber sequence

id .
(N7 1/’)[_7“] — (N7 ¢)[_T] — (07 ld)
and using the obvious isomorphism S((0,1id)) ~ Spec R gives us a Cartesian square of prestacks

S(N)w)[,r] e Spec R

Spec R —> SN y)[—r+1]-
Therefore, induction on r shows that S . )[—r) is derived affine and is the spectrum of B_,. defn R®p_,,, R. Further-
more, we can assume that the augmentation map B_,; — R has (—r + 1)-connective fiber I_, ;. Consideration
of the fiber sequence
I, 1®p ,,,R-R—-R®p_.,, R=DB_,

now shows that R — B_, has (—r)-connective cofiber, as desired. O

r4+1

Proof of Theorem[7.1.5 Suppose that N is (—m)-connective. By [52, Proposition 7.2.4.11(5)] and its proof, we can
assume that (N, 1)) is given as a filtered colimit

(N, w) ~ colimj6221 (]\7]‘7 ’(/)J)
where, for each j > 1, Q; = hcoker(N,;_1 — N;)[m — j] is finite locally free over R. Here, we set Ny ~ 0. If N is
perfect, we can assume that (N;,1,) ~ (N, ) for j sufficiently large. We now have

S,y = UM S, ).
J

By Remark for each j > 1, we have a Cartesian diagram

S(Njﬂl)j) I S(Nj—l,wj—l)

S(Nj—raby—1) — S(Q ) li—m—1];
where ¢} 1 Q; — ¢*Q; is the map induced from ¥;[m — j] and 1);—1[m — j]. Combined with Corollary |7.2.3} this
shows:
® S(n;,y,) is a finitely presented derived Artin m-stack for every j > 1;
e For j > m and every map Spec C' — S(y;,_, 4,_,) over Spec R, the map
S(N; i) XS, 1 051) Spec C' — Spec C
is represented by a finitely presented derived affine scheme Spec B; such that C' — B, has (j —m)-connective
cofiber.
By the next lemma, this implies that S ) — S(n,,_,,¢,._,) 18 relatively represented by an almost finitely presented

derived scheme, and is hence itself an almost finitely presented derived Artin m-stack over R.

Lemma 7.2.4. Suppose that B € CRingC/ s presented as a filtered colimit
B ~ colim;>, B;
in CRing¢, such that the following conditions hold for all j > m:

(1) B, is finitely presented over C;
(2) heoker(B; — Bj11) is (j — m)-connective.
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Then B is almost finitely presented over C.

Proof. For each j > m, the map 7<(j_m)B; — T<(j—m)B is an isomorphism, and the source is clearly finitely
presented in the full subcategory of (7 — m)-truncated objects in CRing /- g

To finish, it remains to show that S(y ) is smooth if N has Tor amplitude in [1,00): But the above proof tells
us that it is enough to know that S¢y ), is smooth when N is locally free and 7 > 1, and this is also clear from

Corollary O

8. REPRESENTABILITY THEOREMS FOR 1-BOUNDED STACKS

In this section, we prove a representability theorem under somewhat general hypotheses. We also record some
applications to stacks obtained from F-gauges.

8.1. The map from the F-zip stack to the mod-p syntomification.

8.1.1.  We have a canonical map 1 : RFZ4P — RS2 @[, obtained from Example[6.10.10, We can give a much more
explicit description of 7. Consider first the map

(8.1.1.1) A'/G,, x Spec R 242 RN®1F — R @ T,

Next, we will construct another map

(8.1.1.2) Al /G,, x Spec R 2% RN @ F, = R¥* @,
whose restriction to the open substack G,,/G,, X Spec R agrees with that of (8.1.1.1), and thus yields a map
7:Y xSpecR = R¥Y" @ F,.

This is constructed as follows: Given a point (L,u : C'— L) of AL /G,, x Spec R over C € CRingp/, we have
the Cartier-Witt divisor W £ W along with the map of trivial generalized Cartier divisors (GI®* 2 GIR) —

(GIR @ L & GI®) induced by u. In the notation of Remark the associated filtered Cartier-Witt divisor
is simply M (L,p,0,u) — W; the quotient W/M(L,p,0,u) is also a quotient of G,, and this yields the structure
map from R. The restriction to the open point corresponds to the natural structure map R — C — W (C)/“p, as
desired.

8.1.2. Consider now the two maps
BG,, x Spec R — A /G, X SpecR 2Ry RV @ Fy;

BG,, x Spec R — Al /G,, x Spec R AT, RN®IF

The composition with the map to Fﬁf is the same for both of these: It attaches to every line bundle L the filtered
Cartier-Witt divisor M (L, p,0,0) — W; however the structure map R — (W/M(L,p,0,0))(C) associated with the
second composition differs from that associated with the first via pre-composition with ¢ : R — R. This shows that
the map 7] descends to the desired map 1 : RF4P — R @ F,,.

8.2. F-gauges and F-zips.

8.2.1. Suppose that R € CRing/,mz),. An F-gauge over R of level n is a quasi-coherent sheaf M over
R¥™ ® Z/p™Z. Via the map mé\% of
categories

we obtain a symmetric monoidal functor of symmetric monoidal oo-

QCOh(R™™ ® Z/p"Z) — QCoh(RY @ Z/p"Z) 55 QCoh(A! /Gy, x Spec(R/“p™)),
which can be viewed as a functor M — Filfyy, M, from F-gauges of level n to filtered modules over R/ Lpn
The Hodge-Tate weights of an F-gauge M are the integers ¢ such that grﬁég M, # 0. We will say that M is
1-bounded if its Hodge-Tate weights are bounded above by 1.
As an immediate consequence of Theorem [6.11.7} we find:
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Proposition 8.2.2. Suppose that R is semiperfectoid. Then there is a canonical symmetric monoidal equivalence
of stable co-categories

QCoh(R¥™ @ Z/p"Z) = _p—gauge,,,
where the right hand side is the co-category of _gp-gauges of level n from . This is compatible with the definition
of Hodge-Tate weights on both sz’desﬁ

From this we obtain:

Proposition 8.2.3. Suppose that R — R is as in Corollary[0.12.5 Then we have an equivalence of symmetric
monoidal stable co-categories compatible with Hodge-Tate weights

QCoh(R™™ ® Z/p"Z) = Tot <7R®<.+1> —gaugen) .
Construction 8.2.4. Associated with M are the Mody,,,»;-valued prestacks over R

RIS, (M) : CRingr, — Mody,nz,

syn

C— RHOmQCOh(Csyn ®7,/p"7) (M |Csyn, ﬁCsyn®Z/an) .

RFsyn(./\/l) : CRlngR/ — Modz/pnz

defn

C +— RTgyn(SpecC, M|csm) = RIL(C™", M

Cavn)
We will set
F:yn(M) = TSORF:yn(M) ) Psyn(M) = TSORFS}’H(M)‘

Suppose now that R is an Fj-algebra. Then pullback along 7 : RF4P — RSY? @ F,,. gives a symmetric monoidal
functor

n* : QCoh(R™ ® F,) — QCoh(R %),
Note that there are natural maps
RIS, (M) = Rz, (n" M) 5 RUsyn(M) — BRI pzip(n* M)
for any F-gauge M over R of level 1, where the right hand side of each map is as in Construction [5.8.10]
Remark 8.2.5. If M is perfect with dual F-gauge MV, then we have a canonical isomorphism
RIZ, (M) = RTgyn(MY).

8.3. Prestacks of sections. We will now use the terminology and results of §4.7}

8.3.1. Suppose that R € CRing/,mz),. Note that " ® Z/p™Z is a pointed graded stack equipped with a
canonical map of graded stacks

BG,, x Spec(R/"p™) = R @ Z/p"Z.
arising via the map
J;Q{{’R @ Z)p" 7 : A' /Gy, x Spec(R/“p") — RN @ Z/p"Z.

Suppose that we have a 1-bounded stack X = (X¥, X°) — R%" ® Z/p"Z. Define a prestack I'sy,(X) that
associates with each C' € CRingp, the space

Loyn (X)(C) = Mapgeyngz/pnz(C™" © Z/p"Z, X).
Unpacking definitions, one sees that we have
Lyn(X)(C) = Map peyn gz /pnz(C" @ Z/p"Z, X)X x0.0(0pmy X°(C/7p™),
where X9 — Spec R/"p" is the fixed point locus of X<,

33See Definition W for the one on the right hand side.
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8.3.2. This has a slightly more explicit description. First, define prestacks I'y/(X) and I' (X') over R by
TA(X)(C) = Map, gesngzpmz(CV ® Z/p"Z, X);
I' (X)(C) = Map geyngz/pnz(C @ L[p"Z, X°).
Restriction along the de Rham and Hodge-Tate immersions yields maps
Jirodin 1 Ta(®) 5 T (&),

and we now have

(8.3.2.1) Capn (X)) — eq(FN(X) % r (X)).

8.4. Some auxiliary stacks. Suppose that X = (X®, X°) is a 1-bounded stack over R%® ® Z/p"Z.

8.4.1. Let X X X—0 be the prestacks over R given by
X(n)(c) = Map geyn gz pnz(Spec C/Mp", X);

XU(C) = Map, geyngz/pnz(A' /Gy x Spec C/p™, X);

X0 () = Map  peyngz/pnz(BGm X Spec C/lp, X).
The last two stacks are simply the Weil restriction from R/“p™ to R of the attractor and fixed point locus of
(X, X0), respectively.
8.4.2. If R is in addition an IF)-algebra, then also define

XH0(C) = Map, gengzpnz (A} /G x Spec C/Fp™, X).
This is the Weil restriction of the repeller associated with X and the map Al /G,, x Spec R/Mp" — RN @ Z./p"ZL.

8.4.3. Suppose that n = m, so that R is a Z/p™Z-algebra. In this case, for any R-algebra C, we have a section
C/tp™ — C, and so we can also define prestacks X, X, X° X+ over R (the last only when n = m = 1) by:

X(C) = Map, geyngz,/pnz(Spec C, x9);
X~ (C) = Map, geyngz/pnz(A' /G x Spec C, X);
X°(C) = Map, gengz/pnz(BGm x Spec C, X);
X*(C) = Map, geyngr, (A} /Gy x Spec C, X).
The last three stacks are simply the attractor, fixed point locus and repeller for X base-changed from C/“p" to C.

Note a subtlety about base-points: The base-point BG,, x Spec C' — A}r /Gy, x Spec C' is a lift of the Frobenius
endomorphism of BG,, x SpecC. In particular, we actually have

XH(C) =Map, gangr, (A} /G x SpecC, X) x4 xo.0(c) X°(C).
Here, ¥ XY is given by Y X% = X0 xgpec r.» Spec R.
Proposition 8.4.4. Suppose that X — R Q@ Z/p"Z is a 1-bounded stack and suppose that mo(R) is a G-ring.
Suppose also that X° has quasi-affine diagonal over RY™ @ Z/p"Z. Then X, X—) X0 gnd X+ (if

m = 1)—and, if n = m, the prestacks X, X, X° and X (if n = m = 1)—are locally almost finitely presented
derived Artin stacks over R.

Proof. By Propositions and it follows that X =) X &+0)  x©.0m and X% are locally finitely
presented derived Artin stacks. Since we have
X:i:,(n) — X(},:I:,(n) XXOVOY(W) )((),(n)7

we see that these are also locally finitely presented derived Artin stacks.
The argument for X (™ is even simpler, since it is a mod-p™ Weil restriction of a derived Artin stack by definition.
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The argument for the remaining four prestacks (when n = m) is the same, but doesn’t involve Weil restrictions.
O

Remark 8.4.5. Suppose that X'¢ is graded integrable (this is in particular true if it has quasi-affine diagonal by
Proposition [4.11.3). When n = m = 1, for any R-algebra C', the map

X+(C) — Map/Rsyn(g]Fp((A}’_/Gm)(uzzo) X SpEC C, XO) X x0.0(C) LPXO(C)

is an equivalence. Suppose now that ]Lg(), is the graded almost perfect complex over X° obtained via pullback from
the relative cotangent complex of X¥. Then, via graded deformation theory, we obtain a Cartesian diagram of

stacks
Xt —— s X0

PX0 —— V(LY _[-1])
Therefore, as soon as XY is representable by an almost locally finitely presented derived Artin stack, it follows X+

is alson almost locally finitely presented derived Artin stack. Note also that X is quasicompact as soon as X? is
S0.

8.5. Dévissage to the F-zip stack. Suppose that n = 1, and that we have a 1-bounded stack & — R%" @ IF,,
with R € CRingg .

Construction 8.5.1. Define a prestack I'pzip(X) over R by
FFZip(X) : CRll’lgR/ — Spc
Cw Map/Rsyn®]Fp (CFZip, X)
The argument from Lemma [5.10.6] shows that we have a presentation
~ PN opry
(8.5.1.1) Lrzip(X) = eq(X xx XT —= “"X0>.
A’ opry
Lemma 8.5.2. Suppose that X< is a relative r-stack with one of the following properties:
e X — RY"@TF, has quasi-affine diagonal and mo(R) is a G-ring;
o The stacks X—, X1, X are almost locally finitely presented derived Artin r-stacks over R.
Then T pzip(X) is an almost locally finitely presented derived Artin r-stack over R.

Proof. Proposition shows that the first condition implies the second. We now conclude using the presenta-
tion (8.5.1.1]). g

Remark 8.5.3. Let Ly be the relative cotangent complex for X' over R¥™ ® Z/p"Z. For every section x €
T r2ip(X)(C), the almost perfect F-zip L(X), = 2*Lx € APerf(CF%P) has Hodge-Tate weights bounded below by
—1. We will view this as giving us an almost perfect F-zip L(X') over I'pzip (X). Since X is fibered in derived Artin
r-stacks, this F-zip is (—r)-connective.

Construction 8.5.4. Given a section z of X over CF%" (equivalently, of I'pzi,(X) over C), we obtain a (—7)-
connective almost perfect F-zip 2*LLx, which corresponds to a tuple (Filfrqy Lz, Filg®™ Lz, 7, o). We have a canonical
map

(8.5.4.1) Wy ¢ Fillgy Ly = Lo — g1 Ly o ¢" Filjyy, Lo
By Theorem for each i € Z, we now obtain a relative locally almost finitely presented derived Artin (m + ©)-
staclﬂ Si(X) = I'rzip(X), whose fiber over x is given by S(Fﬂhdg Lo tba)[—i]"

M m4i < 0, this will just be a relative derived scheme.
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Theorem 8.5.5. Suppose that X¥ — RY™ ® F, satisfies one of the following conditions:

e [t is strongly mtegmbl'
e [t has quasi-affine diagonal.

Then:

(1) There is a canonical Cartesian diagram of prestacks over R:

Liyn(X) — Trzip(X)

Irzip(X) — S1(X),

where the right vertical map is the zero section.

(2) Suppose that X< is smooth over RY™ ® Z/p"Z, and that its relative tangent complex is 1-connective. Then
Ly (X) = Trzip(X) is a quasisyntomic torsor under So(X).

(8) In particular, if X satisfies the hypotheses in Lemma then Dyyn(X) is represented by a locally almost
finitely presented derived Artin r-stack over R.

Proof. The last assertion is immediate from Lemma
For the first two, begin by noting that the condition of having quasi-affine diagonal implies the other one by
Remark Therefore, we can assume that X is strongly integrable.
By quasisyntomic descent, we can reduce to checking the existence of the diagram in (1) for semiperfect inputs.
Here, the result follows from Theorem and Proposition [5.10.23
Assertion (2) follows analogously from Corollary
O

Corollary 8.5.6. Suppose that M is an almost perfect (—r)-connective F-gauge of level 1 over R with Hodge-Tate
weights bounded below by —1. If M is perfect with Tor amplitude in [s,r|, write MY for the dual F-gauge: this has
Tor amplitude in [—r, —s] and has Hodge-Tate weights bounded above by 1.

(1) The prestack F’S"yn(./\/l) over R is represented by an almost finitely presented derived Artin r-stack, which is
in fact finitely presented if M is perfect.

(2) If M is perfect and s > 1, then Tsyn(MY) = T} (M) is a smooth, faithfully flat derived Artin stack over
R

(8) If r <0, then Tsyn (M) is a derived affine scheme over R.

Proof. As we saw in § the vector stack X = V(M) — R¥" @ F,, is an almost finitely presented r-stack, and
Example shows that it can be extended to a 1-bounded stack—denoted by the same symbol—by bringing
along the entire fixed point locus.

Moreover, the associated stacks X (" X" and X% admit the following explicit description: Associated
with M is an F-zip giving in particular the pair (Filfjq, M, Fil®™ M); then X () (resp. Xt X)) is the mod-
p™ Weil restriction of the vector stack associated with M/ Fil%ldg M (resp. M/Fil®M M, grfrag M). In particular,
all three stacks are representable, and so, if M is the underlying F-zip, then the discussion in Construction [5.8.10]
shows that I‘}Zip(M ) is representable by a locally finitely presented derived Artin r-stack.

35See Definition [4.12.5
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By Theorem and Remark [4.12.6] we have a Cartesian diagram
Iiyn(M) — T'ig, (M)

syn

(8.5.6.1)

ezip(M) — S(ny)-1)

where ¢ : N — ¢*N is a map of almost perfect complexes over I'pzi,(M) with N = Fil%{dg M.

