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Abstract. We construct a family of special cycle classes on the regular
integral model of an orthogonal Shimura variety, and show that these
cycle classes appear as Fourier coefficients of a Siegel modular form.
Passing to the generic fiber of the Shimura variety recovers a result of
Bruinier and Raum, originally conjectured by Kudla.
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1. Introduction

Throughout this paper, we denote by pV,Qq a quadratic space over Q of
signature pn, 2q with n ě 1. Associated to V is a Shimura datum pG,Dq with
reflex field Q, where the reductive group G “ GSpinpV q of spinor similitudes
sits in an exact sequence

1 Ñ Gm Ñ G Ñ SOpV q Ñ 1.

Fixing a Z-lattice L Ă V on which the quadratic form takes integral values
determines a compact open subgroup K Ă GpAf q, and hence a smooth
complex orbifold

MpCq “ GpQqzD ˆ GpAf q{K.

By the theory of canonical models of Shimura varieties, these are the complex
points of a smooth Deligne-Mumford stack M Ñ SpecpQq of dimension n.

B.H. was supported in part by NSF grants DMS-2101636 and DMS-1801905. K.M. was
supported in part by NSF grants DMS-220804 and DMS-1802169.
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The Shimura variety M carries special cycles of all codimensions, whose
arithmetic properties are the subject of a series of conjectures of Kudla
[Kud04]. See also [Kud97], [KR99], [KR00], and [KRY06]. The organiz-
ing principle of these conjectures is that the special cycles should behave
like coefficients of the theta kernel used to lift automorphic forms from a
symplectic group to an orthogonal group.

In particular, the special cycles should themselves be, in a suitable sense,
the coefficients of a Siegel modular form. This is a now a theorem of Bruinier
and Raum, and the goal of this paper is to extend their modularity result
to special cycles on the canonical integral model of M .

1.1. Modularity on the generic fiber. For any integer d ě 1, let SymdpQq

be the set of symmetric d ˆ d matrices with rational coefficients.
Let L_ Ă V be the dual lattice to L under the bilinear form determined

by Q. To each T P SymdpQq and each tuple of cosets µ “ pµ1, . . . , µdq P

pL_{Lqd, Kudla associates a special cycle

ZpT, µq Ñ M

of pure codimension rankpT q. The Shimura varietyM carries a distinguished
line bundle ω, called the tautological bundle or the line bundle of weight one
modular forms, and we follow Kudla in using the intersection pairing in the
Chow ring to define the corrected cycle class

(1.1) CpT, µq “ c1pω´1q ¨ ¨ ¨ c1pω´1q
looooooooooomooooooooooon

d´rankpT q

¨ZpT, µq P CHdpMq

in the codimension d Chow group. Here c1pω´1q P CH1pMq is the first
Chern class of ω´1. These Chow groups, like all Chow groups appearing in
this paper, are taken with Q-coefficients.

The metaplectic double cover of Sp2dpZq acts via the Weil representation
ωL,d on the finite dimensional C-vector space SL,d of functions pL_{Lqd Ñ C.
The dual representation has a canonical basis tϕ˚

µuµ Ă S˚
L,d indexed by d-

tuples µ as above, and so we may form

CpT q “
ÿ

µPpL_{Lqd

CpT, µq b ϕ˚
µ P CHdpMq bQ S˚

L,d.

The following conjecture of Kudla was proved by Borcherds [Bor99] in
the case of codimension d “ 1 (and before that by Gross-Kohnen-Zagier
[GKZ87] in the very special case where M is a modular curve). The general
case was proved by Bruinier and Raum [BWR15], using ideas from the thesis
of W. Zhang [Zha09] to reduce to the case d “ 1.

Theorem A (Bruinier-Raum). The formal generating series
ÿ

TPSymdpQq

CpT q ¨ qT
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converges to a Siegel modular form of weight n
2 ` 1 and representation

ω˚
L,d : Sp2dpZq Ñ GLpS˚

L,dq.

Convergence and modularity are understood in the following sense: for any
Q-linear functional ι : CHdpMq Ñ C, the formal generating series

ÿ

TPSymdpQq

ιpCpT qq ¨ qT

with coefficients in S˚
L,d is the q-expansion of a holomorphic Siegel modular

form of the stated weight and representation.

Strictly speaking, the results of Borcherds and Bruinier-Raum apply to
the Chow group of the complex fiber MpCq, not the canonical model over
Q. The proof for the canonical model is the same, using the fact that all
Borcherds products on MpCq are algebraic and defined over the field of
rational numbers [HM20]. In any case, Theorem A in the form stated here
is a consequence of our main result, Theorem F below.

1.2. Modularity on the integral model. Throughout the paper we work
with a finite set of primes Σ containing all primes p for which the lattice Lp

is not maximal (Definition 2.2.1), and abbreviate

ZrΣ´1s “ Zrp´1 : p P Σs.

In [HM20] one finds the construction of a normal and flat Deligne-Mumford
stack

M Ñ SpecpZrΣ´1sq

with generic fiber M . Soon we will impose stronger assumptions on Σ, to
guarantee that M is regular.

For each T P SymdpQq and µ P pL_{Lqd we define a naive special cycle

ZpT, µq Ñ M
whose generic fiber agrees with Kudla’s ZpT, µq. Our definition of this cycle
is via a moduli interpretation. The integral model carries a Kuga-Satake
abelian scheme A Ñ M whose pullback to any M-scheme S Ñ M has a
distinguished Z-submodule

V pASq Ă EndpASq

of special endomorphisms. The space of special endomorphisms is endowed
with a positive definite quadratic form, and the S-points of ZpT, µq are
in bijection with d-tuples x “ px1, . . . , xdq P V pASqdQ of special quasi-

endomorphisms with moment matrix Qpxq “ T , whose denominators are
controlled (in a precise sense) by the tuple µ “ pµ1, . . . , µdq. For example,
if µi “ 0 then xi P V pASq.

We insist on a modular definition of ZpT, µq, as opposed to simply taking
the Zariski closure of ZpT, µq in the integral model, because this is neces-
sary to ensure that the special cycles behave well under intersections and
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pullbacks to smaller orthogonal Shimura varieties (as in Theorems D and E
below).

This insistence comes with a high cost: the naive special cycles need
not be flat over ZrΣ´1s, and need not be equidimensional. Although those
irreducible components of ZpT, µq that are flat over ZrΣ´1s have codimen-
sion rankpT q in M , there will often be irreducible components of the wrong
codimension supported in nonzero characteristics.

The intuition behind this phenomenon is easy to explain. At a charac-
teristic p geometric point s Ñ M at which As is supersingular, the rank of
the space of special endomorphisms V pAsq is as large as it can be (namely,
n ` 2). This is large enough that if the entries of T are integral and highly
divisible, the entire supersingular locus of MFp will be contained in ZpT, µq.
It is known [HP17] that this supersingular locus has dimension roughly n{2,
and so the naive cycles ZpT, µq tend to have vertical irreducible components
of dimension ą n{2, regardless of the rank of T . For this reason, one cannot
construct cycle classes on M simply by imitating the construction (1.1).

Hypothesis B. For the remainder of the introduction we assume that Σ
satisfies the hypotheses of Proposition 2.2.4, guaranteeing that M is regular.
If, for example, the discriminant of L is odd and squarefree then Σ “ H

satisfies these hypotheses.

We will construct corrected (or perhaps derived) cycle classes

CpT, µq P CHdpMq

for all integers d ě 1, all T P SymdpQq, and all µ P pL_{Lqd. These cycle
classes vanish unless T is positive semi-definite. In §5.5 we prove the fol-
lowing result, showing that our construction is compatible with the classes
already constructed in the generic fiber.

Theorem C. Restricting CpT, µq to the generic fiber recovers (1.1). More-
over, if the naive cycle ZpT, µq is equidimensional of codimension rankpT q

in M, then

CpT, µq “ c1pω´1q ¨ ¨ ¨ c1pω´1q
looooooooooomooooooooooon

d´rankpT q

¨ZpT, µq P CHdpMq

for a distinguished line bundle ω on M.

The next two results show that our corrected cycle classes behave well
under intersections and pullbacks to smaller Shimura varieties. Analogous
formulas in the generic fiber are proved in [YZZ09] and [Kud21].

The following is stated in the text as Proposition 5.2.1.