Therefore, Theorem shows that Isyn(V(M)) = 'y, (M) is represented by a locally finitely presented
derived Artin r-stack.

For (2), first note that, under these hypotheses, I'f.; (M) is smooth over R: This is because we can rewrite the

formula (5.8.10.1) as
Dz (M) (R) =~ RT pzip(Spec R, M) ~ heoker(gri™ MY [—1] — Filg™ MY x v Fillyy, MY),

where both source and target on the right are values of smooth vector stacks, faithfully flat over R. The proof is
now completed by the second assertion from Theorem [7.1.5]

We now come to (3): Under our hypotheses, M is a connective perfect F-zip, and so shows that
F}Zip(M ) is the equalizer of a pair of maps between derived affine schemes over R, and is hence itself derived affine.

The assertion now follows from (8.5.6.1)) and (3) of Corollary O

8.6. Bootstrapping from characteristic p: coefficients. Continue to assume that R is an F,-algebra. Suppose
now that we have a 1-bounded stack X — R¥Y"®Z/p"Z. For m < n, write X, for its restriction over RY"QZ/p™Z.

Over Ty (X1), we have an almost perfect F-gauge £1(X) of level 1 and Hodge-Tate weights bounded below by
—1: this associates with every x € Dyyn(X1)(C) the pullback to O™ ® F, of the cotangent complex of X over
R¥* ®TF,. In turn, for any i € Z, this gives us via Corollary a Modg -valued relative locally finitely presented
derived Artin stack I'*(L£q(X)[i]) = T'syn(X1) associating with each x the derived Artin stack

(L1 (X)[i])e = Deyn (£1(X)[1])

syn

over C.

Proposition 8.6.1. There is a canonical Cartesian diagram of prestacks

F:sym (Xm+1) _— 11syn (Xm)

FSyn(Xm) — F*(El(X)[*l]) XTgyn(X1) FSyn(XM)v

In particular, if X1 satisfies the hypotheses of Theorem then Tsyn(X) is represented by a locally almost finitely
presented derived Artin r-stack over R.

Proof. The last assertion follows from Theorem and Corollary

The existence of the Cartesian diagram of prestacks is an application of deformation theory. Let ﬁfl\/ (X) (resp.
L, (X)) be the almost perfect complex over the Nygaard filtered prismatization of T'ar(X;) (resp. over the prisma-
tization of ' (&;)) obtained similarly to £;(X) by pulling back the relative cotangent complex of X'¢ along the
tautological map.

From the first relative vector stack, we obtain a prestack over I'y/(X}) given on pairs (C, z) with z € T'ar(X1)(C)
by

I (La(X)[-1]) : (Cyz) = MapQCoh(CN(X)]Fp)(ﬁ{v(X)m ﬁcN®Iﬁp[1])~
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Similarly, over I' (X7), we obtain a prestack given on pairs (C,z) with z € T' (X7)(C) by

I (L(X)[=1]) : (C,2) = Mapgeon(c or,) (£1(X)z, Oc o, [1])-

Suppose that C is semiperfect to fix ideas: we can reduce to considering only such inputs by quasi-syntomic
descent.
Let us look at the fibers of the map

L (X 41)(C) = T (X)) (C).

By Theorem [6.11.7, CN ® Z/p"Z is the Rees stack R(Fily, ¢) ® Z/p"Z. Then by the discussion in we have a
canonical Cartesian square

Car(Xms1)(O) L (&) (C)

T (X)(C) —> Map(R(Filyy ¢/"p™ @ Fil}y ¢[1]), X®) X xo.0.0(c) X2D(O).
Moreover, the prestack over R given by
C — Map(R(Fil}y c¢/"p™ @ Fil} (1)), X¥) X xo.0.0 0y X" (C)

is canonically isomorphic over I'n/(X,,) to the pullback of the stack I'j\,(£1(X)[—1]), showing that we have a
Cartesian diagram of prestacks over ' (X, ):

T (X)) —————— Tar(&)

U (Xm) — TR (L1(X)[=1]) Xy (ar) T (dm)

There exists an analogous Cartesian diagram with A replaced with . Combining these two diagrams with (8.3.2.1))
now proves the Proposition. O

Remark 8.6.2. Note that the establishment of the Cartesian diagrams in the proposition above did not use the
hypothesis that R is an Fj,-algebra: One simply has to replace the word ‘semiperfect’ by ‘semiperfectoid’ in the
proof.

Suppose that X' is as in (2) of Theorem Then we have the following more streamlined assertion, which
can be deduced from Proposition [8:6.1] and Corollary [8.5.6]

Corollary 8.6.3. With these hypotheses, T'syn(Xm+1) — Lsyn(Xm) is @ quasisyntomic torsor under the smooth
Artin stack T*(L1(X)), and is in particular smooth and surjective.

8.7. Deformation theory. We continue with the assumptions of the previous subsection.
Construction 8.7.1. Suppose that we have a divided power thickening (C’ — C,~) of R-algebras. Then we have
a canonical commuting square
Loyn(X)(C") ———— X~ (0)
(8.7.1.1)

Loy (X)(C) — X (0) X x (o) X(C).
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This is obtained as follows: The top arrow and the first coordinate of the bottom arrow are obtained from the
canonical map T'gyn (X) = X —(") obtained via pullback along the mod-p” reduction of the map

ahs - AY/G,, x SpecC — CN
for every R-algebra C. The second coordinate of the bottom arrow is obtained via pullback along the (mod-p™
reduction of the) lift
i’dR,C’ : Spec (=0
from Lemma [6.8.11

Theorem 8.7.2. Suppose that X is 1-bounded and strongly integrable, and that T'syn(X) is represented by a locally
almost finitely presented derived p-adic formal Artin stack over R |f| Let (C" — C,~) be a nilpotent divided power
thickening. Then the commuting square (8.7.1.1)) is Cartesian.

Proof. Write
(1) * Tagn(X)(C") = Tagn(X)(C) X x-m 0
for the natural map. We would like to show that it is an equivalence when the divided power thickening is nilpotent.

By quasisyntomic descent, we can reduce to the case where C’ and C' are semiperfect. Note that the existence
of divided powers on C’ — C' is equivalent to the existence of a commuting diagram

Cr = Acrys(cl) — = Acrys(c)

X (ony X M)

x(m) (o)

¢——=C

Moreover, by Proposition and its proof, the nilpotence of the divided powers is equivalent to the topological
local nilpotence of the divided Frobenius ¢ on hker( ¢ — () arising from the diagonal lift in the diagram.

Now, first suppose that hker(C’ — C) is 1-connective. In this case, we are in the situation of Proposition m
with B = _~ and A = _. Indeed, by Remark and the already observed topological local nilpotence of ¢
it only remains to check that the map ¢ — ¢ is surjective. This follows from the argument used in |11, Remark
4.1.20]: One reduces to checking that the map is surjective on the associated graded for the conjugate filtration on
Hodge-Tate cohomology (that is, Hodge cohomology), and hence that the map AL, L¢ JE, [—k] — AELe /F, k] has
connective fiber for all £ > 0. This reduces in turn to knowing that the map

' ®¢c /\]é”LC’/]FP — /\IévLc/]Fp
has k-connective fiber. However this fiber is filtered with associated gradeds isomorphic to
NeLeyr, ®c A (Leyer[-1])

for i +j =k and j > 1, and so it is enough to know that each of these pieces is k-connective. Now, L¢/p, is 1-
connective, while L/ is 2-connective [54, Corollary 25.3.6.4], so the desired connectivity follows from décalage [54,
Proposition 25.2.4.2].
In the general case, ¢ — ¢ need not be surjective, so we cannot directly apply the arguments from § [5.9]
To proceed, let us make note of the following principles:

(1) If we have a factoring C' — Cy — C, equipped with compatible nilpotent divided power structures, then
we can verify the Cartesianness of the square for ¢/ — C' by separately verifying it for each factoring map.

(2) For every m > 0, 7<;,C" — 7<,,, C inherits a divided power structure from C’ — C.

(3) If C1 — C is any map of semiperfect F,-algebras, then Cq x¢ C" — C is equipped with a nilpotent divided
power structure

36we will only need it to be locally almost finitely presented and infinitesimally cohesive.
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Applying these principles, we get a factoring

C'— C x (©) 7'21(0/)—»0

T>1

equipped with compatible divided powers. The first of these maps has 1-connective homotopy kernel, and we have
already verified that is Cartesian for such maps. The second is a base-change of the map 7>1(C) — 7>1(C"),
and using infinitesimal cohesiveness we can reduce the checking of the Cartesianness of the associated square to
that of the square associated with the map of 1-truncated rings.

Therefore, we can assume that C’ and C' are 1-truncated. Via the same technique, applied now to 0-truncations,
we can reduce to checking separately the following two cases:

o 1(C") = m(C) is an isomorphism;
o ('’ and C are discrete.

Let us first deal with the second case. Here, we have C' = C’/I, where I C C” is an ideal equipped with nilpotent
divided powers. Using local almost finite presentation, we see that we have

Fsyn(X)(C) = colimjy Fsyn(X)(Cl/J)

where J C I ranges over the finitely generated sub-ideals of I that inherit a divided power structure from J ﬂ This
lets us reduce to the case where I is finitely generated, so that the divided powers I'™ of T are eventually 0. By
repeatedly applying the first principle above, we can reduce to the case where I?l = 0, so that the divided powers
are trivial and I C C’ is a square-zero ideal. In this case, by the infinitesimal cohesiveness of Iy (X), it suffices
to verify the theorem in the situation where C’ = C @ I[1], where we are reduced to the already known case of
1-connective fiber.

Now, let us consider the first case where mo(C”") = mo(C) is an isomorphism. If we set D = m(C'), then C” (resp.
() is a square-zero thickening by M'[1] (resp. M[1]) for some discrete D-modules M’, M, and the map ¢/ — C
arises from a map M’ — M of D-modules. If M" C M is the image of M, we obtain a factoring C' - C” — C into
nilpotent divided power thickenings where C” is a square-zero extension of D by M”[1]. The first of these maps
has 1-connective fiber, so we are reduced to the situation where M = M" is a submodule of M’. Set N = M'/M;
then the fiber of C" — C'is the discrete D-module N, and so N is equipped with a divided power filtration given by
the submodules N[™ € N generated by the images of 7 : N — N for all k > m. Just as in the classical case, we
can use this filtration to reduce to the case of a trivial square-zero thickening, and hence to the case of 1-connective
fiber. O

Remark 8.7.3. Under further restrictions, one can dispense with the nilpotence of the divided powers on C' — C.
Note that we have maps

o1,

Ty (X)(C) = Trzin (X)(C) 2225 mo(Mape (Fillyg, Lo, ¢ Fillyy, L)),

Here, 1), was defined in Constructionm Within the 7o (C)-module on the right, we have the subspace of nilpotent
operators f satisfying

0=,(f) = (") fo- 09 fof=0em(Mapy(Filliy La, (9" )" Filjjy, L))
for some n > 1.
Let
TRP(X)(C) = Deyn(X)(C)

syn

be the pullback of this subspace. This is the nilpotent locus of I's,, (X)(C).

3"Note that, since the divided powers are nilpotent, the divided power closure of any finitely generated ideal is once again finitely
generated.



CONJECTURES OF DRINFELD 103

We then claim that, for any divided power thickening (C' — C,~) as above, the commuting square (8.7.1.1)
restricts to a Cartesian square

D2 (X)(€) ————— X~)(C")

syn
(8.7.3.1)

Il (X)(C) — X—M(C) Xy (o) XM (C)

syn
Since the kernel of o (C") — 7(C) is locally nilpotent, we see that T2 (X)(C”) factors through I'2P(X)(C), giving
us the restricted commuting square. To see that this is Cartesian, we can use quasisyntomic descent to reduce to the
case where C’ and C' are semiperfect. Here, if hker(C’ — (') is 1-connective, then the argument used in the proof
above still works: We have to replace the nilpotence of the map ¢; with the nilpotence of ¥, and the argument
explained in Remark

For the general case, we only give a sketch of a proof: Let us consider the prestack C' — It (X')(C) constructed
using the Witt vector frames W (C') and the definitions from § We can similarly define the nilpotent locus

ke (X)(C) = Twiee (X)(C).
Now, Remark [5.9.29] tells us that the natural map
(8.7.3.2) role () (C) — TP (X)(C)

syn
induced from the map of frames _, — W(C) is an equivalence.
To proceed, we need to recall the relative Witt frame W (C’/C) defined in [47, Example 2.1.9]: All we need is
that its underlying animated commutative ring is W (C”), but its zeroth associated graded is C, and W (C’") — W (C)
factors through a sequence of maps

W(C") — W(C'/C) — W(CO).

Using Remark [5.9.28| again tells us that we can compute F%&iﬁt(X)(C) using W(C’/C) instead. Combining this
with Proposition [5.9.7 now gives us a Cartesian diagram

Ik (A)(C) ————— X~ ()

TRk (X)(C) — X—(0(C) X x0m () X(C)

One checks that this square is compatible via the isomorphism (8.7.3.2)) with the square (8.7.3.1)). This completes
the proof.

Remark 8.7.4. By quasisyntomic descent, the argument used above shows that we have a frame-theoretic inter-
pretation of the nilpotent locus via the Witt vector frame for any R-algebra C'. That is, we always have

AP (X)(C) = Tigh (X)(C).

syn
Remark 8.7.5. In fact, one can say more. Let (A, () be any filtered prism and with C' = R4 € CRingp/, so that
we have maps G(A) — C%" — R™" given by Proposition Then we can apply the definitions from to
the restriction of X over G(A) ® F,, and obtain a space I'4 (X)(C') equipped with natural maps
Layn(X)(C) = TaA(X)(C) = Twist (X)(C).

If we set

TP(X)(C) = T a(X)(C) Xpyye()(©) Tivin (X)(C)
then the arguments used above show that we obtain natural maps

Fnﬂp(X)(C) - FZIP(X)(C) — F?}\lllf;t(x)(c)a

syn
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where the composition of the two maps as well as the last map are equivalences. In particular, we can compute
I2P(X)(C) using any such frame A with Ry ~ C.

Remark 8.7.6. The argument used above, applied for any discrete semiperfect C', to the surjective map of frames
_c — mo(_¢), shows that I'MIP(X)(C) depends only on the classical truncation of the syntomification CY™.

syn
We wonder if this is true e\};en for the non-nilpotent locus. This would be implied by a topological local nilpotence
result for the divided Frobenius endomorphism of hker( r — mo( g)) for R semiperfect. Concretely, we are looking
at the fiber of the map between the derived crystalline cohomology and classical crystalline cohomology of R.
If this local nilpotence is true in general, this would show that the classical truncation of I'yy, (X') depends only
on the classical truncations of the stacks C*Y" for varying C'. This in turn would explain why, when X' is fibered
in derived algebraic spaces over R%" @ F,, I'syn (X)) is also a derived algebraic space over R.

8.8. Bootstrapping from characteristic p: the base. We will now take R to be in CRing?” “°™P. For any p-adic
formal prestack Z over R set R(Z) = Z(1, so that R(Z)(C) = Z(C/"p) for any C € CRing’Efomp. This gives an
endomorphism of the co-category of p-adic formal prestacks over R, and so can be iterated: We have

RY(Z)(C)=Zz(C ®]Ff?zt).
The key for us is the following systematic dévissage from characteristic p:

Proposition 8.8.1. Let X — RY™ ® Z/p™Z be a 1-bounded stack that is strongly integrable. For any C €
CRing’I’%’/comp , the canonical map

Loyn (X)(C) — Tot (Tayn (X)(C @z FF2*11))
s an equivalence. That is, we have an equivalence of p-adic formal prestacks
Toyn(X) = Tot (R (Tyn (X)) .
Now, if (C" — C,~) is a divided power thickening of R-algebras, we obtain the canonical commuting square ((8.7.1.1)) E

Corollary 8.8.2 (Grothendieck-Messing). Suppose that X — R™™ @ Z/p™Z is 1-bounded and strongly integrable,
and that Lgyn (X) T, is representable. Then, if (C' — C,~) is a nilpotent divided power thickening, the commuting

square (8.7.1.1) is Cartesian.

Proof. Nilpotence of divided powers is preserved under arbitrary base-change along maps C’ — D’. Therefore, for
every m > 1, the map
Cl ® F?Zo-‘rl — C ® F?z.—‘rl

of cosimplicial R ® IF,-algebras canonically lifts to a cosimplicial diagram of nilpotent divided power thickenings of
R ®F,-algebras. This gives us a cosimplicial diagram of commuting squares as in , which are all Cartesian
by Theorem We conclude by Proposition [8.8.1) which now shows that the commuting square the corollary is
concerned with is a limit of Cartesian ones. g

As an immediate consequence, we obtain:

Corollary 8.8.3. With the hypotheses above, write wx : Dsyn(X) — X ) for the canonical map. Then Tgyy(X)
admits an almost perfect cotangent complex over X (™ | and we have canonical isomorphisms

Lroy.a)/r = @xLix-o/xm;
~ *
L. x)/x-m = wx (LX(")/R|X—>(”>) [1].
Assuming Proposition [8.8.1] we can now show:

Theorem 8.8.4. Suppose that X is a 1-bounded r-stack over R%™ ® Z/p"7Z. Suppose that one of the following
holds:

3851;rictly speaking, we had imposed the condition that R be an Fj-algebra when we introduced this square; however, this hypothesis
was not used in its construction.
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(1) X° has quasi-affine diagonal and mo(R) is a G-ring;
(2) X is strongly integrable, and the p-adic formal stacks X~ and X° over R/“p™ are representable.
Then:

(1) Tsyn(X) is represented by a p-adic formal locally almost finitely presented Artin r-stack over R.
(2) If X© is flat over R®™ ® Z/p"Z with (quasi-)affine diagonal, then Dsyn(X) has (quasi-)affine diagonal.
(3) If X~ and X° are quasi-compact, then syn(X) is quasi-compact.