Theorem D. For all positive integers d1 and d2, symmetric matrices

T 1 P Symd1pQq and T 2 P Symd2pQq,
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and tuples µ1 P pL_{Lqd
1

and µ2 P pL_{Lqd
2

, we have the intersection for-
mula

CpT 1, µ1q ¨ CpT 2, µ2q “
ÿ

T“

´

T 1 ˚
˚ T 2

¯

CpT, µq

in the codimension d1 ` d2 Chow group of M. On the right hand side µ “

pµ1, µ2q is the concatenation of µ1 and µ2.

Now fix a positive definite self-dual quadratic lattice Λ, so that the or-
thogonal direct sum

L7 “ L ‘ Λ

has signature pn ` rankpΛq, 2q. This lattice determines its own Shimura
datum, its own regular integral model M7 over ZrΣ´1s, and its own family
of corrected special cycle classes

C7pT 7, µ7q P CHdpM7q

indexed by T 7 P SymdpQq and µ7 P pL7,_{L7qd. The isometric embedding
L Ñ L7 determines a finite and unramified morphism f : M Ñ M7, inducing
a pullback

f˚ : CHdpM7q Ñ CHdpMq.

The following theorem is a special case of Proposition 5.6.1.

Theorem E. There is a decomposition

f˚C7pT 7, µ7q “
ÿ

S,TPSymdpQq

S`T“T 7

RΛpSq ¨ CpT, µq

of classes in CHdpMq, where µ “ µ7 viewed as an element of

pL_{Lqd – pL7,_{L7qd,

and RΛpSq is the number of tuples y P Λd with moment matrix Qpyq “ S.

Our main result, stated in the text as Theorem 6.2.1, is an extension
of the Bruinier-Raum theorem (née Kudla’s modularity conjecture) to the
integral model M.

Theorem F. The formal generating series
ÿ

TPSymdpQq

CpT q ¨ qT

with coefficients

CpT q
def
“

ÿ

µPpL_{Lqd

CpT, µq b ϕ˚
µ P CHdpMq bQ S˚

L,d

converges to a holomorphic Siegel modular form of weight n
2 ` 1 and repre-

sentation ω˚
L,d.
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Using the finite-dimensionality of the space of holomorphic Siegel modular
forms of a fixed weight and representation, one immediately obtains the
following corollary of Theorem F.

Corollary G. As T P SymdpQq and µ P pL_{Lqd vary, the cycle classes
CpT, µq span a finite-dimensional subspace of CHdpMq.

In [Mad22], the second author uses methods from derived algebraic geom-
etry to construct derived cycle classes on essentially every Shimura variety
to which Kudla’s conjectures apply, and shows that they satisfy certain an-
ticipated properties, giving an alternative proof of Theorems C, D, E above
as special cases. However, the lack of Borcherds products in this generality
has so far prevented progress towards any version of the main Theorem F
in settings beyond the one treated in this paper.

1.3. Outline of the paper. In §2 we recall the essentials of the theory of
integral models of orthogonal Shimura varieties, and the families of special
cycles that live on them. Our main reference for this material is [HM20],
although many of the results we cite appeared before that in [Mad16],
[AGHM17], and [AGHM18].

The first new results appear in §3, in which we investigate some of the
finer geometric structure of the special cycles ZpT, µq, under the assumption
that rankpT q is small compared to n. We remark that the notion of smallness
here depends on the lattice L, not just n, but if L is self-dual then small
means rankpT q ď pn ´ 4q{3. What we show is that in this situation the
special cycle ZpT, µq is flat over ZrΣ´1s, and equidimensional of the expected
codimension rankpT q in M. In particular, when rankpT q is small one can
define a corrected cycle class CpT, µq by imitating (1.1).

The generic fiber ZpT, µq is smooth, however even when rankpT q is small
the special cycle ZpT, µq need not be regular, or even locally integral; it will
often have irreducible components that cross in positive characteristic. How-
ever, we can say enough about the geometry of its irreducible components
to prove in §3 the injectivity of the restriction map to the generic fiber

CH1pZpT, µqq Ñ CH1pZpT, µqq.

Now suppose that d is small relative to n. Having shown in §3 that the
special cycles ZpT, µq with T P SymdpQq are well-behaved, we prove in §4
that the generating series of corrected cycles CpT, µq is modular. This is
done by fixing T P SymdpQq and µ P pL_{Lqd, and considering the family of
special cycles ZpT 1, µ1q in which T 1 P Symd`1pQq has upper left d ˆ d block
T , and the first d components of µ1 are equal to µ. As pT 1, µ1q varies, the
resulting special cycles can be viewed as divisors

ZpT,1 µ1q Ñ ZpT, µq

on the fixed ZpT, µq, and we prove that they form the coefficients of a
Jacobi form of index T valued in CH1pZpT, uqq. The essential point is
that, by the preceding paragraph, it suffices to check this in the generic
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fiber. In the generic fiber it follows, as in [Zha09], by realizing ZpT, µq as a
union of orthogonal Shimura varieties and applying the modularity results of
Borcherds [Bor99]. By the main result of [BWR15], this Jacobi modularity,
for every pair pT, µq, implies that Theorem F holds under our assumption
that d is small relative to n.

To remove the assumption that d is small, we must first overcome the
lack of equidimensionality of ZpT, µq. In §5 we define the corrected classes
CpT, µq needed even to state Theorem F in full generality. The construction
itself is somewhat formal. It relies on the close relations between Chow
groups and K-theory proved in [GS87] for schemes, and extended to stacks
in [Gil84] and [Gil09].

Theorem D follows directly from the definition of CpT, µq, but Theorems
C and E seem to lie much deeper. If the modularity of Theorem F is to hold,
the classes CpT q of that theorem must satisfy the linear invariance property

CpT q “ CptATAq

for any A P GLdpZq. While the analogous invariance of the naive special
cycles ZpT, µq is obvious, the invariance of the corrected cycle classes en-
codes subtle information about self-intersections. We prove this invariance
in Proposition 5.4.1 by globalizing the arguments used in [How19] to prove
the analogous invariance for special cycles on unitary Rapoport-Zink spaces.
The linear invariance is then used in an essential way in the proofs of The-
orems C and E.

Finally, in §6 we prove Theorem F in full generality. The idea here is
simple enough to explain in a few sentences. To prove the modularity of the
generating series

ϕpτq “
ÿ

T

CpT qqT

with coefficients in CHdpMq b S˚
L,d, pick an auxiliary positive definite self-

dual lattice Λ. As in Theorem E, we may form the quadratic lattice L7 “

L ‘ Λ of signature pn7, 2q, and the corresponding generating series

ϕ7pτq “
ÿ

T

C7pT qqT

with coefficients in CHdpM7qbS˚
L7,d

. One can rephrase the pullback formula

of Theorem E as a factorization

f˚ϕ7pτq “ ϕpτq ¨ ϑΛ,dpτq,

where ϑΛ,dpτq is the usual scalar-valued genus d Siegel theta series deter-
mined by the lattice Λ. If we choose Λ to have large rank, then d will be
much smaller than n7, and so the modularity of the left hand side follows
from the results of §3. Combining this with the modularity of ϑΛ,dpτq shows
that ϕpτq is a meromorphic Siegel modular form with poles supported on the
vanishing locus of ϑΛ,dpτq. The lattice Λ, being an arbitrary and auxiliary
choice, can then be varied to show that ϕpτq is actually holomorphic.
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1.4. Acknowledgements. The authors thank Andreas Mihatsch for alert-
ing us to a misstatement in an earlier version of this paper, Steve Kudla for
pointing out a subtlety in our use of the embedding trick, and the anonymous
referee for helpful comments and suggestions.

2. The Shimura variety and its special cycles

This section contains little in the way of new results. Our goal is to
recall from [HM20] the integral model of the Shimura variety associated to
a quadratic space pV,Qq over Q of signature pn, 2q, and the special cycles
on that integral model.

2.1. The Shimura variety. As in the introduction, we denote by G “

GSpinpV q the group of spinor similitudes of V . By construction, G is an
algebraic subgroup of the group of units of the Clifford algebra CpV q. The
bilinear form associated to the quadratic form Q is denoted

(2.1) rx, ys “ Qpx ` yq ´ Qpxq ´ Qpyq.