Proof. We can assume that R is a Z/p™Z-algebra for some m > 1. As usual, the first hypothesis implies the second,
and so we will assume that (2) is valid. Moreover, by Remark when n = m = 1, our hypotheses also imply
that the repeller X is also representable.

One can now prove assertion (1) using a rather general argument involving Artin-Lurie representability; see
Remark below. Here, we give a more direct proof using Grothendieck-Messing theory.

By Proposition we know that, under our hypotheses, I'syn (X ) ®F,, is represented by a locally almost finitely
presented Artin r-stack over R/%p.

If p > 2, then applying Corollaryto the natural nilpotent divided power structure on R — R/“p, we obtain
a Cartesian square of prestacks

Tgyn (X)) —————— X~

RTgyn (X)) — X xpxmy R(X ™M)

Assertion (1) now follows, since all the prestacks involved except for the one in the top left corner are known to be
locally almost finitely presented derived p-adic formal Artin stacks over R.

If p = 2, then we can do something similar, by first considering the nilpotent divided power thickening R — R/“4
to reduce to showing that I'yyn(X) ® Z/47Z is a locally finitely presented Artin stack over Z/4Z, and then using the
trivial divided powers on the square zero extension R — R ®z/47 Fa (for R € CRing(¢,4),) to reduce further to the
known case of n = 1.

Let us proceed to assertions (2) and (3): It is enough to prove them for the stack I'sy,(X) ® F,,. First, note
that, under the hypotheses of (2) (resp. of (3)), I'pzip(X1) has (quasi-)affine diagonal (resp. is quasicompact): This
follows from Proposition and the presentation (8.5.1.1)).

Now, we claim that the zero section I'pzip(X1) — S1(&1) is quasi-compact, and that it has affine diagonal under
the hypotheses of (2). This reduces to knowing that So(X1) is quasi-compact over I'pzi,(X1), with affine diagonal
under the hypotheses of (2). This can be deduced from the proof of Theorem one has to make the additional
observation that the assumption in (2) guarantees that the relative cotangent complex of X is (—1)-connective.
Combined with Theorem this shows that, under the hypotheses of (2) (resp. of (3)), I'syn(&1) ® F,, has
(quasi-)affine diagonal (resp. is quasicompact). By Proposition the assertions for n > 2 are now reduced
to the following assertion: For any almost perfect F-gauge M over R with Hodge-Tate weights bounded below
by —1 the stack 'y, (M) — Spec R is quasi-compact, and has affine diagonal when M is (—1)-connective. The
quasi-compactness follows from Corollary The diagonal map for the stack is a torsor under T'%  (M[1]), so it

syn
suffices to now observe that—when M is (—1)-connective—I'%  (M]1]) is affine by the same corollary. O

syn

8.8.5.  'We now proceed towards the proof of Proposition Let us say that a map f: Z — Y of p-adic formal
prestacks over R¥™ satisfies Tot descent for X< if the natural map

Map gesn gz /pnz(Y @ Z/p"Z, X¥) — Tot (Map/Rsyn@)Z/an(ZXy(oH) ® Z/p"Z, XO))

is an equivalence. The map satisfies universal Tot descent for X< if, for any Y’ — Y, the base-change
Z xy Y — Y’ also satisfies Tot descent for X<

Remark 8.8.6. Any flat cover satisfies universal Tot descent for X',
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Remark 8.8.7. A composition of maps satisfying (universal) Tot descent for X® also satisfies (universal) Tot
descent for X'C.
Remark 8.8.8. Suppose that we have maps Z 1oy % v such that:

e f o g satisfies Tot descent for X'<;

e f satisfies universal Tot descent for X<
Then g also satisfies Tot descent for X¢. This follows because, from our assumption on f, we find that the map
frvme Zxvm 5 Y XV oglso satisfies Tot descent for X for all m > 1.

Remark 8.8.9. We have the following observation of Halpern-Leistner and Preygel: Suppose that we have A €
CRing equipped with a map Z[Ti,...,T,] — A such that A is derived J-complete, where J = (T3,...,T,) C
Z[Ty,...,T,); set A= A/M(Ty,...,T,). Suppose that we have a derived J-adic formal Artin stack ) over A. Then,
for R € CRing,, derived J-complete, the map

Y(R) — Tot (y(R ®a A®5*‘“))

is an equivalence. In fact, one only needs for ) to be nilcomplete and infinitesimally cohesive; see [34, Cor. 3.1.4].
So Proposition [8.8.1] is certainly implied by Theorem D} Here we will use the former to complete the proof of the
latter.

Lemma 8.8.10. The map C Xz, ZpHT — C  satisfies Tot descent for X.
Proof. Via quasisyntomic descent once again, we reduce to the case where C' is semiperfectoid. Let iN ¢ be the
generalized Cartier divisor on ¢ underlying its structure of a prism, so that we have

C ~Spf( ¢); C xg 7" ~ Spf( ¢)(1=0)-

Now, ¢ here is equipped with its I-adic topology with respect to which it is derived complete. Therefore, the
lemma, follows from Remark [8.8.91 O

Lemma 8.8.11. The map IE‘;IT — ZET satisfies universal Tot descent for X<

Proof. We will use Proposition which shows (via Remark that the map Spf Z,, — ZET satisfies universal
Tot descent for X.

It is now enough to show (see Remark that the map SpeclF, — Spf Z, satisfies universal Tot descent for
X?. This follows from Remark and the fact that we are dealing with p-adic formal stacks. O

Lemma 8.8.12. Suppose that we have C' € CRing’E}lilp. Then we have a canonical Cartesian square

Map(CN ® Z/p"Z, X) — Map(C & Z/p"Z, X?)

X (C[p") ——= X(C/Mp").
Proof. Via quasisyntomic descent, we reduce to the case of C' semiperfectoid, where this follows from Theorem
and filtered integrability. O
Proof of Proposition[8.8.1. The limit preserving property of the functors SpecC' — C'  and SpecC — CV shows

that we have

C xg F,xg x-xz F, = (CoFF)

o+1
cN Xz Fy XgN X oo Xgn FN = (C@FS* TN,

o1
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Lemmas [8.8.10[ and [8.8.11] together show that the composition

C xg F,T = C %z F, = C

satisfies Tot descent for X'¢, while the second map satisfies universal Tot descent for X®. Therefore, Remark
now shows that ' — C x z, [F,, satisfies Tot descent for X 0.
This, combined with the discussion in the first paragraph, shows that we have

Map(C ® Z/p"Z,X?) = Tot Map((C @ FS**!) ®Z/p"Z, X?).
Now, Lemma combined with Remark tells us that we also have
Map(CN @ Z/p"Z, X) =5 Tot Map((C' ® IF?'H)N ®ZL/p"Z, X).
The proof is now concluded by contemplating the identity (8.3.2.1)). |

Remark 8.8.13. When 7(R) is a G-ring, one can also deduce Theorem from Proposition and the
following general assertion: Suppose that ) is a p-adic formal prestack over R with the following properties:

(1) 9 ®@F,, is represented by a locally almost finitely presented derived Artin stack over R/“p;

(2) 9 satisfies Tot descent with respect to p: For every C € CRingg?ﬂp, the natural map

2(C) — Tot (P(C @ FF 1))

is an equivalence.

Then %) is represented by a derived p-adic formal Artin stack over R.

This is shown using Artin-Lurie representability [51, Theorem 7.1.6]. All the criteria involving limits are easily
checked using our hypotheses. The existence of a p-completely almost perfect cotangent complex for ) follows from
the existence of an almost perfect cotangent complex for ) ® F,, and Tot descent along p for p-completely almost
perfect complexes. From this, one also deduces the local almost finite presentation, which completes the verification
of all the criteria in loc. cit.

Remark 8.8.14. For any C ¢ CRing’E?ﬂp, set

ngﬂr?(X)(C) = F?;?(Xl)(c/ﬂ“p) XDy (21)(C/p) Lsyn (X)(C).

The prestack F;‘;]}f(X ) = Tsyn(X) is the nilpotent locus, and the argument from Corollary and Remark|8.7.3
shows that, for any not necessarily nilpotent divided power thickening (C’ — C,~), we have a Cartesian diagram
as in that remark. That is, we have a Grothendieck-Messing theory for such thickenings as long as we restrict to
the nilpotent locus.

Moreover, via Remark [8:7.4] and Tot descent, or by using Corollary [5.9.10] and quasisyntomic descent, one sees
that F;‘;,%’(X )(C) can be computed using the Witt frame for any R-algebra C. In fact, using the argument, one

sees as in Remark that TPIP(X)(C) can be computed using any filtered prism (4, ¢) satisfying R4 ~ C. In

syn
particular, for discrete C, it depends only on the classical truncation of C™.

8.9. Functoriality. Suppose that we have a map f : X1 — X5 of 1-bounded stacks over R¥" ® Z/p"Z satisfying
the hypotheses of Theorem Then we obtain a map of derived stacks Isyn(f) : Tsyn(X1) = Tsyn(X2) over R.
We also have the corresponding map of Weil restricted stacks X; ™ — X, and X{™ — x{™.

The following is immediate from Corollary

Proposition 8.9.1. Let wy : Iyn(X1) — Xl_’(n) be the canonical map. Then we have a natural isomorphism

=~ *
L)L) = Pl joemc ) xmy:
X3
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8.10. Sections of perfect F-gauges with Hodge-Tate weights < 1. Suppose that M is a perfect F-gauge
of level n over R € CRing” ™ with Hodge-Tate weights bounded by 1. Pulling M back along z); yields an
increasingly filtered perfect complex Fil;ldg M,, over R/"p™. The next theorem is immediate from Theorem m
and Corollary by observing that we have I'sy, (M) ~ F:yn(/\/lv)@

Theorem 8.10.1. The prestack I'syn(M) is represented by a p-adic formal locally finitely presented derived Artin
stack over R with cotangent complexr Op,  (m) @R (grﬁég M)V [1]. Moreover, if (C' — C,~) is a nilpotent divided

power thickening in CRing%/wmp, then we have a Cartesian square

Foyn(M)(C") ———— ' @ Filjy, M,

Toyn(M)(C) — (C ®r Filjg, M) Xcpm, (C' @ My).
Moreover:

(1) If M has Tor amplitude in (—oo, —1], then T'syn (M) is a smooth faithfully flat p-adic formal stack over R.
(2) If M has Tor amplitude in [0,00), then I'syn(M) is a derived affine p-adic formal scheme over R.

Proof. Only the numbered asssertions require proof. To show them, we can assume that R is an Fj,-algebra. We
already know from Corollary that the statements are true if M has level 1 and we now use the usual dévissage
by power of p (say in the form of Proposition [8.6.1) to see that they are true in general. O

8.11. Stacks of perfect F-zips of Hodge-Tate weights 0,1. For every n > 1, let X — Z}™ ® Z/p™Z be the
1-bounded stack obtained via base-change from Pyg 1y — BG,, as described in Example

We will denote the associated formal prestack Iy (X) = Z,, by Perf%‘jl}’n. Concretely, this associates with every
R € CRing?” ™ the oo-groupoid Perfyo 13 (R¥" ® Z/p"Z)~ of perfect F-gauges of level n over R with Hodge-Tate
weights 0, 1.

Over this prestack we have a canonical filtered perfect complex Filﬁdg Miat obtained by viewing, for each R,

the universal perfect F-gauge of level n as a perfect complex over R¥", and pulling back along xé\%. We obtain the
next theorem from Theorem and the discussion in Example

Theorem 8.11.1. The prestack Perf%f‘l}’n is represented by a p-adic formal locally finitely presented derived Artin

stack over Z, with cotangent complex (grﬁ}ig Miaus)Y ®Fil%dg Mians. Moreover, if (C' — C\ ) is a nilpotent divided
power thickening of p-complete algebras in CRing, then we have a Cartesian square

Perfii"y | (C") ——————— Perf(g1;(A'/G,, x SpecC'/*p™)

Perfs{'}&ll}m(C) —> Perf(g13(A' /G x Spec C/5p™) Xpeyg(c/ipny Perf(C'/Fp™).

Proof. The only thing that needs still to be verified is the assertion about the cotangent complex. For this, note
that we have

X7 2 O s Perf g1y (A /G, x Spec C/p")
XM . ¢ Perf(C/p").

390ne can also, without any additional work, formulate and prove a version for almost perfect F-gauges wth Hodge-Tate weights
> —1 by considering the prestack I'}y,, (M) instead.
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The fiber of the map X (" — X over a perfect complex M over C'/%p™ classifies two step filtrations Fil® M on
M with gr* M perfect for all 4, and gr’ M ~ 0 for i # —1,0. Giving such a datum is equivalent to specifying the
map f : Fil° M — Fil™' M = M with Fil® M perfect over C/=p".

This shows that the tangent space of the map at M is canonically isomorphic to the space of maps Fil° M —
gr—! M, which is of course the C-module (Fil0 M)V ®@c gr—! M. Taking duals and using Corollary now gives
the desired cotangent complex. O

Corollary 8.11.2. Given R € CRing? ™, write Perf?%? o (R) for the co-groupoid of perfect F-gauges with Hodge-

Tate weights 0. Then there is a canonical equivalence

Perf{f} | (R) = Dl (Spec R, Z/p"Z)

where the right hand side is the bounded derived category of lisse Z/p™Z-sheaves over Spec R.

Proof. We can view Perf?{%’}1 ., as the open substack of Perf?%nl} . parameterizing objects M such that gry | ¢ Miane =~

0. Moreover, the description of the cotangent complex shows that this substack is étale over SpfZ,. In particular,
it is determined completely by its restriction to perfect IF,-algebras R.

For perfect R, the left hand side in the statement can be identified with the co-groupoid of perfect complexes M
of W, (R)-modules equipped with an isomorphism ¢*M =5 M. We can now conclude by a classical result of Katz,
as formulated in (13| Proposition 3.6]. O

Remark 8.11.3. Explicitly, the equivalence is given by sending M to Ry, (M), where the latter is seen to be an
étale stack over R by Theorem [8.10.1

9. THE ALGEBRAICITY CONJECTURE OF DRINFELD

We can finally introduce the main protagonist of this paper. Fix a smooth affine group scheme G over Z, and a
1-bounded cocharacter p : G,,,0 — G defined over the ring of integers O in a finite unramified extension of Q,
with residue field k.

9.1. Definitions. There is a canonical map Z3;"™ — BG,, classifying the Breuil-Kisin twist from @ The restric-
tion to OV lifts to a map BG,,, 0, which does not descend to O%"; however, we do have a map of pointed graded
p-adic formal stacks

O™ = (BGyy, x SptZp, to).
Therefore, we can pull the 1-bounded stack B(G, p1) from Definition back over O™,

Definition 9.1.1. For any R € CRingg, """, we set BTSH(R) = Tyyn(B(G, 1) @ Z/p"Z)(R). Set

BTEH = lim BT

p-comp

For any R € CRing, """, an n-truncated (G, u)-aperture over R is an object of the co-groupoid BTS*(R).
A (G, p)-aperture over R is an object of BT*(R).
Remark 9.1.2. For R € CRingé’/"nﬂp, BTS#*(R) can be described as the oo-groupoid of G-torsors Q over RV ®

Z/p"7Z such that it is equipped with an equivalence j},Q = I Q of G-torsors over R ® Z/p™Z, satisfying the
following condition: If Q is the associated G{u}-torsor, then, for every geometric point R — x of Spf R, the
restriction of (z))* Q" over BG,, x Speck is trivial.

Remark 9.1.3. Suppose that (4,(¢) is a filtered prism. Then pullback along the map ¢(4¢) from Proposi-
tion mor better along the map tig.a—4 from Corollary @gives us a canonical arrow

BTS*(Ra) — WindS 4 (Ra).

More generally, if B — A ® Z/p"Z is any map of frames, we obtain a functor from BTS #(Ra) to the co-groupoid
of windows over B. In particular, when A = W(R) is the Witt vector frame associated with R € CRingy ,, and
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B =W, (R) is the n-truncated Witt frame, we obtain a canonical map BTS¢ (R) — Disp$*(R), underlying a map
of formal prestacks over k.

Remark 9.1.4. When p is defined over Z,, Drinfeld gives a different definition of BT in [26], which isn’t quite
the same as the one we give here, though it is isomorphic to ours.

To begin, he views u as a cocharacter of the automorphism group Aut(G) acting on G. Since p is defined over
Z,, G{u} lives over BG,, and hence it makes sense to talk about G{u}-torsors over R%" for any R € CRing?™?.
Drinfeld’s definition of BTS"*(R) is as the oo-groupoid of G{p}-torsors whose restriction to BG,, x Spec & is trivial
for any map R — & to an algebraically closed field k.

We can include this in our framework, though the definition of the 1-bounded stack B(G, u) will then have to
be adjusted slightly: We will take it to be given by the pair (BG{u}, BM,,) living over the tautologically pointed
graded stack BG, z,, where BM), is still the trivial 1-bounded locus described in Lemma If we define BTS’“
in the same way with this adjusted definition, we now recover Drinfeld’s definition and Theorem and its proof
below hold verbatim. In particular, we obtain a proof of [29, Conjecture C.3.1].

If we have a cocharacter i of G, then the stacks obtained from our definition and from Drinfeld’s, viewing u as
a cocharacter of Aut(G) instead, are canonically isomorphic, since we have an equivalence between G{u}-torsors
and G-torsors preserving the corresponding 1-bounded loci.

However, there is the following phenomenon: When, for instance, G is a torus, since a cocharacter of G will
always act trivially, Drinfeld’s definition would yield a stack that is independent of the cocharacter p, since G{u}
would always be G x BG,,. But, in p-adic Hodge theory, it is important to keep track of the cocharacter, since it
knows about the Hodge-Tate weights of étale or Galois realizations. For this reason, we have chosen the definition
and presentation used here.

More importantly, as pointed out to us by the authors of |38], Drinfeld’s description does not generalize directly
when g is only defined over some (unramified) ring of integers of Z,. See below for more discussion of the
case of tori, and note the role played by the cocharacter in Proposition

9.2. The semiperfectoid case.

Lemma 9.2.1. Suppose that R is semiperfectoid and that R — S is étale. Then S is also semiperfectoid. Moreover,
the canonical map of frames _p — _g is (p, Ir)-completely étale, and we have

S®RFﬂ;\[ RiFﬂ;\/ S.

Proof. Choose a perfectoid ring Ry and a surjection Ry — R, lifting to a map Aint(Ro) = r, — &-

By [68, Tag 04D1], and by the equivalence of the étale sites of R and m(R), there exists a p-completely étale
map Ry — R such that S = Ry ®g, R. We therefore reduce the first statement to showing that r, — gy is
(p, Ir, )-completely étale. This follows from the fact that Rf is also perfectoid@ and the associated map of tilts
Ry — R;)’b is also étale, which implies that the map

Ry = W(RY) — W(R') = g

is (p, IR, )-completely étale.
For the second assertion, first note that by Proposition [6.12.1] SV — RV is (p, Ir)-completely étale. The proof
is now completed by combining Proposition and Theorem O

The next two results tell us that BT$* can be understood in terms of the (G, u)-windows from
Proposition 9.2.2 (Quasisyntomic descent). If R — Ry, is as in Corollary then we have:
BT *(R) = Tot (BT *(RZrT))

Proof. This is essentially immediate from the definitions and Proposition [6.12.2 g

40This is a much easier assertion than the almost purity theorem for perfectoid algebras over fields!
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Lemma 9.2.3. If R is semiperfectoid, as sheaves on the small étale site Rey of Spf(R), we have a canonical

equivalence
G,u ~ . G,
BT, *|r,, — Wmdn)fR

Proof. This is immediate from Lemma Theorem [6.11.7] and Remark O

Remark 9.2.4. Combining Proposition and Lemma with Proposition we see that BTS*(R) can
also be described as the oo-groupoid of G-torsors Q over RN ®7Z /p™Z equipped with an equivalence j7,Q = Jir9
of G-torsors over R ® Z/p™Z, and satisfying the following equivalent conditions on the associated G{u}-torsor Q*:

(1) For every geometric point R — x of Spf R, the restriction of (xé\%)*Q over BG,, X Speck is isomorphic to

Pu, the torsor classified by By : BG,, 0 — BGo;

(2) For every geometric point R — & of Spf R, the restriction of (xé\g)*Q“ over BG,, x Speck is trivial;

(3) The restriction of Q" over RN ® Z/p"Z is trivial locally in the p-quasisyntomic topology on Spf R;

(4) The restriction of Q" over RN ® Z,/p™Z is trivial flat locally on Spf R.
If Spf R is connected, then these conditions are also equivalent to: For some geometric point R — «, the restriction
of (x)5)*Q over BG,, x Spec is isomorphic to P,,.

9.3. Representability. If we view X = B(G,u) ® Z/p"Z as a 1-bounded stack over O ® Z/p"Z, then the
associated attractor X (") — Spec O is BP,:’(")7 and the stack X (™ is the Weil restricted classifying stack BG,(fb).

9.3.1. If X3 = B(G, 1) @F), then I'pzip (A1) is a quasicompact smooth 0-dimensional Artin stack over k with affine
diagonal. Indeed, it is not difficult to see using Remark [4.9.7| and (8.5.1.1]) that this is just the stack of F-zips
with G-structure of type u; that is, of tuples F = (F,F T, F~, 57,77, a) where:

F is a G-torsor over R;

Ftisa Plj;—torsor over R;

F~ is a P -torsor over R;

nt:Ft = Fisa P;Z,—equivariant map;
n~ :F~ — Fis a P, -equivariant map;
o FT/UL = p* (]-"/Ulj) is an isomorphism of M,«-torsors.

The conclusion now follows from [67, §3.3]; see also the discussion in [26} §3.2], where it is denoted Disp. In the
notation of this paper, we have I'pz;p (X1) ~ Dispf’“.
The next result proves Theorems [D] and [G]

Theorem 9.3.2. BTS’“ is a quasicompact smooth 0-dimensional p-adic formal Artin stack over O with affine
diagonal. For every nilpotent divided power thickening (C' — C,v) of p-complete O-algebras, we have a Cartesian
square

BTS"(C") ———— BP,"(C)

BTS#(C) — BP, ™ (C) X pgom () BG™(CY).

Moreover, the transition maps BTSfl — BTS* are smooth and surjective.

Proof. Theorem and the discussion above show that BTS’” is a quasi-compact finitely presented derived p-adic
formal Artin stack over O with affine diagonal.

The existence of the stated Cartesian square for nilpotent divided power thickenings follows from Corollary [8.83:2}
Since BPJ’(") — BG™ is smooth, this also shows that BTS** is a smooth p-adic formal Artin stack over O.

The smooth surjectivity of the transition maps can be checked mod-p and here it is a special case of Corollary[3.6.3}
Note that we can actually say a bit more: BT1G’“ ® IFp is a torsor over Disp?’“ under a group stack So(AX1) by (2)
of Theorem In fact, from Corollary one sees that So(X7) is the classifying stack of a certain finite flat
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group scheme of height one. This is nothing but the Lau group scheme from [29]. In particular, one sees that
BT?’“ ®IF, is a gerbe over Disp?’“ banded by the Lau group scheme: this recovers the main result of loc. cit. for
smooth inputs.

Over BT f’“ ®F,, we now have a canonical F-gauge M(g) obtained by twisting the adjoint representation of G
by the tautological G-torsor over (BTS"* @ F,)*™. Then we find that BTS* @ F, — BTS* ®@ F,, is a torsor under

n

Lgyn(M1(g[1])), which, by assertion (2) of Corollary is a smooth, surjective Artin 1-stack over BT ®F, 0O
Remark 9.3.3. Remark |4.10.5[shows that the stacks BTS’“ depend only on the conjugacy class of u.

Remark 9.3.4. The smooth map BTlG’” ®F, — Disp?’“ appearing in the proof above is nothing but the canonical
one from Remark One can also consider the pullback maps BTS¢* @ F,, — DispS* for all n > 1 associating
an n-truncated (G, p)-display to every n-truncated (G, u)-aperture in characteristic p. Following Lau [49] and [27],
one would expect that this map is a gerbe for a finite flat group scheme killed by the n-th power of Frobenius.

Remark 9.3.5. If G is a connected group scheme, BT,GL”‘ is a connected p-adic formal Artin stack over O. To
begin, Dispf’” is connected by the quotient presentation from |67, Proposition 3.11]. Since BT?’” ®IF, is a gerbe
over Dispf’” banded by a finite flat group scheme, we find that it is also connected.

The description in the proof of Theorem [9.3.2| now shows that it is enough to know the following: If F is a vector
bundle F-gauge over R of level 1 and Hodge-Tate weights {0,1}, then I'syn(F[1]) is a connected algebraic stack
over R. Once again, it is a gerbe banded by a finite flat group scheme over I'pzip(F'[1]), where F' is the associated
vector bundle F-zip, and the desired connectedness can be checked directly for the latter stack.

In fact, the argument shows that in general we have a bijection
mo(BTSH @ F,) = mo(DispS ),

where the target is a certain quotient of mo(G ® Fy).
Remark 9.3.6. Let BTS#"!P _, BTY# he the nilpotent locus defined in Remark [8.8.14f This satisfies a
Grothendieck-Messing theory for not necssarily nilpotent divided power thickenings. One sees that this is the
locus where the Lau group scheme has connected dual. Allowing n — oo, what one has here is the syntomic
analogue of the adjoint nilpotent locus considered in [18| §3.5].

In fact, Remark [8:8.14] tells us that pulling back to the Witt frame produces a map of smooth formal stacks
BTOGC’“ — DispOGo’“ that is an isomorphism over the nilpotent locus. Therefore, the theory explained here recovers

exactly that of Biiltel-Pappas over the adjoint nilpotent locus.
More can be said: Let (4, ¢) be a filtered prism. Then we have natural maps (see Remark [9.1.3])

BTS"(Ra) — WindS 4 (Ra) — Disp$ " (Ra).

Remark shows that all these maps are equivalences when restricted to the adjoint nilpotent locus. One can
use this observation to recover the main result of [17].

9.4. The case of trivial p. When pu = 0 is the trivial cocharacter z — 1, then we have P, = G, and Theoremm
tells us that BTS 0 is an étale p-adic formal stack over Z,, with affine étale diagonal.

Proposition 9.4.1. Suppose that G is connected. Then there is a canonical equivalence
BTS¢ = BG(Z/p"Z),
where the right hand side is the classifying stack of the locally constant group scheme G(Z/p"7Z).
Proof. Suppose that we have Q € BTS’O(R). Consider the assignment Iy, (Q) on CRingIE?ilp given by:

C— MapBg(Csyr.@Z/an) (G|CSY“®Z/p"Za Q)
This is represented over R by
Spec R X, BTG o Spec R,
which is the pullback along (G, Q) of the diagonal of BTS ¥ and is hence affine and étale over R.
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We claim that this is an étale G(Z/p"Z)-torsor over R, and hence gives a canonical map
(9.4.1.1) BTS¢ — BG(Z/p"Z)

To see this, it suffices to know that it is faithfully flat and that the natural map G(Z/p"Z) — T'syn(G) of étale
schemes is an equivalence.

Both assertions can be checked over algebraically closed fields k over R. Here, using Remark[5.5.5]and Lemma[0.2:3]
we see that we have

BT (k) 2 [G( w/P" x) ofia G w/D" W),
where o : G( ./p" ) = G( x/p" &) is pullback under the Frobenius lift. Using the connectedness of G and
Lang’s theorem, one sees that the natural map of groupoids

[«/G(Z/p"L)] = [G( x/P" &) olia G( x/P" )]
is an equivalence. This proves both assertions, and also shows that the canonical map (9.4.1.1)) is an equivalence. [J
9.5. Special étale loci. In this subsection, we will assume that we have a smooth subgroup scheme H C G such

that u factors through Hep, so that we have maps BTf’“ — BTS’“ and Disan”‘ — Dispg’“. We will also make the
following ‘versality’ assumption:

LieH—l—LieP#_ :LieG(:)LieU;r C Lie H.

Proposition 9.5.1. Under these assumptions:
(1) The map BTHH — BTG is étale.
(2) Suppose that Pj C H. Then Dispf’“ — Dispf’“ s an open immersion and the diagram

BTZ* @ F, — BTS* @F,

. H, G,
Disp; # ——— Disp;™"
is Cartesian. In particular, BTf’” s an open substack of BTS’“,

Proof. Let us check that BTnH o BTS’“ is étale. By Grothendieck-Messing theory, this comes down to checking
that the map
B(HNP,;)— BH xpc BP,
is étale. Looking at tangent complexes, this reduces to knowing that the map of complexeﬂ
Lie(H N P, )[1] — (Lie H)[1] X (vic gy (Lie P, )[1]

is an isomorphism. This translates to the concrete claim that Lie H + Lie P, = Lie G, which is of course our
assumption.

Now, consider (2): Suppose that F' = (F,F ™, F~,n",n~,«a) is a tuple corresponding to a point of Dispf’“. Since
P/ﬁ; C H, we can consider the H-torsor Fg obtained from FT: this gives a reduction of structure group for F.

Unwinding definitions, one sees that the fiber of Disp{{’” over F' parameterizes compatible reductions of structure
group for 7~ to an H N P, -torsor. However, our assumption Lie algebras shows that the map

F/HNP)— F/H

e

is an open immersion. This shows that Disp{{ is an open substack of Dispf’“.

Now, the map BTI* @ F, — (BT @ F,) X DigpGt Disp}* is an isomorphism, since they are both gerbes over

Disp# banded by the same finite flat group scheme.

41The fiber product involved here is the homotopy fiber product.
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To finish, it suffices to know that the natural map

BT, @ Fp = (BT @ Fp) Xproumgs (BT @ F,)

is an isomorphism for all n > 1. By the proof of Theorem the source (resp. target) is a torsor under
Igyn (M (Lie H)[1]) (resp. T'syn(M(Lie G)[1])). Therefore, it suffices to know that the map

Tyn (M (Lie H)[1]) — Tayn (M (Lie G)[1])

of group stacks over BT?’“@]FP is an equivalence. In turn, this comes down to knowing that Iy, (M1 (Lie G/ Lie H)[1])
is the trivial group stack. Now, the condition Lie P/j‘ C Lie H ensures that M (Lie G/ Lie H)[1] is a perfect F-gauge

over BT{{’“ ® IF, of Hodge-Tate weights < —1, so we are done by Lemma below. (]

Lemma 9.5.2. Suppose that M is a perfect F-gauge of level 1 over R € CRing? ™" with Hodge- Tate weights < —1.
Then Tgyn(M) ~ 0.

Proof. By Theorem [8.10.1} T'syn (M) is represented by a derived Artin stack with cotangent complex given by the
pullback of (grﬁég M7)Y. Our conditions on the Hodge-Tate weights ensure that this last perfect complex is trivial,
and so we find that I'yyn (M) is étale over R. To check that it is trivial, it suffices now to check on points valued in

an algebraically closed field . Here, the complex from which I'syn, (M)(k) is computed is of the form M LNV
where M is a perfect complex over k. The hypothesis on Hodge-Tate weights tells us that g is divisible by p, and
is hence nullhomotopic. Therefore, I'syn (M) (k) is trivial as desired. O

Remark 9.5.3. Here is a key example: Suppose that p is defined over Z,. Then it is easy to see that P,j‘ satisfies

the assumptions. The open locus BTS’T’“ - BTS’“ is the ordinary locus of BTS’“7 and assertion (2) of the
proposition is the analogue of fact that the ordinariness of an n-truncated Barsotti-Tate group in characteristic p
can be checked by considering the 1-truncated display associated with it. In fact, via Theorem below, this
last statement is basically a special case of the proposition. We should note however that the proof of that theorem
uses a priori knowledge of this density for the moduli of F-gauges; see Lemma [11.4.4

Remark 9.5.4. Suppose that G is reductive, and that we have a maximal torus T of G along with a Borel B
containing T'. If we choose p to be a dominant (with respect to B) cocharacter of T, then the sum of its Galois
conjugates gives a cocharacter v of T’ defined over Z,,. It can be checked now that the subgroup P} C G satisfies
the assumptions above. The corresponding étale locus is the py-ordinary locus, studied in [64] in the context of
p-divisible groups with additional endomorphisms. This is explored in more detail in [58] in both the local and
global contexts.

10. EXPLICIT DESCRIPTIONS OF BTS¢ (R)

In this section, we will see, following the deformation-theoretic method of Ito [39], that the above theory yields
explicit descriptions for BTS #(R) in certain cases as the groupoid of n-truncated (G, p)-windows over some quite
concrete frames. All objects in this subsection will be discrete, unless otherwise noted, so we are back on firm
classical ground.

We will also find that the deformation rings constructed by Faltings in [31], and which play a key role in the
construction of integral canonical models in [44] admit a clean interpretation as universal deformation rings for
BTG,

These results address conjectures formulated by Ito in |39} §7].

10.1. An explicit description over some classical rings.

10.1.1. We will put ourselves in the following situation (compare with [48, §6]):
o (S,I' = (F)) will be an oriented prism, flat over Z,, with associated Frobenius lift ¢ : S — S;
e J C S will be a finitely generated ideal such that p(J) C J?;
e We will assume that that S is J-adically complete, and that E' and p map to non-zero divisors in S/J™ for
all m > 1.
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For m > 1, set S, = S/J™. Then ¢ descends to an endomorphism of S,,.