If we define a Hermitian symmetric domain

D “ tz P VC : rz, zs “ 0, rz, zs ă 0u{Cˆ Ă PpVCq,

then the pair pG,Dq is a Hodge type Shimura datum with reflex field Q.
Any choice of compact open subgroup in GpAf q determines a Shimura

variety, but we shall only consider subgroups of a particular type. Fix a
Z-lattice L Ă V satisfying QpLq Ă Z, and let L_ denote the dual lattice
relative to the bilinear form (2.1). For every prime p, abbreviate Lp “ LbZp,
and let CpLpq Ă CpVpq be the Zp-subalgebra generated by Lp Ă CpVpq. The
compact open subgroup

(2.2) Kp “ GpQpq X CpLpqˆ

of GpQpq is the largest one that stabilizes the lattice Lp and acts trivially
on the discriminant group L_

p {Lp. The compact open subgroup

(2.3) K “
ź

p

Kp Ă GpAf q

determines a complex orbifold

MpCq “ GpQqzD ˆ GpAf q{K,

whose canonical model M Ñ SpecpQq is a smooth Deligne-Mumford stack
of dimension n.

Remark 2.1.1. For a given prime p, one can make the compact open subgroup
Kp Ă GpQpq as small as one wants by replacing L by pkL for some k " 0. In
particular one is free to assume that K is neat, so that M is a scheme rather
than a stack. The penalty for doing so appears in the next subsection, when
we form the integral model of M over ZrΣ´1s. This smaller choice of L will
not be maximal at p, and so p must be included in the finite set of bad
primes Σ that we invert.
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Remark 2.1.2. As the derived subgroup SpinpV q Ă G is simply connected,
we find by [Del71, (2.7.1)] that the space of connected components of MpCq

is a torsor under

π0pAˆ{QˆνpKqRą0q – Aˆ
f {Qˆ

ą0νpKq,

where ν : G Ñ Gm is the spinor norm. It follows that if νpKq “ pZˆ, then M
is geometrically connected. This holds in particular if L contains isotropic
vectors ℓ, ℓ˚ P L with rℓ, ℓ˚s “ 1.

Suppose V 7 is a quadratic space of signature pn7, 2q, and let pG7,D7q be
the associated Shimura datum. A Z-lattice L7 Ă V 7 on which the quadratic
form is Z-valued determines a compact open subgroup K7 Ă G7pAf q as in

(2.3), and hence a Shimura variety M 7 over Q.
An isometric embedding L ãÑ L7 determines an injection of Clifford al-

gebras CpV q Ñ CpV 7q, which then induces a closed immersion of algebraic
groups G ãÑ G7 exhibiting G as the pointwise stabilizer of the orthgonal
complement of V Ă V 7. This embedding of groups induces an embedding
of Shimura data

pG,Dq Ñ pG7,D7q,

As K Ă K7 X GpAf q, the theory of canonical models implies the existence
of a finite and unramified morphism

(2.4) M Ñ M 7

of Deligne-Mumford stacks, given on C-points by

GpQqzD ˆ GpAf q{K
pz,gqÞÑpz,gq
ÝÝÝÝÝÝÝÑ G7pQqzD7 ˆ G7pAf q{K7.

More generally, for any g P G7pAf q we may replace L by the quadratic

lattice Lg “ V X gL7

pZ
throughout the discussion above. The compact open

subgroup associated to this lattice is

Kg “ gK7g´1 X GpAf q,

and the associated Shimura variety Mg admits a finite unramified morphism

(2.5) Mg Ñ M 7

given on C-points by

GpQqzD ˆ GpAf q{Kg
pz,hqÞÑpz,hgq
ÝÝÝÝÝÝÝÝÑ G7pQqzD7 ˆ G7pAf q{K7.

2.2. Integral models and special cycles. We will use [HM20, §6] as our
primary reference for the theory of integral models of M . See also [KM16],
[AGHM17], and [AGHM18].

Definition 2.2.1. For a prime p, we say that Lp is maximal if there is
no larger Zp-lattice of Vp on which Q is Zp-valued. We say that Lp is
hyperspecial if either

‚ Lp is self-dual, or
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‚ p “ 2, dimQpV q is odd, and rL_
2 : L2s is not divisible by 4.

We call L maximal or hyperspecial if Lp has this property for every p.

Remark 2.2.2. Note that

Lp self-dual ùñ Lp hyperspecial ùñ Lp maximal,

and that Lp not maximal ùñ p2 divides rL_ : Ls.

Remark 2.2.3. A hyperspecial lattice Lp was called an almost self-dual lattice
in [HM20, Definition 6.1.1]. If Lp is hyperspecial then (2.2) is a hyperspecial
subgroup in the usual sense, justifying the terminology. See [HM20, §6.3].

As in the introduction, Σ will always denote a finite set of primes contain-
ing all primes p for which Lp is not maximal. The constructions of [HM20,
§6] provide us with a normal and flat Deligne-Mumford stack

M Ñ SpecpZrΣ´1sq

with generic fiberM . Strictly speaking, loc. cit. constructs an integral model
over the localization Zppq for any p at which Lp is maximal; these can be

collated into a model over ZrΣ´1s as in [HM20, §9.1].

Proposition 2.2.4. Assume that Σ satisfies both

‚ p P Σ for all primes p such that p2 divides rL_ : Ls,
‚ if L2 is not hyperspecial then 2 P Σ.

The stack M is regular, and for any p R Σ the localization MZppq
is the

canonical integral model of M in the sense of [Mad16, Definition 4.3].

Proof. If p R Σ then either Lp is hyperspecial, or p is odd and ordpprL_ :
Lsq “ 1. In the former case MZppq

is the smooth canonical integral model of

M over Zppq constructed [Kis10] and [KM16]. In the latter case MZppq
is the

regular canonical integral model constructed in [Mad16, Theorem 7.4]. □

Remark 2.2.5. By Proposition 2.2.4, if rL_ : Ls is odd and squarefree then
M is regular for any choice of Σ, including Σ “ H.

Remark 2.2.6. If p R Σ is an odd prime with ordpprL_ : Lsq “ 2, the model
MZppq

is no longer regular. It does admit a regular resolution constructed by

Pappas-Zachos [PZ22], which has a certain canonicity property formulated
by Pappas [Pap23], and now proven by Daniels-Youcis [PY24]. It would
be interesting to extend the results of this paper to these regular integral
models as well.

The integral model M comes with a tautological line bundle

(2.6) ω P PicpMq,

called the line bundle of weight one modular forms in [HM20, §6.3], whose
fiber at a complex point

pz, gq P GpQqzD ˆ GpAf q{K – MpCq

is identified with the isotropic line Cz Ă VC.
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Remark 2.2.7. Recall from (2.4) the morphismM Ñ M 7 of canonical models
induced by an isometric embedding L ãÑ L7. If Σ also contains all primes p

for which L7
p is not maximal, then M 7 has its own flat and normal integral

model

M7 Ñ SpecpZrΣ´1sq

and the morphism above extends uniquely to a finite morphism

M Ñ M7.

The tautological bundle on ω7 on the target pulls back to the tautological
bundle ω on the source. See [HM20, Proposition 6.6.1].

The integral model M also comes with a Kuga-Satake abelian scheme
A Ñ M. For every scheme S Ñ M there is a canonical (e.g. functorial in
S) subspace

V pASqQ Ă EndpASqQ

of special quasi-endomorphisms, carrying a positive definite quadratic form
defined by Qpxq “ x ˝ x as elements of Q Ă EndpASqQ. More generally, for
every coset µ P L_{L there is a subset

VµpASq Ă V pASqQ

of special quasi-endomorphisms with denominator µ. When µ “ 0 this agrees
with

V pASq
def
“ V pASqQ X EndpASq,

and the subsets indexed by distinct cosets are disjoint. Again, we refer the
reader to [HM20, §6] for details.

Remark 2.2.8. For any x P VµpASq, we have

Qpxq ” Qpµ̃q pmod Zq,

where µ̃ P L_ is any lift of µ. See [AGHM18, Proposition 4.5.4].

Remark 2.2.9. Suppose s P MpCq is a complex point corresponding to a
pair

pz, gq P GpQqzD ˆ GpAf q{K – MpCq.

Recalling that z P VC is a nonzero isotropic vector, there is a canonical
identification

V pAsqQ “ tx P V : rx, zs “ 0u,

respecting quadratic forms and satisfying

VµpAsq “ tx P V : x P g ¨ pµ ` L
pZqu.

Here we are regarding µ ` L
pZ Ă VAf

.

Definition 2.2.10. For t P Q and µ P L_{L, the special divisor

(2.7) Zpt, µq Ñ M
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is the finite, unramified, and relatively representable M-stack whose functor
of points assigns to any scheme S Ñ M the set

Zpt, µqpSq “ tx P VµpASq : Qpxq “ tu.

The definition of special divisors can be generalized as follows.