We will associate with this data the following filtered prisms that are special cases of Example We set
I =p(I') C S. For each m > 1, we define S,,, to be the frame with underlying non-negatively filtered ring Fil}, S,
with filtered Frobenius Fil}, S, — Fil7 Sy,,. Set Ry, defn S/(J™ + 1) =S,/ Fil;, S,,, and R = S/I, so that we have
R= @m Ry,

Repeating the above construction with S, replaced with S gives a frame S with Rg = R. We then have maps
of frames S, ; — S, for each m > 1, and also

<

= lmS,,.

m

Proposition 10.1.2. There is a canonical map
BTS " (Ry) — Windg* | (Rp),

and the square
BT " (Ryi1) — Windg’“ﬂm(RmH)

BT (Ry) — Windg*” | (Rp)
is Cartesian. In particular, we have
BT (R) = BTG (1) Xygpags

. G,
(s1) Wmdiﬁ’f(R)

Proof. For every m > 1, we have a canonical map BT¢*(R,,) — Windg"f »(Rm) obtained from Example |5.4.14
and Proposition [6.10.3| via pullback along the map tg . We claim now that there exists a commuting diagram

BTCH(Rypy1) — Windgjﬂ)n(RmH) - > BP,"™(R,)

(10.1.2.1)

BT (Ry) — Wind§" | (Ry) —> BP™™(Ry) X gaon g,y BG™ (Rpnt1)

where the outside rectangle is the Cartesian square obtained from Theorem m (and the trivial divided powers
on R,,+1 — R,,), and where the square on the right is also Cartesian. This will of course prove the first part of the
proposition. The last part will follow by taking the limit over m on the equivalence

_ ~ - G,
BTS’”(Rm) — BTS'H(Rl) XWindgif‘n(Sl) Wmdiwﬁn(Rm)'

That this limit yields the desired equivalence follows from [10, Corollary 1.5].
To prove the claim, first note the following explicit description of the Rees algebra for Fil} Sy, 11:

S, 8]/ (ut — E) X2 (YR Sy -7

Via this description, the map o : Spf Sy,+1 — R(Fil] Sy41) corresponds to the map of Sy,41-algebras given by

u—@(E),t—1
_—

Sma[us 1)/ (ut — E)
Since ¢(J) C J?, this map factors through S,,[u,t]/(ut — E), which shows that o factors through a map
7 : Spf Spy1 — R(Fil] Sp).
Therefore, the existence of the right Cartesian square in is now due to Proposition

(P*Serl .
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To finish, we only need to verify that the map BTS’”(Rm) — BG™)(R,, 1) arising from the composition of the
bottom horizontal arrows in (10.1.2.1)) agrees with that showing up in Theorem In turn, this comes down to
knowing that the composition

Spf R g1 — Spf Sy 1 2 R(Fil} S,,) —25 RY

agrees with the map

j .
Spf Ry g —mmtly p  JT, pN

m

obtained from the trivial divided powers on R,,+1 — R,,. This is an easy check from the constructions. O

Example 10.1.3. Let x be a perfect field in characteristic p, with associated ring of Witt vectors W (k). We set
S =W(x)||t1,...,tr|] for some n > 0, and take ¢ to be the Frobenius lift with ¢(t;) = ¢¥. Take J = (t1,...,t,), S0
that we have ¢(J) C JP. Suppose that E satisfies p(F) = EP (mod p), and is such that S/(F) is p-torsion free.

Here, R, = S/((E) + J™) with Ry = S/((E) + J) = W(k)/(p) = &, and S; is isomorphic to the frame _ .. In
particular, the map

BT (k) = BT H(R1) — Windg™, (k)
is an equivalence, and so we conclude that we have
BTS*(R) = Windg % (R).

Note that the argument actually shows that we have

BT (Ryy) = Windg", (Ry)

for all m > 1.

Using Remark we can give a quite explicit description of Windg:’m(Rm): If H,, is the dilatation of Gg
along P, ® R, viewed as an étale sheaf over S, along with the natural map 7 : H, — Gg as well as the map
o = point(E), then an object in Windg;:,oo(Rm) is an H ,-torsor over Sy, along with an isomorphism of G-torsors
o*P = P

The case where n = 1 and F is an Eisenstein polynomial is the context for the classical story of Breuil-Kisin
modules. In this case, R = S/(F) is a totally ramified ring of integers over W(k), and R,, = R/(7™) where m € R
is a uniformizer with minimal polynomial F.

This proves part (1) of [39, Conjecture 7.1.2].

Example 10.1.4. We have a non-Noetherian analogue of the previous example by taking S = _j for a perfectoid
ring R, E = ¢ 1(£), where £ is a generator for ker(d : g — R), and J = ([@1], [@a), ..., [wm]) to be an ideal
generated by Teichmiiller lifts of topologically nilpotent elements w; € R’ that form a regular sequence. Suppose
in addition that [w1],...,[wm], € also forms a regular sequence in W (R’). Then we are in a special case of the
situation above with S; = g/J, and Ry = R/6(J).
In this case, we already know that BTS*(R) ~ Windg)’f; (R) by Lemma But Proposition tells us
that we also have
BTY#(R) ~ BTS*(R,,)

. a,
XWindS% (R) Wind, "¢ (R).

Since BTS*(R) — BTS*(R,,) is an effective epimorphism, this tells us that we in fact have
BTSH(R,,) ~ WindS4 (R,,).

for all m > 1. This proves part (2) of |39, Conjecture 7.1.2]

It also recovers—via Theorem below—a description of p-divisible groups over R,, which was first observed
by Ito [39, Theorem 6.3.6] in the following situation: R = ¢ is the ring of integers in a perfectoid field C, m =1
and @w = w; € Op» is a topologically nilpotent non-zero element. See Remark below.
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Example 10.1.5. Let S and J be as in Example[10.1.3] but assume now that E = p, so that we have a crystalline
prism (5, (p)). In this case, and we obtain an equivalence

BT (k([t1, . .., t,[])) = Windg# (k[|t1, ... t,]]) x BT (k).

Windgl”fn(m)
But note that S, is simply the frame _, , and so as in loc. cit. the map BTS’“(F&) — Windgl”fn(ﬁ) is an equivalence.
This gives us an equivalence:

BT (s[lty, . tol]) = Wind g (s[[t1, - ]])-

By Remark |5 we obtain a rather explicit description of the limiting groupoid WlndG’” L (K[t te]]): Tts

objects are H,-torsors P over S equipped with an isomorphism o*P = 7*P of G-torsors. Here, H, . is the dilatation
of Go along P ®k and o = ¢ oint(u(p)), while 7 is the natural map as usual.

10.2. Relationship with Faltings deformation rings. Here we will find that the deformation rings of BTEO’“
can be described explicitly using results from the beginning of this subsection, combined with a construction of
Faltings [31, §7]. Compare with the main result of Ito in [39], where one finds a version of such a result. There,
however, the Faltings deformation space is only shown to have good descriptions for particular inputs from Artyy(,);
but, in [38], the authors combine Ito’s work with ours here to give a different proof.

10.2.1. Maintain the notation from the previous subsection, but assume now that I = (p); for instance, this is the
case in the situation of Example We can then also define frames S and S m, Where we take the underlying
filtered commutative ring to be S (resp. Spm) with the trivial filtration. We then have maps of frames Sm 11— Sm
for each m > 1, and also

$5mS,,

m

In this case, we have S,,/Fil' S,, = S,,, and §/Fil' § = §.
Let us now use Remark|[5.5.10L It tells us that Windi”% (S,) can be described quite explicitly: Giving an object

here is equivalent to giving a P, -torsor P’ over S,,, along with an isomorphism o*P’ = 7P’ of G-torsors. Here,
7: P, — Go is the natural map and o = ¢ o int(u(p)).
In other words, we have

. a, ~ .G, _
(10.2.1.1) Wind™* (S,,) = W'”doo,ugm(Rm) X BPr (Ro) % pony,) BG(Sm) BEu (Sm)-

10.2.2. 'We now have a canonical map

BTSH(Sp,) — Windfo’f‘im (Rm) X gpo

B s
Rin)XBG(Rym)BG(Sm) Iz 00,5,

where the first coordinate is obtained from the composition
BTSH(Sm) — BTSH(R,,) — WindOGo’fém (Rm),

while the second is pullback along xé\{qw s,,- From Proposition [10.1.2{ and Grothendieck-Messing theory for BTSH,
one finds that, for each m > 1, there is a Cartesian square:

BTG (Simg1) — WindZ"  (Spny1)

241

(10.2.2.1)

BTG H(S,,) —> Windgfm(sm)

Remark 10.2.3. When p > 2, one can use Grothendieck-Messing theory to show that in fact all the horizontal
arrows in the above square are equivalences. If p = 2, then this assertion fails already for m = 1.
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10.2.4. Let k be a perfect field, and suppose that we have a point = € BTOGO’“(/{). We can then consider the
deformation problem on the usual category Artyy(,) of Artin local W (x)-algebras with residue field :
ef, : Artyy sy — Spe
A fib,(BTSH(A) — BTSH (k).
Grothendieck-Messing theory now tells us that, if A" — A is a square-zero thickening in Artyy(,), then we have

a Cartesian square
BT¢H(A)) ——— BP; (A)

BTSH(A) — BP; (A) xpg(a) BG(A).
Using this, we find:

Lemma 10.2.5. For each A € Artyy (), Def,(A) is equivalent to a set, and Def, is prorepresented by Spf R, with
Ry =~ W(k)[[t1,. .. ta|]] where d =dimG —dim P, .

10.2.6.  We begin by reformulating Faltings’s construction in the language of torsors. Choose a lift 2’ € BTS:* (W (k)),
which in turn yields a window (or more precisely a compatible family of n-truncated windows) over the frame S,
associated with the trivial filtration on W (k).
Explicitly, this means the following: Let H), be the dilatation of Go along P, @ k. Under the equivalence
G = ind @t
BT H (k) = QnWlndn_K(/i),

n

and Remark |5.5.9) @ corresponds to an H ,-torsor P, over W (), equipped with an isomorphism o*P, = 7P, of
G-torsors over W (k). The lift =’ gives rise to an object of Windfo’“§ (W(k)), which, by Remark [5.5.10, amounts to

refining the H-torsor P, to a P, -torsor P, over W (k).

10.2.7.  Set Gy = Aut(7*P;) and P, = Aut(P,), so that G, is a pure inner form over W (k) of G, and P, C G,
is associated with a cocharacter u, : G,, — G, that is conjugate to p, via the process explained in

For such a choice of cocharacter, we can look at the ‘opposite’ unipotent U C G,: this is a commutative
unipotent group scheme over W (k) (see Lemma . We now define RE?! to be the complete local ring of U7
at the identity: this is abstractly isomorphic to W (&)[|t1,...,t4|] as a W (k)-algebra.

We equip R with the Frobenius lift ¢ arising from the p-power map on U}, and take J, C RE3! to be the
augmentation ideal: note that we have ¢(J,) C J2.

10.2.8. We can now apply the setup from the beginning of the subsection with (S, 1’) = (RE2! (p)) and J = J,,
and we find that we have:

fib, (BT (RE) — BTG (W (k) = fibp, ,(WlndG’“ (RE™) = WindS* (W (x))).

21,00

One way to get an obJect on the right is as follows: Let j : W (k) — RE? be the structure map: this actually
underlies a map of frames S S, = S and so we can pull P, back to get the ‘constant’ lift Po" over S More preclsely7
this corresponds to the P, -torsor P over RF2lalong with an isomorphism of G-torsors €597 @ o* Pom = TP,
All of this data is obtained simply via pullback from the corresponding data over W (k).

In U (RE?), we have the tautological element g,. We now define a new display PFal by keeping the P, -torsor
Peon, but replacing €59 with the composition 5 = g, o €691,

As explained above, this yields an object mFal € BTS*(RE) lifting 2/ € BTS*(W (k)), and so corresponds to a
unique map R, — RE2L

The next result implies [39, Conjecture 7.2.2].
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Proposition 10.2.9. The map R, — REY is an isomorphism.

Proof. Let U, (resp. UF) be the deformation functor on Artyy () represented by R, (resp. RE™). If k[e] is the
ring of dual numbers, we obtain maps of tangent spaces

U (k[e]) = Ua(kle)) = fibp,, o+p_) (BP, (k[e]) = BP, (k) X o) BG(kle))),

where the second arrow is the isomorphism from Grothendieck-Messing theory.

The source of this composition is simply ex[e] @y (,) Lie U}, and one can check that the map takes a tangent
vector eN to exp(—eN) - P,s. In particular, it is an isomorphism onto its image.

Since both complete local rings are normal of the same dimension, the proposition now follows from Nakayama'’s

lemma. O

10.3. The case of central u. Suppose that u is central in G. For instance, this is the case whenever G is a torus
over Zjp. In this case, we have P,” = (7, and so Theorem shows that BTS’“ is an étale p-adic formal stack over
0.

10.3.1.  We will now show that BT*(O) is non-empty. Objects here will be called Lubin-Tate (G, u1)-apertures.
This terminology is partially justified by Proposition below.

By Example 10.1.3|7 this is equivalent to writing down objects in Windgw’go((ﬂ) where S = W(k)[|u|] is equipped
with the structure of a Breuil-Kisin frame associated with I’ = (u —p).

In the notation of that example, we have H, = G, and so a choice of trivialization of the module S{1} now

further identifies this groupoid with the groupoid of G-torsors Q over S equipped with an isomorphism ¢*Q = Q.
Clearly, the trivial G-torsor has such structure, and so gives us an object in BTS"*(0); note that the object that
it corresponds to is not canonical and depends on all the choices we made, including that of the frame S as well as
the trivialization of the module S{1}.

Remark 10.3.2. Alternatively, we could have first constructed objects in BTgO’“ (k) and then used the formal
étaleness of BT to obtain Lubin-Tate (G, p1)-apertures.

Remark 10.3.3. It would be interesting to give a direct construction of these G-torsors over O%". When p is
defined over Z,,, one can use the composition

Zy" = BG,, 2% BG

where the first map classifies the Breuil-Kisin twist.
Note that this gives a canonical Lubin-Tate (G, u)-aperture over Z,. This is related to the fact that over Z, we
have a canonical choice of a Lubin-Tate formal group given by fipee.

Proposition 10.3.4. Suppose that G is connected. Then there is a non-canonical isomorphism
BTS¢ " = BG(Z/p"Z)

of p-adic formal stacks over Spf ©O. More precisely, BTS’“ is a gerbe over Spt O banded by G(Z/p™Z) that is
non-canonically trivial.

Proof. The proof is the same as that of Proposition [9.4.1] Instead of the trivial G-torsor, one uses one of the
Lubin-Tate (G, p)-apertures constructed above. O

10.4. The case of tori. As mentioned above, one special case is when G = T is a torus. Here is a reinterpretation

of Proposition

Proposition 10.4.1. BTZ:’” is a non-canonically trivial BT(Z/p™Z)-torsor over Spf O.
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10.4.2.  As is well-known, there is an initial instance of data (7', ) with u defined over O. Take Ty = Resop,z, G,

and po : Gp,0 — Tp,0 obtained as follows: We have Ty o ~ H?;OI Gm,0, where h = [O[1/p] : Qp], and the
isomorphism is obtained from the map of O-algebras

h—1
0wz, 0= ][]0
i=0
a® b (ap'(b))o<i<h—1-

We now take pg to be the inclusion in the first factor.
For any other Z,-torus T' with cocharacter y1 : G,, 0 — T, we now see that the composition

Reso/z, 1 mo z,
Gm,0 £% Ty = Resp,z, Gm 20 Reso sz, To orzy

is equal to p.

We can understand BTZg’“O somewhat explicitly. The following will be used to reinterpret it in terms of Lubin-
Tate O-modules in Proposition [11.7.6

Proposition 10.4.3. Giving a (To, po)-aperture over R € CRing?, /mlp 1s equivalent to giving a line bundle F over

RY™ x Spf O with the following property: For any algebraically closed field k over R, the restriction of F to

h—1
BG, x Spec(k ®z, O) ~ H BG,, x Speck
i=0

corresponds to a graded projective module of rank 1 over Hf;ol K that is in graded degree 1 for i =0 and in graded
degree O for i > 0.

Proof. This is simply a reinterpretation of the definition using the fact that we have BTy ~ Resp,g,, BGn. Note
that the action of BTy(Z,) under this optic is just given by tensor product of line bundles, where we use Proposi-

tion |10.3.4|to view BTy(Z,) as the stack of line bundles over R%™ x Spf O whose restrictions to H::Ol BG,,, x Spec k
have graded degree 0 in every coordinate. O

11. THE CLASSIFICATION OF TRUNCATED BARSOTTI-TATE GROUPS

11.1. The statement of the theorem.

p-nilp .

11.1.1. Recall that an n-truncated Barsotti-Tate group scheme over a discrete ring R € CRing,  is a finite

flat commutative group scheme G over R with the following properties:
(1) G is p™-torsion;

(2) The sequence G P, G5 G s exact in the middle;
(3) If n = 1, over R/pR, we have ker F =imV C G®F,, where F': G®F, — (GRF,)® and V : (G&F,)®)
G ® IF), are the Frobenius and Verschiebung homomorphisms, respectively.

See for instance [37} §I].