Definition 2.2.11. Given an integer d ě 1, a matrix T P SymdpQq, and a
tuple of cosets µ “ pµ1, . . . , µdq P pL_{Lqd, the special cycle

(2.8) ZpT, µq Ñ M
is the finite, unramified, and relatively representable M-stack whose functor
of points assigns to a scheme S Ñ M the set of all tuples

x “ px1, . . . , xdq P Vµ1pASq ˆ ¨ ¨ ¨ ˆ Vµd
pASq

whose moment matrix

(2.9) Qpxq
def
“

ˆ

rxi, xjs

2

˙

P SymdpQq

satisfies Qpxq “ T .

Remark 2.2.12. As V pASqQ is a positive definite quadratic space, the special
cycle ZpT, µq is empty unless T is positive semi-definite.

2.3. Special cycles as Shimura varieties. Given a special cycle (2.8),
we explain how to write its generic fiber

ZpT, µq “ ZpT, µqQ

as a disjoint union of Shimura varieties. We may assume that T P SymdpQq

is positive semi-definite, for otherwise ZpT, µq “ H by Remark 2.2.12.
Endow the space of column vectors Qd with the (possibly degenerate)

quadratic form Qpwq “ twTw, let radpQq Ă Qd be its radical, and define a
positive definite quadratic space

(2.10) W “ Qd{radpQq

of dimension rankpT q. Let e1, . . . , ed P W be the images of the standard
basis vectors in Qd. Using the notation (2.9), the tuple e “ pe1, . . . , edq has
moment matrix Qpeq “ T .

If S is any scheme, a morphism S Ñ ZpT, µq determines a tuple

x “ px1, . . . , xdq P V pASqdQ

with Qpxq “ T , and hence an isometric embedding

(2.11) W
ei ÞÑxi
ÝÝÝÝÑ V pASqQ.

Lemma 2.3.1. If ZpT, µq is non-empty then there exists an isometric em-
bedding W ãÑ V .

Proof. Using Remark 2.2.9, a complex point s P ZpT, µqpCq determines an
isometric embedding

W
(2.11)
ÝÝÝÑ V pAsqQ Ă V. □
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By Lemma 2.3.1 we may assume there exists an isometric embedding
W ãÑ V , which we now fix. Any two embeddings lie in the same GpQq-

orbit, so the particular choice is unimportant. Let V 5 Ă V be the orthogonal
complement of W , so that V 5 has signature pn5, 2q with n5 “ n ´ rankpT q,
and

V “ V 5 ‘ W.

Applying the constructions of §2.1 to V 5, we obtain a reductive group G5 “

GSpinpV 5q and an embedding of Shimura data

pG5,D5q ãÑ pG,Dq.

The vectors e1, . . . , ed P W Ă V determine a subset

ΞpT, µq
def
“ tg P GpAf q : ei P g ¨ pµi ` L

pZq for all 1 ď i ď du,

in which we regard µ`L
pZ Ă VAf

, and each g P ΞpT, µq determines Z-lattices

(2.12) L5
g “ V 5 X gL

pZ, Λg “ W X gL
pZ.

As the quadratic form on V 5 is Z-valued on L5
g, the constructions of §2.1

associate to it a Shimura datum pG5,D5q, Shimura variety M 5
g over Q, and

a finite unramified morphism M 5
g Ñ M as in (2.5).

Proposition 2.3.2. The set ΞpT, µq is stable under left multiplication by

G5pAf q Ă GpAf q and right multiplication by the compact open subgroup

K Ă GpAf q of (2.3). The Shimura variety M 5
g depends only on the double

coset G5pQqgK, and there is an isomorphism of M -stacks

(2.13)
ğ

gPG5pQqzΞpT,µq{K

M 5
g – ZpT, µq.

Proof. Only the decomposition (2.13) is nontrivial. For that we use Remark
2.2.9 to identify points of ZpT, µqpCq with

GpQq
H

$

&

%

pz, x, gq P D ˆ V d ˆ GpAf q :
Qpxq “ T

rz, xis “ 0, @ 1 ď i ď d
xi P g ¨ pµi ` L

pZq, @ 1 ď i ď d

,

.

-

L

K.

The key point is that the group GpQq acts transitively on the set of tuples
x P V d satisfying Qpxq “ T . Thus any element of the double quotient above
is represented by a triple of the form pz, e, gq, where e “ pe1, . . . , edq P W d Ă

V d. As the stabilizer of e is precisely G5pQq Ă GpQq, and the condition

rz, eis “ 0 for 1 ď i ď d is equivalent to z P D5 Ă D, we may rewrite the
double quotient above as

ZpT, µqpCq – G5pQqzD5 ˆ ΞpT, µq{K.

Over the complex fiber, the decomposition (2.13) follows easily from this.
In particular, for every g, we have maps Mg,C Ñ ZpT, µqC of finite unrami-
fied stacks over MC. To finish, it is enough to know that these maps descend
over Q: This will give the map underlying the isomorphism (2.13), and that
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it is an isomorphism can be checked over C. The desired descent to Q is in
fact a consequence of the theory of canonical models for Shimura varieties
and uses the moduli interpretation of the cycle ZpT, µq; see the argument
in [Mad16, Proposition 6.5]. □

2.4. Basic properties of special cycles. First we explain in what sense
the morphisms (2.7), which are not closed immersions, deserve to be called
special divisors.

Definition 2.4.1. Suppose D Ñ X is any finite, unramified, and relatively
representable morphism of Deligne-Mumford stacks. By [Sta22, Tag 04HG]
there is an étale cover U Ñ X by a scheme such that the pullback DU Ñ U
is a finite disjoint union

DU “
ğ

i

Di
U

with each map Di
U Ñ U a closed immersion. If each of these closed immer-

sions is an effective Cartier divisor on U in the usual sense (the correspond-
ing ideal sheaves are invertible), then we call D Ñ X a generalized Cartier
divisor.

Remark 2.4.2. Any generalized Cartier divisor D Ñ X determines an effec-
tive Cartier divisor (in the usual sense) on X. Indeed, if we choose an étale
cover U Ñ X as in Definition 2.4.1, then DU “

ř

iD
i
U is an effective Cartier

divisor on U . The descent data for DU relative to U Ñ X induces descent
data for DU , which then determines an effective Cartier divisor D ãÑ X.

Proposition 2.4.3. Fix t P Q and µ P L_{L.

(1) If t ą 0 then Zpt, µq Ñ M is a generalized Cartier divisor.
(2) If t ă 0 then Zpt, µq “ H.
(3) If t “ 0 then

Zp0, µq “

#

M if µ “ 0

H if µ ‰ 0.

Proof. The first assertion is [HM20, Proposition 6.5.2], while the second and
third follow immediately from the definitions (and Remark 2.2.12).

For future reference, we recall the main ingredient of the proof of (1).
Suppose that

S //

��

Zpt, µq

��
rS //M

is a commutative diagram of stacks in which S Ñ rS is a closed immersion of
schemes defined by an ideal sheaf J Ă O

rS
with J2 “ 0. The top horizontal

arrow corresponds to a special quasi-endomorphism x P VµpASq, and we
want to know when x lies in the image of the (injective) restriction map

(2.14) VµpA
rS
q Ñ VµpASq.

https://stacks.math.columbia.edu/tag/04HJ
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Equivalently, when there is a (necessarily unique) dotted arrow

S //

��

Zpt, µq

��
rS

<<

//M

making the diagram commute. In this situation, [HM20, Proposition 6.5.1]
provides us with a canonical section

obstx P H0
`

rS, ω|
´1
rS

˘

,

called the obstruction to deforming x, with the property that x lies in the
image of (2.14) if and only if obstx “ 0.

Using this and Nakayama’s lemma, one shows that at any geometric point
z Ñ Zpt, µq, the kernel of the natural surjection

Oet
M,z Ñ Oet

Zpt,µq,z

is a principal ideal, and (1) follows from this. Again, see [HM20, Proposition
6.5.2] for details. □

Proposition 2.4.4. Fix a special cycle (2.8). Every irreducible component
Z Ă ZpT, µq satisfies

dimpZq ě dimpMq ´ rankpT q.

If equality holds, then ZpT, µq is a local complete intersection over ZrΣ´1s

at every point of Z.