These organize into a category BT ,(R), and we will write BT,,(R) for the underlying groupoid obtained by
jettisoning the non-isomorphisms. For 1 < r < n, sending G to G[p"] yields a functor BT ,,(R) — BT .(R).

An important role will be played by the following fundamental result of Grothendieck [37]:

Theorem 11.1.2. The assignment R — BT, (R) on CRing? ™ is represented by a finitely presented smooth
0-dimensional p-adic formal Artin stack with affine diagonal.
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11.1.3. There is a canonical involution
BT.(R) €255
induced by Cartier duality, with G* = Hom(G, jupn ).
Let Vectyo,13(R™" ® Z/p"Z) be the oo-category of vector bundles on R*™ ® Z/p"Z with Hodge-Tate weights
{0,1}. There is once again a canonical involution

BT n(R)

Vect (o1} (RY™ @ Z/p"Z) 2220 Vect o1y (RY™ @ Z/p"Z),

with M* = MV {1} is the twist of the dual vector bundle by the Breuil-Kisin twist O%*{1}. In analogy with the
involution on BT ,(R), we will refer to M* as the Cartier dual of M.
We can now state the main result of this section.

Theorem 11.1.4. Suppose that R belongs to CRing. Then there is a canonical equivalence of co-categories
Gn : Vect(o1}(RY™ ® Z/p"Z) = BT »(R)
compatible with Cartier duality, so that for every M € Vectyo 13 (R¥" ® Z/p"7Z), there is a canonical isomorphism
Gn(M)* =5 G (M),

Remark 11.1.5. The theorem implies in particular that Vectq 13 (R*¥" ® Z/p"Z) is a classical category. This fact
is not evident from the definitions, since the derived stack R™ ® Z/p™Z is in general not classical.

Remark 11.1.6. When R is quasisyntomic, by sending n — oo, Theorem [11.1.4] recovers the main result of
Anschiitz and Le Bras from [1] classifying p-divisible groups over R in terms of admissible prismatic Dieudonné
crystals over R (see [1, Def. 4.10]). Indeed, when R is qrsp, we use Remark and the general quasisyntomic
case then follows by descent.

Note however that, though our eventual argument for establishing the equivalence is fundamentally different, we
still make use of the work of Anschiitz-Le Bras (via its reinterpretation by Mondal) to construct the inverse to our
functor G,.

Remark 11.1.7. When R = k[|x1, ..., x,|], using Example and an argument such as the one used in
one recovers de Jong’s description [22] of p-divisible groups over power series rings over perfect fields k in terms of
certain filtered p-modules Fil* M over W (k)[|z1, ..., Zn|] equipped with the Frobenius lift satisfying x; — 2% (see
also [31, §7]). A priori, de Jong’s description is in terms of F-crystals, and so also requires a topologically nilpotent
integrable connection on M compatible with the @-semilinear structure; however, as observed by Faltings [31}
Theorem 10], with this choice of Frobenius, the integrable connection is actually uniquely determined by the rest
of the data.

Remark 11.1.8. When R = Ok is a totally ramified ring of integers over W (k) for some perfect field x with
uniformizer 7, then, combining the theorem with Example [10.1.3] one can recover a classification of p-divisible
groups due to Kisin (the case p > 2 for Ok) [43], W. Kim (the case p = 2 for ) |41], and Lau (the general case
of both O and O /7™) |48].

Remark 11.1.9. Suppose that R’ is a perfectoid ring, and J = ([w1],...,[wm]) C & an ideal satisfying the

hypotheses in Example [10.1.41 If R = R’'/6(J), then combining loc. cit. with Remark [10.1.3] and Theorem [11.1.4]
shows that p-divisible groups over R are classified by finite projective g//J-modules N equipped with a map

©*N — N whose cokernel is finite projective over R. In fact, the argument gives similar descriptions of the
category of truncated p-divisible groups over each quotient R'/6(J)™. This is a special case of results of Lau [45,

$5].

11.2. Height and dimension.
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11.2.1. The height of an n-truncated Barsotti-Tate group G over R is the Zx>¢-valued locally constant function
on Spec R such that G[p] has degree p" over R. The dimension d is the Z>o-valued locally constant function such
that ker ' C G[p] ® F,, has degree p? over R/pR.

These are locally constant invariants of G, and yield decompositions

BT, = | | BT},
d<h
of p-adic formal Artin stacks, where h ranges over the non-negative integers, d over the non-negative integers
bounded by h, and BTZ’d is the locus of n-truncated Barsotti-Tate groups G of height h and dimension d.

11.2.2.  On the F-gauge side of things, we have co-subgroupoids
Vecty, (R ® Z/p"Z) C Vectyo 1y (R ® Z/p" L)~

spanned by vector bundles M over R®" ® Z/p"Z of rank h and Hodge-Tate weights 0,1 such that the associated
graded R/“p™-module grﬁég M is locally free of rank d.
Let us note the following:

Lemma 11.2.3. Cartier duality yields equivalences
Vecty, 4(RY™ ® Z/p"Z) = Vecty h_a( RY™ @ Z/p"7Z)
11.2.4. For 0 <d < h, let g : G,, — GLj be the cocharacter given by the diagonal matrix

na(z) = diag(z, z,...,2,1,...,1).
d h—d

Associated with this, we have the smooth Artin stacks BTSM#d oyer L.
Proposition 11.2.5. For R € CRing? ™, there is a canonical equivalence of groupoids
BTSM 14 (R) =5 Vecty, 4(RY™ @ Z/p"7Z).

Proof. One can see this by combining Lemma, with Propositions and O
Remark 11.2.6. Via the above proposition and Lemma [11.2.3] we find that there is a Cartier duality equivalence
i BTGUwie =, BTOLasna,

We now have:
Theorem 11.2.7. There is a canonical equivalence of smooth p-adic formal Artin stacks
G : BTG =5 BT
such that the following diagram commutes up to canonical isomorphism.:

g
BTS’L’“”‘Z N BTZ’d

GLp,pth—a _= h,h—d
BT, “ho#n=d ? BT, .

Assuming this theorem, we can easily deduce Theorem via a standard argument.
Proof of Theorem|[11.1.4) Theorem|11.2.7, combined with Proposition[11.2.5] gives us an isomorphism of co-groupoids
Vect (o1} (RY™ ® Z/p"Z)~ = BT,(R)

compatible with Cartier duality. To get an equivalence of co-categories, one now uses a graph construction: For
My, My in Vectyo 13 (RY" ® Z/p"Z), the space of maps M; — My is equivalent to the space of isomorphisms
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M & My = My & M, that are ‘upper triangular’ and project onto the identity endomorphisms of M; and M.
A similar description holds for G; and Gy in BT ,(R). |

Remark 11.2.8. Combined with Remark [9:3.6] the proof above shows that we can recover Zink and Lau’s clas-
sification of connected p-divisible groups (equivalently, p-divisible formal groups) by Witt vector displays |72} 49]
from our main theorem here.

11.3. From F-gauges to Barsotti-Tate groups. Suppose that we have R € CRing” ™" and M in Vect o131 (R ®
Z/p"Z).

11.3.1. Set G,(M) = I'syn(M). Then by Theorem [8.10.1| G, (M) is locally finitely presented and quasi-smooth
over R with cotangent complex given by 0g (am) ®@r gry ae M [1]. More generally, for all r < n, set

defn

M, =M

RSyn@Z/p'rZ ; gr(M) - Fsyn(Mr)~

11.3.2. By tensoring M with the canonical short exact sequence

0= Z/p'Z 222 7" T — L)L — 0,
we obtain a fiber sequence in Perf(R™™ @ Z/p"Z):
My = M — M,
Taking derived global sections yields a fiber sequence
(11.3.2.1) RT'syn(M;) = Rlgyn(M) = Rlgyn (M, —r)
of Mody/,nz-valued quasisyntomic sheaves over R.

Theorem 11.3.3. Suppose that R is discrete and that M is in Vecty, q(R¥" @ Z/p"Z), then G,(M) is a relative
truncated Barsotti-Tate group scheme over R of height h and dimension d. In particular, for each n > 1, we have
a canonical map of p-adic formal Artin stacks

Gn : BTG H — BT,
Moreover, if r < n, there is a canonical short exact sequence of truncated Barsotti-Tate group schemes
0= Gr (M) = Gn(M) = Gnp (M) =0
obtained by taking the connective truncation of .

The proof will need a little bit of preparation. First, let us record the following simple flatness criterion.

Lemma 11.3.4. Suppose that Y is a finitely presented quasi-smooth derived algebraic space over R € CRing of
virtual codimension 0. Set S = Spec R. Then the following are equivalent:

(1) Y is flat over R;

(2) Y ®@g mo(R) is flat and classicaly lci over mo(R);

(8) For every x € S(k) with k algebraically closed, x*Y — Speck is flat and classically lci;

(4) For every x € S(k) with x algebraically closed, mo((x*Y)(k)) is a finite set.

Proof. Since Y is quasi-smooth of virtual codimension 0, étale locally on Y we can present it as a derived complete
intersection subscheme of some affine space A% over R cut out as the derived zero locus of n polynomials f1,..., f,. If
R is discrete, then such a derived zero locus is flat over R if and only if the animated ring R[z1, ..., 2,]/%(f1,. .., fa)
has no higher homotopy groups. This is precisely equivalent to this ring being a classical lci algebra over R. Since
flatness can be tested after derived base-change over the classical truncation, we see that (1) and (2) are equivalent.

If R = k is an algebraically closed field, then mo((z*Y)(k)) is finite precisely when the classical truncation Yy
is 0-dimensional and of finite type over x. We now note that s[z1,...,2,]/(f1,..., fn) is O-dimensional precisely
when fi,..., f, form a regular sequence. This shows the equivalence of (3) and (4).

To see the equivalence of (1) and (3), we now only have to make the additional observation that M € Modp, is
flat over R if and only if its derived base-change over every algebraically closed field over R is flat. O
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11.3.5.  Let us suppose that R is an F,-algebra. Here, we can consider the F-zip M underlying M. This is given
via restriction along the map RF4P — RY" ® 7Z/p"Z, and amounts to specifying:

(1) Alocally free R-module M equipped with direct summands Fil%dg M c M and Fil{™ M c M of codimen-

sion d and h — d, respectively;
(2) Isomorphisms
& Fil{™ M = 0" (M/ Fillg M) ; & @ grg®™ M = M/Fil{™™ M = " Filjy,, M.
Now, consider the functor
G(M) = 7=°RT pz;p(M) : CRing, — Modg"
Unwinding definitions, one finds

G(M)(C) ={m € C®g Filjy, M : &(m) = ¢*m},

conj

where M 22 gro”™ M is the natural quotient map. Viewing m — £,(7) as a map & : Fil%dg M — o* Fil%dg M,
we see that we have B
. €o—F .
G(M) = ker(V((Filgag M)") =— V((¢" Filgq, M)")),

so that G(M) is the Cartier dual to a height one finite flat group scheme over R of rank p"~<.

Proof of Theorem[11.3.3, Assume for now that R is an Fj-algebra. By Theorem B.5.5] with input from Corol-
lary we see that we have a canonical Cartesian square:

G1(M) ——— G(M)

G(M) —> BG(grpq, M, ),

where G(grﬁég M, ) is a finite flat height 1 group scheme of rank p?.

This description shows that the map G;(M) — G(M)—or more precisely, its base-change along any section
Spec C' — G(M)—is quasi-smooth of virtual codimension 0, and satisfies condition (4) of Lemma[11.3.4] Therefore,
we see that the map is quasi-finite and flat.

If R is perfect, then, by Proposition Perf(R®"®F,) is equivalent to the co-category of perfect W1 (R)-gauges,
and this in turn is the same as the co-category of perfect F-zips over R. Therefore, the map G, (M)(R) — G(M)(R)
is an isomorphism. We conclude therefore that G (M) is finite flat over G(M ), and that we actually have a short
exact sequence of finite flat group schemes

(11.3.5.1) 0= Glgrpyy M, ¥m) = G1(M) = G(M) — 0.

In particular, we see that G;(M) is finite flat over R of rank p".
We will now drop the hypothesis that R is an IF-algebra. Taking connective truncations of ([11.3.2.1f) shows that

we have an isomorphism
(11.3.5.2) G (M) =5 hker™ (G, (M) = Gp_r(M))

of Mod%’}pnz—valued quasisyntomic sheaves over R.

If R = k is an algebraically closed field, then this isomorphism, combined with a simple induction on r shows
that G,(M)(k) is a finite set. We have already observed that G, (M) is always a finitely presented quasi-smooth
derived scheme of virtual codimension 0 over R. Therefore, applying Lemma to Y = G,(M) shows that
Gn(M) is quasi-finite and flat over R

Now, by considering the isomorphism twice, first as given, and then again with r replaced by n — r,
we find that we have

- T

i (0,0 25 6,(0M)) = 6, () = ke (6,40 25 G,(M))



CONJECTURES OF DRINFELD 125

In particular, for every r, G,(M) is a G,.(M)-torsor over G,_,(M). An inductive argument now shows that G, (M)
is a finite flat group scheme over R that is also a flat Z/p™Z-module.

To finish, we must know that when R is an F,-algebra, G;(M) is a 1-truncated Barsotti-Tate group scheme
of dimension d. Since any M € Vect (R ® Fp,)(R) can be lifted étale locally to an object in Vect q(R™" ®
Z/p*Z)(R), the previous paragraph implies that G; (M) is indeed Barsotti-Tate. Moreover, since the Verschiebung
on G(M) is identically zero (its Cartier dual is the Frobenius homomorphism for a height one group scheme), we
have

imV C G(grgge M, ¢¥ar) C ker F,

Since im V' = ker F' by the Barsotti-Tate condition, we conclude that G; (M) has dimension d, as desired. O

11.4. Cartier duality. Let O,, be the structure sheaf of R%™ ® Z/p™Z. We will have use for the following result,
which is due to Bhatt-Lurie:

Proposition 11.4.1. We have canonical isomorphisms
Gn(Or) = Z/p"Z 5 Gn(On{1}) i
in BT, (R).

Proof. Unwinding definitions, the first isomorphism follows from [11, Theorem 8.1.9], while the second follows
from |11, Theorem 7.5.6]

We can also give alternate proofs using the methods of this paper. As we already know from what we have seen
above, G, (0,,) (resp. G,(Op{1})) is an n-truncated Barsotti-Tate group schemes over R, height 1 and dimension 0
(resp. dimension 1).

We can assume that R = Z/p™Z for some m > 1. Note that G, (0,,) is étale over Z/p™Z, so it suffices to give a
map Z/p"Z — G,(O,,) that is an isomorphism over F,. This is given by the structure map Z/p"Z — O,,.

For the case of the Breuil-Kisin twist, note that G,,(O,{1}) is of multiplicative type. Once again, it suffices to
give a canonical map p,n — G, (0, {1}) that is an isomorphism over F,. In fact, since the scheme parameterizing
such maps is finite étale over Z/p™Z, we can assume that m = 1. In this case, by quasisyntomic descent, we only
have to construct a canonical map

(114.1.1) pn (C) = (FIl' ¢ /p")#=F = G, (0, {1})(C)

for qrsp IFp-algebras C. This is obtained using the isomorphism ¢ = Acrys(C) from , and assigning to
each a € /upn(C’) the image of the logarithm log([@]?") € Aeys(C), where & € C” is a lift of a and [&] is its
Teichmiiller lift; see [11}, §7.1].

To finish, it is enough to know that the map is injective for all qrsp Fp-algebras C. In fact, it suffices
to verify that, when C' = F,[2'/?7]/(x) and n = 1, the element log([1 — x]) € Acrys(C) is not divisible by p. But
one has (see displayed equation (37) in [11} p. 168]):

— [z]¢
log([1 —z]) = — ZT (mod p).
d=1

To see that the right hand side is non-zero, we only have to note that the element

2 p—1

+ Sy
2 p—1

in the standard divided power F,-algebra is non-zero.

+ (-1 eF,z)

O

Construction 11.4.2. For every vector bundle M over R%" ® Z/p"7Z with Hodge-Tate weights 0,1, we will now
define a canonical map

(11.4.2.1) Gn(M*) = G (M)
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This is obtained as follows: For every z : R — C, we have
Gn(M™)(C) ~ MaPQcoh(osy"@)Z/pnz)(fE*M> On{1}),
and evaluation on global sections now yields a map
Gn(M7)(C) = Hom(Gn (2" M), Gn(On{1})) =~ Hom(z*Gp (M), pupn) =~ Gn(M)*(C).
Here, we have used Proposition for the penultimate isomorphism.
Theorem 11.4.3. The map s an isomorphism.

Proof. Let’s begin with the following easy observation that is immediate from Proposition [11.4.1} The map is an
isomorphism for any M that is an extension of O!~4 by O, {1}%.

Denote the map by a,, and view it as a map of n-truncated Barsotti-Tate group schemes over the
smooth p-adic formal algebraic stack BTS’Lh’“d of the same height and dimension. Taking the limit over n gives us
a map Qo of p-divisible groups over BTOGOL’“M. We will actually show that a, is an isomorphism: this is enough
since BTSln#a _ BTCRm1d g 5 limit of smooth surjective maps.