Proof. For any geometric point z Ñ ZpT, µq, the kernel of the natural sur-
jection

Oet
M,z Ñ Oet

ZpT,µq,z

is generated by d “ rankpT q elements. This follows from Nakayama’s lemma
and the deformation theory used in the proof of Proposition 2.4.3; see also
[Mad16, Corollary 5.17]. From this, the asserted inequality is immediate.
Moreover, it is clear that ZpT, µq is a local complete intersection at z when-
ever

dimpOet
ZpT,µq,zq “ dimpOet

M,zq ´ d “ dimpMq ´ rankpT q. □

Proposition 2.4.5. For any special cycle (2.8) and any A P GLdpZq, there
is an isomorphism of M-stacks

ZpT, µq – ZptATA, µAq.

Proof. Given a scheme S Ñ M, the isomorphism sends a tuple

px1, . . . , xdq P V pASqdQ

to the tuple px1, . . . , xdq ¨ A P V pASqdQ. □
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Proposition 2.4.6. Given positive integers d1 and d2, symmetric matrices

T 1 P Symd1pQq and T 2 P Symd2pQq,

and tuples µ1 P pL_{Lqd
1

and µ2 P pL_{Lqd
2

, there is a canonical isomor-
phism of M-stacks

ZpT 1, µ1q ˆM ZpT 2, µ2q –
ğ

T“

´

T 1 ˚
˚ T 2

¯

ZpT, µq

where the disjoint union is over all T P Symd1`d2pQq of the indicated form,

and µ “ pµ1, µ2q P pL_{Lqd
1`d2

is the concatenation of the tuples µ1 and µ2.

Proof. For any M-scheme S, the S-valued points on both sides can be iden-
tified with the set of tuples

px1, x2q P

d1
ź

i“1

Vµ1
i
pASq ˆ

d2
ź

j“1

Vµ2
j
pASq

such that Qpx1q “ T 1 and Qpx2q “ T 2. □

Suppose we have an isometric embedding L ãÑ L7 as in the discussion
leading to (2.4). As in Remark 2.2.7, we assume that Σ contains all primes

p for which L7
p is not maximal, so that there is a morphism of integral models

M Ñ M7

over ZrΣ´1s. The target of this morphism has its own special cycles

Z7pT 7, µ7q Ñ M7

indexed by T 7 P SymdpQq and µ7 P pL7,_{L7qd, and we wish to describe their
pullbacks to M.

Denoting by Λ Ă L7 the set of vectors orthogonal to L, there are inclusions
of lattices

L ‘ Λ Ă L7 Ă L7,_ Ă L_ ‘ Λ_.

Given cosets

µ P L_{L, ν P Λ_{Λ, µ7 P L7,_{L7,

we write µ ` ν “ µ7 to indicate that the natural map

pL_ ‘ Λ_q{pL ‘ Λq Ñ pL_ ‘ Λ_q{L7

sends
µ ` ν ÞÑ µ7 P L7,_{L7 Ă pL_ ‘ Λ_q{L7.

Proposition 2.4.7. There is an isomorphism of M-stacks

Z7pT 7, µ7q ˆM7 M –
ğ

TPSymdpQq

µPpL_{Lqd

ğ

νPpΛ_{Λqd

µ`ν“µ7

ğ

yPν`Λd

T`Qpyq“T 7

ZpT, µq,

where µ` ν “ µ7 is understood as above, but componentwise (that is to say,

µi ` νi “ µ7

i for every 1 ď i ď d).
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Proof. By [HM20, Proposition 6.6.2], for any scheme S Ñ M there is a
canonical isometric embedding

V pASq ‘ Λ ãÑ V pA7

Sq.

Here A Ñ M and A7 Ñ M7 are the Kuga-Satake abelian schemes, and the
‘ on the left is the orthogonal direct sum. This embedding determines a
Q-linear isometry

V pA7

SqQ – V pASqQ ‘ ΛQ,

which restricts to a bijection

Vµ7pA7

Sq –
ğ

µPL_{L
νPΛ_{Λ

µ`ν“µ7

VµpASq ˆ pν ` Λq

for every µ7 P L7,_{L7. The proposition follows easily from this and the
definition of special cycles. □

3. Special cycles of low codimension

Keep L Ă V and M Ñ SpecpZrΣ´1sq as in §2.1 and§2.2. Given a positive
semi-definite T P SymdpQq and a µ P pL_{Lqd, our goal is prove that if
rankpT q is small relative to n “ dimpV q, then the special cycle ZpT, µq is
equidimensional and flat over ZrΣ´1s.

We also show that divisor classes on ZpT, µq are determined by their
restriction to the generic fiber. In §4, this property will allow us to deduce
modularity results for cycles on M from known modularity results on its
generic fiber.

3.1. Connectedness in low codimension. Our notion of smallness of
rankpT q is always relative to the fixed lattice L, and depends on the following
integer rpLq associated to it.

Definition 3.1.1. Denote by rpLq the smallest integer r ě 0 such that
L is isometric to a Z-module direct summand of a self-dual quadratic Z-
module L7 of signature pn ` r, 2q. The existence of such an L7 follows from
Proposition B.2.2.

Remark 3.1.2. For any g P GpAf q we have

rpLq “ rpLgq,

where Lg “ V X gL
pZ. This is immediate from the fact that if L embeds

isometrically as a Z-module direct summand of L7, then Lg embeds isomet-

rically as a Z-module direct summand of L7
g “ V 7 X gL7

pZ
.

Proposition 3.1.3. Suppose T P SymdpQq and µ P pL_{Lqd. If

rankpT q ď
n ´ 2rpLq ´ 4

3
,
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then every connected component of the generic fiber ZpT, µq “ ZpT, µqQ is
geometrically connected.

Proof. It suffices to show that each Q-stack M 5
g appearing in (2.13) is ge-

ometrically connected. Set n5 “ n ´ rankpT q, and recall from (2.12) the

quadratic lattice L5
g Ă V 5 of signature pn5, 2q used to define M 5

g . Using
Remark 2.1.2, we are reduced to proving the existence of isotropic vectors
ℓ, ℓ˚ P L5

g with rℓ, ℓ˚s “ 1.
In general, ifN is a quadratic Z-module withNQ non-degenerate, let γpNq

the minimal number of elements needed to generate the finite abelian group

N_{N . This quantity only depends on the pZ-quadratic space N
pZ. Moreover,

if we realize N Ă N 7 as a Z-module direct summand of a self-dual quadratic
Z-module as in Definition 3.1.1, there is a canonical surjection

N 7 – N 7,_ Ñ N_

whose restriction toN is just the inclusionN Ñ N_. The induced surjection
N 7{N Ñ N_{N shows that

γpNq ď rankZpN 7q ´ rankZpNq.

As in Remark 3.1.2, set Lg “ V X gL
pZ and abbreviate

r “ rpLq “ rpLgq.

Fix an embedding Lg Ñ L7 as a Z-module direct summand of a self-dual

quadratic lattice of signature pn`r, 2q. As the submodule L5
g Ă Lg of (2.12)

is a Z-module direct summand, the paragraph above implies

γpL5
gq ď rankZpL7q ´ rankZpL5

gq “ rankpT q ` r.

This implies the first inequality in

2 ¨ γpL5
gq ` 6 ď 2 ¨ rankpT q ` 2r ` 6 ď n ´ rankpT q ` 2 “ rankZpL5

gq

(the second is by the hypotheses of the proposition), and so Proposition

B.1.2 implies the existence of the desired isotropic vectors ℓ, ℓ˚ P L5
g. □

3.2. Geometric properties in low codimension: the self-dual case.
In this subsection, we assume that L is self-dual. In particular, L is hyperspe-
cial (Definition 2.2.1), and the integral model M is a smooth ZrΣ´1s-stack
by the proof of Proposition 2.2.4.

Let Λ be a positive definite quadratic Z-module. Set

LpΛq “ tZ-lattices Λ1 Ă ΛQ : Λ Ă Λ1 Ă pΛ1q_ Ă Λ_u,

and for each Λ1 P LpΛq, write ZpΛ1q for the finite unramified stack over M
with functor of points

ZpΛ1qpSq “ tisometric embeddings ι : Λ1 ãÑ V pASqu

for any scheme S Ñ M.
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Remark 3.2.1. The above stacks are actually special cycles under a different
name. In what follows we fix a basis e1, . . . , ed P Λ, and let T “ Qpeq P

SymdpQq be the moment matrix of e “ pe1, . . . , edq. There is a canonical
isometry ΛQ – W , where the right hand side is the quadratic space (2.10)
determined by T , and a canonical isomorphism of M-stacks

ZpΛq – ZpT, 0q

where 0 “ p0, . . . , 0q P pL_{Lqd. Indeed, an S-valued point of the left
hand side is an isometric embedding ι : Λ Ñ V pASq, and the tuple x “

pιpe1q, . . . , ιpedqq P V pASq, defines an S-point of the right hand side.

For each Λ1 P LpΛq, the natural map

ZpΛ1q
ιÞÑι|Λ
ÝÝÝÑ ZpΛq

is a closed immersion. Henceforth we regard ZpΛ1q as a closed substack of
ZpΛq, so that ZpΛ1q Ă ZpΛ2q whenever Λ2 Ă Λ1 is an inclusion of lattices
in LpΛq. The open substack of ZpΛ1q defined by

˝ZpΛ1q “ ZpΛ1q ∖
ď

Λ1ĹΛ2

ZpΛ2q

is then a locally closed substack of ZpΛq.
By construction, we have the equality of sets

(3.1) ZpΛqpkq “
ğ

Λ1PLpΛq

˝ZpΛ1qpkq

for any algebraically closed field k with charpkq R Σ. In fact, given a point
s P ZpΛqpkq corresponding to an isometric embedding ι : Λ Ñ V pAsq, we
have s P ˝ZpΛ1qpkq if and only if

Λ1 “ V pAsq X ιpΛqQ.

This last equality says simply that Λ1 Ă ΛQ is the largest lattice such that
ι extends to ι : Λ1 Ñ V pAsq.

Remark 3.2.2. In the notation of §A.1, the decomposition (3.1) amounts to
saying that the topological space |ZpΛq| is the disjoint union of its locally
closed subsets |˝ZpΛ1q|.

In the generic fiber we have the following strengthening of (3.1).

Lemma 3.2.3. For every Λ1 P LpΛq the morphism

˝ZpΛ1qQ Ñ ZpΛqQ

is an open and closed immersion, and there is an isomorphism of Q-stacks

ZpΛqQ –
ğ

Λ1PLpΛq

˝ZpΛ1qQ

inducing the bijection (3.1) on geometric points of characteristic 0.
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Proof. Proposition 2.3.2 and Remark 3.2.1 give us a decomposition

ZpΛqQ – ZpT, 0q –
ğ

gPG5pQqzΞpT,0q{K

M 5
g ,

which depends on a choice1 of isometric embedding ΛQ ãÑ V. Under this
bijection, the locally closed substack ˝ZpΛ1qQ is identified with the disjoint

union of those M 5
g for which g satisfies Λ1 “ ΛQ XgL

pZ. Here the intersection
is taken inside V

pZ. The lemma follows immediately. □

The key geometric result is the following.

Proposition 3.2.4. Fix a Λ1 P LpΛq, and assume rankZpΛq ď pn ´ 4q{2.

(1) The ZrΣ´1s-stack ˝ZpΛ1q is normal and flat, and equidimensional of
dimension

n ´ rankZpΛq ` 1 “ dimpMq ´ rankZpΛq.

(2) For any prime p R Σ, the special fiber ˝ZpΛ1qFp is geometrically
normal and equidimensional of dimension n ´ rankZpΛq.

(3) For any prime p R Σ, the natural maps

π0
`

˝ZpΛ1qFalg
p

˘

Ñ π0
`

˝ZpΛ1qZalg
ppq

˘

Ð π0
`

˝ZpΛ1qQalg

˘

are bijections, where Zalg
ppq

is the integral closure of Zppq in Qalg.

Proof. We will use results from [HM20, §7.1] to which the reader is encour-
aged to refer for details. The key point is that, under our hypotheses, there
exists an open substack (see Proposition 7.1.2 of loc. cit.)

ZprpΛ1q Ă ˝ZpΛ1q

with the following properties:

(1) It has the same generic fiber as ˝ZpΛ1q.
(2) For any prime p R Σ, the special fiber ZprpΛ1qFp is smooth outside

of a codimension 2 substack.

Moreover, Lemma 7.1.5 of loc. cit. shows that the complement of ZprpΛ1qFp

in ˝ZpΛ1qFp has codimension at least 2. The statement there assumes that
Λ is maximal, but this is only used to ensure that Λ1 maps to a direct sum-
mand of V pAsq for every geometric point s Ñ ˝ZpΛ1qFp . For us, this holds
essentially by definition of ˝ZpΛ1qFp ; see the comments after (3.1).

Combining the above with the argument of Proposition 7.1.6 of loc. cit.
proves assertions (1) and (2). Assertion (3) follows from [Mad25, Theorem
B]. □

Proposition 3.2.4 has two consequences, which are of fundamental impor-
tance to our arguments. The first requires the following technical lemma of
commutative algebra.

1If no such embedding exists then ZpΛqQ “ H by Lemma 2.3.1, and there is nothing
to prove.
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Lemma 3.2.5. Suppose R is a Cohen-Macaulay local ring over ZrΣ´1s.
The following are equivalent:

(1) R is flat over ZrΣ´1s.
(2) For every minimal prime P Ă R, R{P is flat over ZrΣ´1s.

Proof. This is easily deduced from the following two facts. First, a ZrΣ´1s-
algebra S is flat if and only if every prime p R Σ is a non-zero divisor in
S. Second, since R is Cohen-Macaulay, its zero-divisors are precisely those
contained in some minimal prime of R. □

Proposition 3.2.6. If rankZpΛq ď pn ´ 4q{2, then ZpΛq is a flat, reduced,
local complete intersection over ZrΣ´1s, and is equidimensional of dimension
dimpMq ´ rankZpΛq.

Proof. Fix an irreducible component

Z Ă ZpΛq “ ZpT, 0q

and a geometric generic point s Ñ Z.2

By (3.1), there is a unique Λ1 P LpΛq such that s Ñ ˝ZpΛ1q. By claim
(1) of Proposition 3.2.4, the stack ˝ZpΛ1q is equidimensional of dimension

dimpMq ´ rankZpΛq, and so the same is true of its Zariski closure ˝ZpΛ1q Ă

ZpΛq. The inclusion Z Ă ˝ZpΛ1q therefore implies

dimpZq ď dimpMq ´ rankZpΛq.

As the other inequality follows from Proposition 2.4.4, we have proved both
that Z has the expected dimension, and that it is equal to an irreducible
component of ˝ZpΛ1q. This latter stack is flat over ZrΣ´1s by claim (1) of
Proposition 3.2.4, and hence so is Z.

It now follows from Proposition 2.4.4 that ZpΛq is a local complete in-
tersection over ZrΣ´1s. In particular ZpΛq is Cohen-Macaulay, and hence
flat by Lemma 3.2.5 and the flatness of its irreducible components proved
above. To now see that it is reduced, it is enough to know that it is gener-
ically smooth, which follows from the complex uniformization in Proposi-
tion 2.3.2. □

Proposition 3.2.7. If rankZpΛq ď pn ´ 4q{3, then restriction

CH1pZpΛqq Ñ CH1pZpΛqQq

to the generic fiber is injective.

Proof. This amounts to proving the triviality of the subspace

(3.2) CH1
vertpZpΛqq Ă CH1pZpΛqq

2In Appendix A.1, we explain the notion of a ‘generic point’ ξ Ñ M of an irreducible
component Z of a Deligne-Mumford stack M , where ξ is a punctual stack. Such a punctual
stack admits a finite étale cover Spec L Ñ ξ by the spectrum of a field L, and a geometric
generic point is one obtained by taking a separably closed extension of such a field L.
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spanned by the irreducible components of ZpΛqFp as p R Σ varies. For this
we will use the following lemma, which provides a parametrization of those
components.

Lemma 3.2.8. For a Deligne-Mumford stack X , denote by πirrpX q its set of
irreducible components. For any prime p R Σ there are canonical bijections

(3.3)
Ů

Λ1PLpΛq

πirr
`

˝ZpΛ1q
˘

//

��

Ů

Λ1PLpΛq

πirrp
˝ZpΛ1qFpq

��
πirrpZpΛqq πirrpZpΛqFpq

characterized as follows:

(1) The horizontal arrow takes an irreducible component ˝Z Ă ˝ZpΛ1q

to its reduction ˝ZFp Ă ˝ZpΛ1qFp.
(2) The vertical arrow on the left takes an irreducible component of the

locally closed substack ˝ZpΛ1q Ă ZpΛq to its Zariski closure.
(3) The vertical arrow on the right takes an irreducible component of the

locally closed substack ˝ZpΛ1qFp Ă ZpΛqFp to its Zariski closure.

Moreover, given distinct irreducible components

˝Z1,
˝Z2 Ă ˝ZpΛ1q,

the intersection of ˝Z1 with the Zariski closure of ˝Z2 in ZpΛq is empty.