Let R be a universal deformation ring for BTSOLh”“ ‘®IF, at a geometric point valued in a field x (see Lemma:
this is isomorphic to s[|t1, ..., t4n—ay|] and is in particular normal. It is enough to know that the restriction of a
over Spf R is an isomorphism. By [22, Lemma 2.4.4], this restriction algebraizes to a map of p-divisible groups over
Spec R. The observation from the beginning of the proof—combined with Lemmal[I1.4.4below—shows that this map
is generically an isomorphism. Therefore, we find from |21, Corollary 1.2]—and the subsequent discussion—that it
is an isomorphism on the nose. O

Lemma 11.4.4. Let de C GLy, be the opposite parabolic associated with Hdﬁ Then, for all n > 1:

Pt
(1) BT, e BTSL’“’“ is a dense open immersion parameterizing precisely those F-gauges M that are étale
locally on the base extensions of O~ by O, {1}
(2) The square

P+dvl‘d

BT, """ — BTGLnHa

Pl pa CL
L2 R hstd
BT, — BT}

is Cartesian.

Proof. This is of course the counterpart of the well-known statement that a versal n-truncated Barsotti-Tate group
scheme is generically ordinary.
Given the connectedness of BTSL’““" (see Remark , the lemma is essentially immediate from Proposi-

:dﬂtd

P
tion The only thing to be remarked upon is the explicit description of the image of BT, , but this is
immediate from the definitions. O

Remark 11.4.5. The proof of Theorem [11.4.3| ultimately relies on the results of de Jong in [21] and hence also on
his results from [22] in the form of a fully faithfulness result for the classical Dieudonné functor of Berthelot-Breen-
Messing [6] for complete DVRs in characteristic p. This use can be circumvented by a more careful study of the
map a,.

11.5. From Barsotti-Tate groups to F-gauges.

42Explicitly, it consists of the upper triangular invertible matrices with respect to the decomposition Zg = Zg ® Zg_d,
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11.5.1. Let R be p-complete, p-quasisyntomic and either p-torsion free or an F,-algebra. These conditions ensure
that there exist quasisyntomic covers R — R’ with R’ qrsp, and also that g is p-completely flat for such covers.
In particular, the derived stacks RN @ Z/p"7Z and R¥™ ® Z/p"Z are actually classical.

Let

€n (RY"®Z/p"Z)a — Rgsyn

be the map of (classical) topoi arising via the functor C' — C" ® Z/p"Z on p-quasisyntomic R-algebras. Here, the
left hand side (resp. the right hand side) is the topos of sheaves on the ind-fppf site over R™ ® Z/p™Z (resp. the
small p-quasisyntomic site over Spf R).

We can view O,, as a sheaf of rings on (RY" ®Z/p"Z)g, and O,{1} as a quasicoherent sheaf with respect to O,.

11.5.2. For G € BT, (R), set
M(G) = Hom e ynzy (6 G, On{ 1)
where on the right we are considering the internal Hom sheaf over (R¥" ® Z/p"Z)q. Note that by construction
M(G) is a module over O,
To alleviate notation, we will now drop the subscript n and write G for the functor G,,. The next result can be
found in a certain form in Anschiitz-Le Bras [1], though this formulation (and most of the proof, though we give a
different approach to Cartier duality) is due to Mondal [62]:

Proposition 11.5.3. (1) M(G) is a vector bundle over O, and yields an F-gauge in Vectyo 13 (R @Z/p"ZL).
(2) The functors

M : BT, (R) = Vectyg 1} (R ® Z/p"Z);
G : Vect o 1y (R @ 2/p"z) LreeremELZ3 gy ()

form an adjoint pair.
(3) The unit id — G o M is an isomorphism.
(4) There is a natural isomorphism M(G*)* — M(QG).

Proof. Most of the proof that we present here can be found in |62, §3].

For claim (1), via quasisyntomic descent we reduce to the case where R is qrsp. Here, the result follows from [62,
Props. 3.56, 3.80, 3.81].

For the second claim, given G € BT ,,(R) and M € Vectyg 1} (R¥Y" ® Z/p"Z), we find canonical isomorphisms:

Homo, (M, M(G)) = Homo, (M, Hom gngz iz, (6 G, Ou{1))

~ Hom(psyngz/pnzyy (65 G*,Homy (M,0,{1}))
(G*, €nxHomep (On, M*D

qovn (G7,G(MY))

~ Homgr, (r)(G",G(M)")

~ Hompr, () (G(M), G).

Here, in the penultimate isomorphism, we have used Theorem [11.4.3
For claim (3), suppose that we are given G € BT,,(R). We then find:

G(M(G))(R) ~ Homgp, (0,,, M(G))
~ Hompr, (r)(G(On), G)
~ Homgr, (r)(Z/P"Z,G)
~ G(R).

Here, in the penultimate isomorphism, we have used Proposition [11.4.1} Since this isomorphism is valid with R
replaced by any p-quasisyntomic R-algebra, claim (3) has been verified.

~ Homp

qsyn

~ Homp
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Finally, let us consider claim (4): We have

Homop, (M(G™)", M(G)) ~ Hompgr, (r) (G(M(G")*),G)
~ HompT, (r)(G(M(G"))", G)
~ Hompr, (r)((G")",G)

~ Homp7, () (G, G).
Here, the first isomorphism uses claim (2), the second uses Theorem [11.4.3| and the third uses claim (3). The
identity endomorphism of G' corresponds via these isomorphisms to the canonical arrow involved in claim (4).

That this arrow is an isomorphism is a consequence of the next lemma, applied with M; = M(G*)* and

My = M(G):

Lemma 11.5.4. Suppose that My and My are two perfect F-gauges of level n over R with Hodge-Tate weights
0,1. Set N* = NV{1} for any perfect F-gauge N: this underlies an anti-involution on the co-category of perfect
F-gauges of Hodge-Tate weights 0,1. Suppose that f : M1 — My is an arrow such that

Fayn(f) : Tsyn(M1) = Tsyn(M2) 5 Tayn(f7) : Teyn(M3) = Leyn (M)

are equivalences of derived stacks over R. Then f is an isomorphism.

Proof. Set N = hker(f); then we see that I'syn(N)(C) = 0 for all C' € CRingp,. Similarly, Tsyn (N*[-1])(C) = 0
for all C' € CRingp,. Theorem 8.10.1|now tells us that, if Filfjq, N and Filjjy, N* are the filtered perfect complexes
over R obtained from N and A* via pullback along xé‘% then we have

ngdg N ~0~ ngdg N* ~ (FllHdg N)Y.

Since A/ has Hodge-Tate weights 0,1, this shows that gringN ~ ( for all 7, and hence that Fill'{dgN ~ (.
This implies that A" ~ 0: To see this, we can assume that R is semiperfectoid, in which case it follows from the
observation that the map

mo( =/“(p, 1)) = mo(R/“(p, 1))
has nilpotent kernel; see for instance the end of the proof of Proposition 4.12.3 g

We are now ready to prove Theorem

Proof of Theorem [T1.2.7 We first note that Proposition [11.5.3] gives us a left inverse M : BT/»4 — BTSnra ¢
11.1.2) B

the map G from Theorem m Indeed, by Theorem TZ’d is smooth, and therefore is a left Kan extension
of its restriction to p-completely smooth Z,-algebras. This means that, to obtain the map M and verify that it is
a left inverse to G, it suffices to do so on such inputs, where it follows from the proposition.

From the same proposition, we find, for all M € BTS™#4(R), a canonical map of F-gauges M — M(G(M)).
To finish the proof of the theorem, we have to verify that this map is an isomorphism.

For this, we can assume without loss of generality that R is p-quasisyntomic. Now, we begin by observing that
we also have a corresponding canonical map of Cartier dual F-gauges

M* = M(GM")) =~ M(G(M)7),
where the last isomorphism using Theorem [11.4.3] Taking Cartier duals again yields a map
M(GM)")* — M.
and the composition
MGM)*)* - M — M(G(M))
is the canonical isomorphism in claim (4) of Proposition applied with G = G(M). Alternatively, instead of
using Cartier duality in this form, one can argue directly using Lemma [T1.5.4]

This shows that M — M(G(M)) is an epimorphism, and since it is a map of vector bundles of the same rank
over RY™ ® Z/p"7Z, we conclude that it is in fact an isomorphism. 0
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Remark 11.5.5. We have attempted, within reasonable bounds, to minimize our reliance on existing classification
results: In essence, the only serious input we need along these lines is a full faithfulness result for the Dieudonné
functor over a complete DVR in characteristic p with algebraically closed residue field. This can be found in |7}
§4.1] and is used (indirectly) in the proof of Theorem

It is possible to streamline the proof quite a bit by making stronger use of existing results.

To begin with, we could of course directly appeal to the equivalence established for quasisyntomic inputs in [1].

In fact, since we already have the map G, to verify that it is an equivalence, it suffices to do so over the special
fiber. In particular, logically speaking, we only need Proposition @ in the case where R is an [F-algebra. In
this case, the verification of claim (1) of that proposition only requires the computations from [6] of the crystalline
cohomology of abelian schemes in characteristic p. Formulating the proof this way would make it completely
independent of the results of |1] or [62], though it wouldn’t shed much light on what the inverse functor is, away
from characteristic p.

Alternatively, one could use Grothendieck-Messing theory on both sides of the purported equivalence—via a
truncated refinement of Remark below—to further reduce to checking that G is an equivalence on points
valued in algebraically closed fields. This would reduce us to classical Dieudonné theory over perfect fields as
explicated, say, in [32]. However, here one would have to compare our construction of finite flat group schemes here
with that used by Fontaine, which involves Witt covectors.

In fact, one could even abbreviate even this process quite a bit by directly appealing to the general classification
results of Lau [46]. This would establish the equivalence without using the smoothness of the stack of truncated
Barsotti-Tate groups, and so would give another proof of Grothenieck’s theorem.

Another strategy is to reduce to the case of power series rings and then invoke the results of de Jong [22].

Remark 11.5.6. Combined with Theorem |G| we find that BTZ’d also enjoys a Grothendieck-Messing type defor-
mation theory. This should be a special case of a very general lifting result of Faltings |30, Theorem 17], but we
have not verified the requisite compatibility with the constructions of Faltings.

11.6. A polarized variant. In this subsection, R will always denote a derived p-complete discrete ring in CRinge.

Definition 11.6.1. Suppose that G is a finite flat commutative p™-torsion group scheme over R. Then, given a
Z/p™Z-local system L over Spec R, we will write G ® L for the finite flat group scheme obtained by tensor product
of fppf sheaves of abelian groups: that this is indeed such an object is clear from étale descent.

Alternatively we can also view G ® L as the internal Hom sheaf Hom(L", @) in fppf sheaves of abelian groups.
This perspective shows:

Observation 11.6.2. We have a canonical isomorphism (G ® L)* ~ G* ® LV, where * denotes the Cartier dual
as usual, and LV is the dual local system.

Definition 11.6.3. Fix an integer ¢ > 1. A principal quasi-polarization on G € BT>%'9(R) is the provision of
the following data:

(1) A rank 1 Z/p™Z-local system L over Spf R;
(2) An isomorphism A : G = G* ® L such that the composition

G S (GeL)eL 26 el
is equal to —A.
We will call the tuple (G, L, \) a principally quasi-polarized n-truncated Barsotti-Tate group (of height
2g), and denote the groupoid of such tuples by BT299P°!(R),
A principal polarization on G is a tuple (G, L, \) as above satisfying the following additional condition: Etale

locally on Spf R, there exists a lift (G, L,\) to BTiﬂ(}pOI(R). We will call such tuples principally polarized
n-truncated Barsotti-Tate groups and write BT2 ’ppOI(R) for the groupoid spanned by them.
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Remark 11.6.4. In the literature—see for instance [66] or [19]—one finds a definition of a principal quasi-
polarization of p-divisible groups that is essentially the notion above (in the limit over n), except that L is taken
to be trivial.

At finite level, we find a definition for the case n = 1 in [63, §2.6], which uses Dieudonné theory, and applies at
the level of geometric points: it corresponds to our notion of a principal polarization given above. This is however
a pointwise condition, and its moduli-theoretic interpretation is a little unclear. We have ‘solved’ this issue above
via the lifting-based condition, which is justified primarily by Proposition below. See also Remark

11.6.5. Let GSpy, be the generalized symplectic group over Z, associated with the ‘standard’ symplectic space
over Zj of rank 2g, and let 14 : G, — GSp,, be the minuscule cocharacter splitting a Lagrangian subspace, and is
such that the standard representation of GSp,, yields a map of pairs (GSpy, ptg) — (GLag, j14). Note that we have
the similitude character v : GSpy, = G, = GLy satistying v o g = p1. This yields a map

(GSp2g’l‘g) — (GLg XGpn, pg X f11).

By Proposition [10.4.3[ applied to the case O = Z,, we see that BTSW”“ is the stack of line bundle F-gauges
of the form Lo{1}, where £y is a line bundle F-gauge with Hodge-Tate weight 0, associated with a Z/p"Z-local

system L = T'sy,(Lo) of rank 1 over Spf R. We will identify the stack of such local systems with the classifying
stack B(Z/p"7Z)*.

Proposition 11.6.6. There exists a canonical commuting diagram of p-adic formal classical Artin stacks over Z,
where the horizontal arrows are equivalences:

GSpy, 1t ~
BT, 2119 N BTig’ppOl

(G,L,N\)—(G,L)

BTSng,ug % BTS’"’M — BTig’g % B(Z/p"Z)X.

Proof. All the formal stacks involved are smooth over Zﬂ, so it suffices to construct such a diagram on p-torsion
free qrsp inputs R. Since R®™ ® Z/p™Z is a classical stack, using standard arguments, we find that BTSSP29 Ho (R)
is the groupoid of tuples (M, L, ), where:
e M is in BTG 2019 (R);
e Lisin BTS¢ (R);
e Y : A°’M — L is a map inducing an isomorphism of F-gauges
fo: M S ML
Here, the exterior power A2 M is of vector bundles over the classical stack R ® Z/p"Z, constructed as a
quotient of M ® M in the usual way.
Note that f, has the property that the composition

Mi(MV@M)V@ﬁ%M@c

is equal to —fy,. When p > 2, this condition on fy is enough to recover the symplectic form ).
In general, we can say the following: Suppose that f: M — MY ® L can be lifted to an isomorphism

f ME3IMYRL
of vector bundle F-gauges of level n+1 satisfying the anti-symmetry property above. Then f = fy, for a unique form
¥ : A2M — L. This is because, for any flat Z/p"+1Z-algebra A, any 2-torsion element a € A maps to 0 in Z/p"Z

43For BTng’ppOl7 this is a ‘well-known’ result, for which we could not find a specific reference, though one should certainly be able
to extract it from the results of Faltings in |30, §7]. In any case, the argument shows an unconditional result for smooth inputs, and so

at least yields a canonical map BT, ©29%9 — BT29PP°! \hich is an equivalence as soon as we know the smoothness of the target.
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lqiQ 3 3 < ml 9 3 — 9 3 “Q GSp?gﬂu’Q GSngh“‘g
(this is valid for all primes p!). Conversely, if f = fy for some ¢, then by the smoothness of BT, — BT,
we see that it admits an étale local lift of level n + 1.
Now, £ ~ L{1} for some L; of Hodge-Tate weight 0 associated with a Z/p™Z-local system L of rank 1. Therefore,
we have

MY QL ~ M@ L.

Moreover, we have a canonical isomorphism
G(M* @ Ly) = Hom(LY,G(M)"),

which is clear from the full faithfulness part of Theorem

Theorem now tells us that there is an equivalence of groupoids between tuples (M, £, ') and (G, L, \'),
where (M, L) and (G, L) are as before, and ' : M = MY @ £ and X : G — G* ® L are isomorphisms. As
discussed above, the first kind of tuple lifts (uniquely) to BTS SP2g:ts (R) if and only if it can be lifted, étale locally
on Spf R, to a tuple (M, L, f) of level n + 1. We now conclude from the definition of BT29PP°!(R). O

Remark 11.6.7. Frank Calegari has pointed out to us a different notion of polarization due to Hopkins and
Lurie [55, §3], which gives a clean moduli-theoretic definition even when p = 2. More precisely, for every finite
flat group scheme G over some ring R, they produce (see Definition 3.2.5 of loc. cit.) a group scheme Altg) of

(2)
G

alternating 2-forms on G that is a subscheme of the scheme Skew’ of alternating bilinear maps G x G — G,,, and

is equal to the latter when 2 is invertible in R. We can then define a polarization on G as a section of Altg;2 ) whose
associated alternating pairing is non-degenerate.

Now, suppose that R is p-nilpotent and that G is an n-truncated Barsotti-Tate group associated with an F-
gauge M € BTS20:19; then F defn (A2M)V{1} has Hodge-Tate weights {—1,0,1}. Therefore, by Theorem
Isyn(F) is a derived affine scheme over R, and its classical truncation is a group scheme whose points parameterize
maps of F-gauges A\2M — O, {1}.

We now expect that this group scheme is isomorphic to Altg).