Proof. We first show that for any Λ1 P LpΛq, all arrows in

π0
`

˝ZpΛ1qFalg
p

˘

//

a

��

π0
`

˝ZpΛ1qZalg
ppq

˘

b

��

π0
`

˝ZpΛ1qQalg

˘

oo

c

��
π0

`

˝ZpΛ1qFp

˘

d
// π0

`

˝ZpΛ1qZppq

˘

π0
`

˝ZpΛ1qQ
˘

e
oo

are bijective. Claim (3) of Proposition 3.2.4 shows that both horizontal
arrows in the top row are bijective. Proposition 3.1.3 and our hypothesis on
rankpΛq “ rankpT q guarantee that every connected component of ZpΛqQ “

ZpT, 0q is geometrically connected (note that rpLq “ 0 by our assumption
that L is self-dual), and so the same is true of ˝ZpΛ1qQ by Lemma 3.2.3.
This shows that the arrow labeled c is bijective. The morphism

˝ZpΛ1qZppq
Ñ SpecpZppqq

is flat with reduced special fiber by claims (1) and (2) of Proposition 3.2.4,
and so [Sta22, Tag 055J] implies that the arrow labeled e is injective. The
arrow labeled b is surjective because it is induced by a surjective morphism
of stacks. It follows that all arrows in the square on the right are bijections,
as is the composition d˝a. This implies the injectivity of a, and surjectivity
follows by the same reasoning as for b. The arrow labeled d is bijective
because, at this point, we know the bijectivity of all the other arrows.

https://stacks.math.columbia.edu/tag/055J


KUDLA’S MODULARITY CONJECTURE ON INTEGRAL MODELS 23

Now we turn to the diagram (3.3). By Proposition 3.2.4 each ˝ZpΛ1q is
normal and flat over ZrΣ´1s, and so there are canonical identifications

πirr
`

˝ZpΛ1q
˘

“ πirr
`

˝ZpΛ1qZppq

˘

“ π0
`

˝ZpΛ1qZppq

˘

.

Similarly, the normality of ˝ZpΛ1qFp implies

πirr
`

˝ZpΛ1qFp

˘

“ π0
`

˝ZpΛ1qFp

˘

.

Combining this with the paragraph above yield the top horizontal bijection
in (3.3). The vertical bijections in (3.3) are formal consequences of (3.1)
and our dimension calculations; see the proof of Proposition 3.2.6.

The final claim follows from the normality of ˝ZpΛ1q. Suppose s Ñ ˝Z1

is a geometric point also contained in the Zariski closure of ˝Z2 in ZpΛq.
This is the same as the Zariski closure of ˝Z2 in ZpΛ1q, and hence any open
subset of ZpΛ1q containing s must intersect ˝Z2. One such open subset is
˝Z1 itself, and so ˝Z1 X ˝Z2 ‰ H. This is impossible, as these are distinct
connected components of ˝ZpΛ1q. □

Lemma 3.2.8 determines a canonical bijection

(3.4) πirrpZpΛqq Ñ πirrpZpΛqFpq,

but this does not send an irreducible component Z Ă ZpΛq to its reduction
ZFp Ă ZpΛqFp . Indeed, this reduction need not be irreducible (or reduced),
and an irreducible component of ZpΛqFp may be contained in ZFp for more
than one Z. Instead, the bijection sends Z to a distinguished irreducible
component of ZFp .

Remark 3.2.9. Although we will not need to do so, one can show that this
distinguished component can be characterized in the following way. If we
pull back the Kuga-Satake abelian scheme to a generic geometric point η Ñ

Z then there is a tautological isometric embedding Λ Ă V pAηq, and a largest
Λ1 Ă ΛQ for which this extends to Λ1 Ă V pAηq. It follows that if s Ñ ZFp is a
geometric generic point of an irreducible component, then also Λ1 Ă V pAsq.
The distinguished irreducible component is the unique one for which this
last inclusion cannot be extended to any larger lattice in ΛQ.

We now return to the proof of Proposition 3.2.7. Fix a prime p R Σ, a
Λ1 P LpΛq, and an irreducible component ˝Z Ă ˝ZpΛ1q. Using Lemma 3.2.8,
we see that the Zariski closure of ˝Z in ZpΛq is an irreducible component

(3.5) IpΛ1, ˝Zq P πirrpZpΛqq,

while the Zariski closure of ˝ZFp in ZpΛqFp is an irreducible component

IppΛ1, ˝Zq P πirrpZpΛqFpq

contained in (3.5). Theses two components correspond under the bijection
(3.4), and all irreducible components of ZpΛq and ZpΛqFp are of this form.
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To prove the triviality of the subspace (3.2), we must therefore prove the
triviality of all cycle classes

(3.6) IppΛ1, ˝Zq P CH1pZpΛqq.

This will be by induction on the size of LpΛq.
The base case is when LpΛq “ tΛu, which happens exactly when Λ is

maximal. In this case ˝ZpΛq “ ZpΛq, and so every irreducible component
˝Z Ă ˝ZpΛq is already Zariski closed in ZpΛq. It follows that

IppΛ1, ˝Zq “ ˝ZFp “ IpΛ1, ˝ZqFp ,

which is trivial in CH1pZpΛqq. Indeed, it is the Weil divisor of the ratio-
nal function on ZpΛq that is p on IpΛ1, ˝Zq and 1 on all other irreducible
components.

We now turn to the inductive step. For any Λ1 P LpΛq, the inclusion
ZpΛ1q Ă ZpΛq induces a pushforward (Proposition A.1.3)

CH1pZpΛ1qq Ñ CH1pZpΛqq.

For an irreducible component ˝Z Ă ˝ZpΛ1q we have

IppΛ1, ˝Zq P πirrpZpΛ1qFpq Ă πirrpZpΛqFpq

by construction, and (3.6) is the pushforward of the corresponding class

IppΛ1, ˝Zq P CH1pZpΛ1qq.

If Λ Ĺ Λ1 then this last class is trivial by the induction hypothesis, and
hence so is (3.6).

It now suffices to show that every IppΛ, ˝Zq is rationally equivalent to 0 on
ZpΛq. Consider the corresponding irreducible component IpΛ, ˝Zq of ZpΛq.
By the parametrization of the irreducible components of ZpΛqFp , there is an
equality

(3.7) IpΛ, ˝ZqFp “
ÿ

Λ1PLpΛq
˝Z 1Pπirrp˝ZpΛ1qq

mpΛ1, ˝Z 1q ¨ IppΛ1, ˝Z 1q P Z1pZpΛqq

for some multiplicities mpΛ1, ˝Z 1q P Z. More precisely, IpΛ, ˝ZqFp is an
effective Cartier divisor on ZpΛq, and the multiplicities are given by the
length of its étale local rings at each of its generic points, each of which of
course is the generic point of an irreducible component in πirrpZpΛqFpq. Note
in particular that this means that the multiplicity mpΛ, ˝Zq is non-zero.

First we consider those terms on the right hand side for which Λ1 “ Λ.

Lemma 3.2.10. For any ˝Z 1 P πirrp
˝ZpΛqq we have

mpΛ, ˝Z 1q ‰ 0 ðñ Z 1 “ Z.

Proof. By construction we have

IppΛ, ˝Zq Ă IpΛ, ˝ZqFp ,
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and so mpΛ, ˝Zq ‰ 0. Conversely, if mpΛ, ˝Z 1q ‰ 0 then

IppΛ, ˝Z 1q Ă IpΛ, ˝ZqFp ,

and hence ˝Z 1
Fp

Ă IpΛ, ˝ZqFp . In particular, ˝Z 1 intersects the closure of ˝Z
in ZpΛq, and so ˝Z 1 “ ˝Z by the final claim of Lemma 3.2.8. □

If we take the image of (3.7) in CH1pZpΛqq, the left hand side vanishes
because it the Weil divisor of the rational function on ZpΛq that is p on
IpΛ, ˝Zq and 1 on all other irreducible components. On the right hand side
we have proven the vanishing of every term with Λ Ĺ Λ1, and of every term
with Λ1 “ Λ and ˝Z 1 ‰ ˝Z. Thus

0 “ mpΛ, ˝Zq ¨ IppΛ, ˝Zq

in the Chow group. As our Chow groups have rational coefficients, it follows
that IppΛ, ˝Zq “ 0, completing the proof of Proposition 3.2.7. □

3.3. Geometric properties in low codimension: the general case.
We now return to the consideration of the general case where L is not
necessarily self-dual.