Remark 11.6.8. Here is a further aside: Hopkins and Lurie also define, for any d > 2, the group scheme of

alternating d-forms Alt(g ), and show in |55, Theorem 3.5.1] that, when G is an n-truncated Barsotti-Tate group

of height h and dimension 1, then Alt(g) is represented by an n-truncated Barsotti-Tate group of height (Z) and
dimension (hgl). This should correspond simply to the fact that, with the notation of the previous remark,
(AN*M)V{1} is a vector bundle F-gauge of level n and Hodge-Tate weights {0,1} with height (Z) and dimension
h—1

(")

11.7. The crystalline and de Rham realizations. Suppose that R is discrete and in CRing?“*™P. Given an

F-gauge M in BTSOLh’“d (R), we obtain a p-divisible group G dein G(M) over R of height h and dimension d, and

the crystalline Dieudonné theory of [6] associates with the Cartier dual G* a crystal of vector bundles D(G*) over
the classical big crystalline site (R/Zp)crys relative to the standard divided powers on pZ, C Zy,.

On the other hand, Remark tells us that M gives us a crystal of vector bundles over the big (animated)
crystalline site of R. In particular, we can restrict this to (R/Zp)cys to obtain another crystal of vector bundles
D(M) over (R/Zy)crys-

Theorem 11.7.1. There is a canonical isomorphism D(G*) = D(M).

Proof. This is essentially a reinterpretation of the discussion in [1, §4.3]. Here are the details.

Since BTSOLh’“d is pro-smooth, we can reduce to the consideration of p-completely smooth R. Replacing R with
R/pR does not affect the category of crystals, so we can assume that R is a smooth F,-algebra.

Let (R/Zp)crys,pr be the big crystalline site for Spec R equipped with the pr topology given by extracting p-th
roots: the definition of this site is due to Lau [46] and is used in |1, §4.3]. There is a map of topoi

U 2 Shv ((R/Zy)crys.pr) = Shv(Rpy)
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such that the classical Dieudonné functor of [6] can be reinterpreted as the inner Ext

D(G") = im Ext’ ((u™) ~'G" "), Ocry).

where Ogys is the structure sheaf over (R/Zp)crys,pr-
To compare this with our constructions, let us begin by invoking the explicit inverse constructed in Proposi-
tion [11.5.3] This shows that M is given by

r%l@(g*[p"], ,/%")zl'%nml(g*[p"], ).

Here, we are looking at Hom (or Ext) between complexes of pr sheaves on Spec R, where _ is the sheafification—as a
derived p-complete complex—of the assignment R’ — g/ on quasisyntomic qrsp R-algebras. The final isomorphism
holds because _ takes values in p-completely flat objects on qrsp inputs, while G*[p"] is of course killed by p™.

To finish, therefore, we only need to know that we have a canonical isomorphism of complexes of pr sheaves

crys =
RuiOrys —

It suffices to compare their values on qrsp quasisyntomic R-algebras. Here, this is a consequence of Remark[6.9.5} For
any qrsp R-algebra R’, we have a canonical isomorphism p ~ Ays(R'). On the other hand, Op: : Acrys(R') — R/
with its divided powers is also the (pro-)initial object in (R'/Zp)crys,pr- O

11.7.2. Let P, C GLj, be the parabolic subgroup associated the cocharacter pg, so that BP, , parameterizes
filtered vector bundles Fil®V with

d ifi=—1;
rankgr'V={ h—d ifi=0;
0 otherwise.

Consider the natural map

GLp,u —
BT 7hHd — BPh,d’

obtained by taking the limit over n from the diagram in Theorem [9.3.2)
This associates with every F-gauge M in BTSM#4(R) over a derived p-complete ring R a filtered locally free
R-module Filfyq, M.

11.7.3.  On the other hand, we have a short exact sequence

(11.7.3.1) 0 — wgx = D(G*)(R) — Lie(G) — 0

of locally free R-modules, where wg~ (resp. Lie(G)) has rank h — d (resp. d); see Corollaire 3.3.5 of [6].

Proposition 11.7.4. There is a canonical isomorphism of R-modules M = D(G*)(R) inducing isomorphisms
Filjgg M = wg- 5 griy, M = Lie(G).

Proof. We can view D(G*)(R) as being a filtered locally free R-module supported in degrees —1,0. From this
perspective, we see that we have written down two maps from BTOGOLh"”d to BP,; +» and we would like to know that
they are isomorphic.

By derived descent and the pro-smoothness of the source, it suffices to verify this on qrsp F,-algebras R. The
proof now proceeds just as that of Theorem except one now keeps track of filtrations.

The Hodge filtration on the crystalline Dieudonné module is given (up to degree shift) by

Fﬂo D(g*) ~ Mml((ucrys)—lg*[an jcrys)v

where Jerys is the kernel of the natural surjection Ogys — (u¥%)7'G,. When evaluated on the trivial divided
power thickening R d, R, this yields the short exact sequence (|11.7.3.1)).
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Furthermore, the explicit inverse constructed in Proposition [11.5.3 shows that the restriction of M to RV
corresponds to a filtered Fil}, g-module Fil* M admitting the following description: We have
Fil' M = lim Hom(G*[p"], Filg'_/*p") = lim Ext' (G*[p"], Fill" ).

n n

The filtered module Filfjy, M is now obtained via filtered base-change along the map Fil}, r — Filg;, R

triv

To finish, therefore, we only need to know that we have canonical isomorphisms of complexes of pr sheaves
\ ~ ; ~ 1
Rul®Ocrys = _; Rui”®Jerys — Fily,

We have already verified the first. The second is a consequence of the discussion in § .11} For any qrsp R-algebra
R, let R} = R’ be the inverse perfection of R’ with prism structure given by I r, CW(Ry) = gy Then we have
canonical isomorphisms

Fil\y g~ {2 € Auys(R) : p(x) € I}‘%(/)Acrys(R')} C Aarys(R').

On the other hand, F il}v r is identified with the kernel of Op/ : Acrys(R') — R’ (see for instance |11, Proposition
5.3.6]). 0

Remark 11.7.5. Combining Theorem [11.7.1] and Proposition [11.7.4] shows that classical Grothendieck-Messing
theory is compatible, via the equivalence in Theorem with the Grothendieck-Messing theory for vector
bundle F-gauges of Hodge-Tate weights 0,1 given to us by Theorems [9.3.2[ or [8.11.1

Proposition 11.7.6. Let O and (T, po) be as in §[10.4l Then, for any discrete, derived p-complete O-algebra R
in CRing, BTZg”‘U (R) is canonically equivalent to the groupoid of Lubin-Tate formal O-modules over R of height h
and dimension 1.

Proof. Tt is well-known that the stack of Lubin-Tate formal O-modules of height A and dimension 1 is represented
by a pro-finite étale stack over Spf O that is isomorphic to the trivial gerbe banded by Ty(Z,), the automorphism
group of any such Lubin-Tate formal O-module over Spf O.

Therefore, it suffices to establish the stated equivalence on p-completely étale O-algebras R. Here, it is essentially
immediate from Proposition except that we have to show the following: Given F as in that proposition, the
Lie algebra Lie(G(F)) of G(F) = I'syn(F) has rank 1, and the resulting action of O ®z, O on the Lie algebra factors
through the structure map ©@ — R. This is immediate from Proposition [11.7.4 O

Remark 11.7.7. More generally, Theorem can be applied to give a description of p-divisible groups of
unramified ‘EL type’ with a Kottwitz condition in terms of apertures for appropriate group-theoretical data.

11.8. The étale realization. For completeness, we will finish by reviewing a result of Mondal.

11.8.1. Let R be a quasisyntomic ring. Then Bhatt shows that there is a canonical functor |9, Construction 6.3.1]
Tiq : Perf(RY™) — Dji . (Spf(R)2, Z,)
where the right hand side is the bounded derived category of lisse Z,-sheaves on the adic generic fiber Spf(R),, defo
Spa(R[1/p], R).
In particular, given M € Vect?%f‘l}’n(R), viewed as a perfect complex over R®™ we obtain an object Ty (M) on

the right hand side. On the other hand, we can also consider the finite flat p™-torsion group scheme G defn G(M)

over R, and take its adic generic fiber G;“,d, which can also be viewed as a perfect complex of lisse Z,-sheaves. The
next result follows from |62, Proposition 3.99]; see also [1, Proposition 5.25].

Proposition 11.8.2. There is a canonical isomorphism Tg, (M) =» Gad.
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APPENDIX A. SOME COMPLETENESS RESULTS

A.1. Tannaka duality. We will need the following result of Bhatt and Halpern-Leistner [10, Theorem 5.1, Lemma
3.13] (see also the discussion in Step 2 of the proof of [34, Proposition 5.1.13]).

Theorem A.1.1 (Tannakian reconstruction). Suppose that X is a classical Noetherian Artin n-stack with quasi-
affine diagonal; then, for any classical prestack S, there is an equivalence of co-groupoids

Map(S, X) L2555 Fung, (APerf™ (X), APerf(S)).

Here the right hand side is the space of symmetric monoidal functors that preserve finite colimits. In particular, if
S" — S is a map of classical prestacks inducing an equivalence of symmetric monoidal co-categories

APerf(S) = APerf(5’),
then the natural map
Map(S, X) — Map(S’, X)

s an equivalence.
A.2. Completeness.

Proposition A.2.1. Suppose that R is a complete Noetherian local ring with maximal ideal m. Then, for any
relatively locally almost finitely presented derived Artin stack X — BG,, x Spec R with quasi-affine diagonal, the
map
Map/BGmepecR(BGm x Spec R, X) — @Map/BGmepecR(BGm x Spec R/m"™ X)
m

s an equivalence.

Proof. We can replace X with its classical truncation X defn X.. By Theorem we are now reduced to the
easy observation that the functor

APerf*(BG,, x Spec R) — @APerfcn(BGm x Spec R/m™)

m

is an equivalence. O

Proposition A.2.2. Suppose that we have R € CRing and a relatively almost locally finitely presented derived
Artin stack X — A'/G,,, x Spec R with quasi-affine diagonal. Then for any Noetherian B € CRingy g, the natural
map

Map/Al/GmepeCR(Al/Gm x Spec B, X) — @1Map/Al/GmXSPECR((Al/Gm)(thO) x Spec B, X)

18 an equivalence.

Proof. Once again, we can replace X with its classical truncation, and so it suffices to know that the map

APerf™(A'/G,, x Spec B) — @APerfcn((Al/Gm)(tnﬂ) x Spec B)

is an equivalence.
This boils down to the fact that filtered almost perfect complexes over B are complete for their filtration, since
they are inverse limits of complexes Fil* M with Fil' M ~ 0 for ¢ sufficiently large. g

Lemma A.2.3. Let M, be a graded almost perfect module over a non-positively graded animated commutative ring
Be. Write

M, = By B, M,

for the graded base-change of M,. Then M, admits a functorial increasing, exhaustive and complete filtration
Fily* M, in GrModp, with

gr"_"ﬁ M, ~ Be(—i) ®p, M.
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Proof. Once we have such an increasing and exhaustive filtration, it will automatically be complete: Indeed, the
map
M, — heoker(FilY$ My — M,)
is an isomorphism in graded degrees < (i — 1).
To obtain the filtration, let’s make the assertion a bit more precise. We have a functor from almost perfect

graded B,-modules to doubly graded almost perfect B,-modules M, — @, Be(—i) ®p, M;, which geometrically
can be seen as the functor

APerf((Spec B,)/G,,) — APerf(BG,, x (Spec B,)/G.y)
via pullback along the maps
BG,,, x (Spec Be)/G,, = BG,,, x Spec By — (Spec Be) /G-

Here, the first map is obtained from the structure morphism (Spec B,)/G,,, — Spec By, and the second map from
the map of graded rings B, — By. The claim then is that this pullback functor admits a canonical lift

APerf((Spec Be)/Gm) — APerf(AY /G, x (Spec Be)/G)
whose composition with the functor
APerf(A'/G,, x (Spec B,)/G,,) — APerf((Spec B,)/G,)

induced by the open immersion G, /G, X (Spec Bs)/Gp, = AL /Gy, x (Spec B,) /Gy, is equipped with an isomor-
phism to the identity.

It suffices to prove the claim with APerf replaced everywhere with Mod®®. Here, via the process of animation
(or more precisely, the compatibility of the existing functors with sifted colimits), we can also replace Mod™ with
Vect.

The proof now proceeds as in [33, Theorem 2.44]. Since we are dealing with finite locally free modules, there
exist a,b € Z such that My, ~ 0 for k ¢ [a,b]. We now claim that My ~ 0 for k¥ > b and that the natural map
M, — M, is an equivalence. To see this, observe that we have a fiber sequence

Bg_l ®p, Me = My — M.,
and note that the left hand side is a graded module supported in degrees < b — 1. This last observation can be
checked using the bar resolution as in [33, Lemma 2.45].

The proof will now proceed by induction on b — a. We can use the equivalence M, — M), to obtain a canonical
map

By ®p, My(—b) = Be @, My(—b) — M,

whose cofiber M/ is supported in degrees < b. Graded base-change to By yields a cofiber sequence
My, (—b) — M — M,

which shows that M; = M; fori <b—1 and M; ~ (O for ¢ > b — 1. In particular, if @ = b, then M~ 0, and the
argument from the previous paragraph implies that in fact M’ ~ 0. This verifies the base step of the induction.
For the inductive step, our hypothesis implies that M. admits an increasing filtration Fil¥* M! with

_ _

g™t M ~ By ®p, M;(—i) ~ Be ®p, M;(—1)

fori <b-—1.
We now obtain our desired filtration on M, by setting
0 ifi >0
FilY M, = nee
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Proposition A.2.4. Suppose that Be is a non-positively graded discrete commutative ring and that X — Y defn

Spec(B,) /Gy, is a relatively locally almost finitely presented derived Artin stack with quasi-affine diagonal. Then
the natural map

Map/y(yv X) - m Map/)}(spec(‘BZ*m)/Gma X)

m

18 an equivalence.

Proof. We can replace X with its classical truncation, and by Noetherian approximation, we can also assume that
X is the base-change over ) along a map ) — )’ of a locally finitely presented map of classical Noetherian stacks
X' — V' with quasi-affine diagonal. Thus, we are reduced via Theorem to knowing that the functor

APerf™(Y) — lim APerf™ (V)

is an equivalence, where ), = (Spec B>_.,)/Gy.
Let us first check full faithfulness: we need to know that, for M,, Ne on the left hand side, the natural maps

Mappg, (M,, No) — 'InMaszim (B>-m ®@p, Mo, B>_, ®p, Na)

= limMapg, (Ma, B> - ®5, N)

m

S—} MapB. (Mo; lngZ—m ®B. N')
m

are isomorphisms. This comes down to knowing that the natural map

N, — @Bz_m ®B. No

m

is an isomorphism. Using Lemma we can reduce to the case where Ny ~ B, ®p, N', where N’ is an almost
perfect connective complex of Bp-modules. This reduces us to knowing that

B, X B, N — h&lBE_m ® B, N’

m

is an equivalence. Comparing degree-by-degree, we are reduced to the case where N’ ~ By, where the assertion is
clear.

For essential surjectivity, suppose that we are given an object on the right yielding a compatible sequence
(ME™),, of graded almost perfect connective Bs_,,-modules M{™ . We need to check that M, = lim M™ s a
graded almost perfect connective Bo,-module, and that its graded base-change to B>_,, yields M.(m). Once again,
using Lemma we can reduce to the case where the compatible sequence is of the form (B>_,, ®g, M),, for
some almost perfect connective complex of Bg-modules M. Here, the claim is obvious. O

Definition A.2.5. Suppose that X — Z is a map of prestacks over BG,,. We will say that X is graded

integrable if, for all non-positive graded rings B, as above, and for all maps ) defn (Spec Be) /Gy, — Z over BGyy,
the conclusion of Proposition holds for the base-change X xz Y — V.

A.2.6. Suppose that Fil® S is a non-negatively filtered animated commutative ring and that Fil*I C Fil* S is a
filtered ideal with the following properties:

e Fil' S is discrete for all i € Z;
e Fil™ I =0 for m < 0; in particular, the map Fil' I — Fil' § — S is identically zero.

Consider the ideal J C Rees(Fil® S) of the Rees algebra given by

J=@Fi'I-t7 c OFIl'S -t = Rees(Fil* 5).
i=1 €L
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This is a homogeneous ideal, and so, for each m > 1, we can consider the quotient Rees(Fil® S)/J™: it corresponds
to a filtered animated commutative ring structure Fil?, y S on S with

m

Fil(,, S = Fil' S/ > imFIM T @y - @g FilP 1)
ki+...+km=i
Proposition A.2.7. Suppose that we have a relatively locally almost finitely presented derived Artin stack X — Z)
with quasi-affine diagonal. Then the natural map

Map,z(Z,X) — I'&HMap/Z(R(Filzm) S),X)

s an equivalence.

Proof. As above, we reduce to knowing that

APerf"(R(Fil* S)) — kiLnAPerfCn (R(Filf,,) S))
is an equivalence, which in turn follows easily from the observation that the map Fil' S — Filfm) S is an equivalence
for all i < m. O

Definition A.2.8. Suppose that X — ) is a map of prestacks over A'/G,,. We will say that X is filtered
integrable if, for all pairs (Fil* S, Fil® I) satisfying the above conditions, and for all maps 2 ‘2" R(Fil* S) — Y

over Al/G,,, the conclusion of Proposition holds for the base-change X xy Z — Z.
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