Let r “ rpLq and L ãÑ L7 be as in Definition 3.1.1. Thus L7 is a self-dual
quadratic Z-module of signature pn`r, 2q, containing L as a Z-module direct
summand. As in Remark 2.2.7, there is an induced finite morphism

M Ñ M7

of normal integral models over ZrΣ´1s. The target comes with its own
Kuga-Satake abelian scheme A7 Ñ M7, and its own family of special cycles

Z7pT 7, µ7q Ñ M7.

Of course we must have µ7 “ 0, by the self-duality of L7, so we abbreviate

Z7pT 7q “ Z7pT 7, 0q.

At last, we arrive at the main result of §3.

Proposition 3.3.1. Fix T P SymdpQq and µ P pL_{Lqd, and suppose

rankpT q ď
n ´ 2r ´ 4

3
.

The special cycle ZpT, µq is a flat, reduced, local complete intersection over
ZrΣ´1s, and is equidimensional of codimension rankpT q in M. Moreover,
restriction to the generic fiber

CH1pZpT, µqq Ñ CH1pZpT, µqq

is injective.

Proof. If we set n7 “ n ` r, then every T 7 P S in Lemma 3.3.2 satisfies

rankpT 7q “ rankpT q ` r ď
n7 ´ 4

3
.
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Let W 7 be the positive definite quadratic space of rank rankpT 7q associ-
ated to T 7 as in (2.10), and let Λ7 Ă W 7 be the Z-lattice spanned by the
distinguished generators e1, . . . , en`r P W 7. As in §3.2, there is an associated
Deligne-Mumford stack

Z7pΛ7q Ñ M7

parametrizing isometric embeddings of Λ7 into V pA7q.
As the tuple e7 “ pe1, . . . , en`rq has moment matrix T 7 “ Qpe7q by con-

struction, Remark 3.2.1 provides us with a canonical isomorphism of M7-
stacks Z7pΛ7q – Z7pT 7q.

We now need the following lemma.

Lemma 3.3.2. There exists a finite subset

S Ă Symr`dpQq

of positive semi-definite matrices of rank r ` rankpT q such that there is an
open and closed immersion of M7-stacks

ZpT, µq ãÑ
ğ

T 7PS

Z7pT 7q.

Proof. Let Λ Ă L7 be the orthogonal to L Ă L7. By the self-duality of L7

there are canonical bijections

L_{L Ð L7{pL ‘ Λq Ñ Λ_{Λ.

It follows that there is a (unique) ν P pΛ_{Λqd such that µ ` ν “ 0 as
elements of L7{pL ‘ Λq. If we fix a lift ν̃ P pΛ_qd and set

T1 “ T ` Qpν̃q P SymdpQq,

then Proposition 2.4.7 implies that there is an open and closed immersion

(3.8) ZpT, µq ãÑ Z7pT1q ˆM7 M.

As in the proof of Proposition 2.4.7, for any scheme S Ñ M there is a
canonical isometric embedding

V pASq ‘ Λ ãÑ V pA7

Sq

for any scheme S Ñ M, extending Q-linearly to an isomorphism

V pASqQ ‘ ΛQ – V pA7

SqQ.

In particular, we have a canonical embedding Λ Ñ V pA7

Mq. A choice of
basis y1, . . . , yr P Λ therefore determines a morphism

(3.9) M Ñ Z7pT2q

of M7-stacks, where T2 “ Qpyq is the moment matrix of the tuple

y “ py1, . . . , yrq P Λr Ă V pA7

Mqr.

This map is in fact an open and closed immersion. Since it is known to be
finite, it is enough to know that it is an open immersion. For this, note
that both source and target are normal Deligne-Mumford stacks, flat over



KUDLA’S MODULARITY CONJECTURE ON INTEGRAL MODELS 27

Zppq: for Z7pT2q, this follows from our numerical hypotheses and Proposition
3.2.6. By [Mad25, Lemma 5.1.12], it now suffices to check that the map is
generically an open immersion. This can be checked using the argument
in [Mad16, Lemma 7.1].

Combining (3.8) and (3.9) yields an open and closed immersion

ZpT, µq Ñ Z7pT1q ˆM7 Z7pT2q –
ğ

T 7“

˜

T1 ˚

˚ T2

¸

Z7pT 7q,

where we have used the product formula from Proposition 2.4.6. Explicitly,
for any scheme S Ñ M, a point of ZpT, µqpSq is given by a tuple x P
śd

i“1 VµipASq satisfying Qpxq “ T . The immersion sends x to the tuple

x7 “ px ` ν̃, yq P V pA7

Sqd ˆ V pA7

Sqr “ V pA7

Sqd`r

in the factor indexed by T 7 “ Qpx7q.
It remains to show that ZpT, µq only meets those Z7pT 7q with T 7 positive

semi-definite and

rankpT 7q “ rankpT q ` r “ rankpT q ` rankZpΛq.

This follows from Remark 2.2.12 and the observation (noting that every
component of ν̃ P Λd

Q is a Q-linear combination of y1, . . . , yr P Λ) that the

components of x7 and the components of px, yq generate the same subspace

of V pA7

SqQ “ V pASqQ ‘ ΛQ. □

Using Lemma 3.3.2, the desired properties of ZpT, µq follow immediately
from the corresponding properties of Z7pΛ7q proved in Proposition 3.2.6 and
Proposition 3.2.7. □

4. Modularity in low codimension

Keep the quadratic lattice L Ă V and the integral model M over ZrΣ´1s

as in §2.1 and §2.2. We consider the family of special cycles ZpT 1, µ1q on M
indexed by those T 1 P Symd`1pQq whose upper left d ˆ d block is a fixed
T P SymdpQq. Roughly speaking, our goal is show that if d is small then
these special cycles are the Fourier coefficients of a Jacobi form of index T ,
valued in the codimension d ` 1 Chow group of M.

Such a result was proved in the generic fiber (without restriction on d) in
the thesis of W. Zhang, by reducing it to a modularity result of Borcherds for
generating series of divisors. It is the crucial Proposition 3.3.1 that will allow
us to deduce the analogous result on the integral model from the results of
Borcherds in the generic fiber.
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4.1. Jacobi forms. We recall just enough of the theory of Jacobi forms to
fix our conventions, as these differ slightly from [Zha09] and [BWR15].

Fix an integer g ě 1. The Siegel modular group Γg “ Sp2gpZq acts on the
Siegel half-space Hg Ă SymgpCq via the usual formula

γ ¨ τ “ pAτ ` BqpCτ ` Dq´1,

where we have written

γ “

ˆ

A B
C D

˙

P Γg.

Let Γ1 “ SL2pZq act on the space of matrices M2,g´1pZq by left multipli-
cation. Following [BWR15], we regard the Jacobi group

Jg
def
“ Γ1 ˙ M2,g´1pZq

as a subset of Γg using the injective function (not a group homomorphism)

(4.1)

ˆˆ

a b
c d

˙

,

ˆ

tx
ty

˙˙

ÞÑ

¨

˚

˚

˝

1g´1 ´y 0g´1 x
0 a a tx ` b ty b

0g´1 0 1g´1 0
0 c c tx ` d ty d

˛

‹

‹

‚

for column vectors x, y P Zg´1. Note that the restriction of this injective
map to the subgroup Γ1 Ă Jg is actually a group homomorphism.

Remark 4.1.1. As in [WR15, §4], there is an extended Jacobi group Jext
g ,

which can be realized both as a subgroup of Γg, and as a central extension

1 Ñ Z Ñ Jext
g Ñ Jg Ñ 1

with the property that the surjection to Jg admits a set-theoretic section
whose image generates Jext

g . The use of the function (4.1) is a convenient
way of hiding the presence of the larger extended Jacobi group, as the subset
Jg Ă Γg generates a subgroup isomorphic to Jext

g .

The metaplectic double cover of the Siegel modular group is denoted rΓg.
Its elements are pairs

(4.2) γ̃ “ pγ, jγq P rΓg,

consisting of a γ P Γg and a holomorphic function jγpτq on Hg whose square
is detpCτ ` Dq. As in [BWR15, (5)], the metaplectic Jacobi group

rJg
def
“ rΓ1 ˙ M2,g´1pZq

can be identified with a subset of rΓg, using an injection lifting (4.1). More-

over, the restriction of this embedding to rΓ1 is also a group homomorphism.

In this way, we can view rΓ1 as a subgroup of rΓg.
In the following definition, taken from [BWR15, §2.2], we write elements

of the Siegel half-space as

τ “

ˆ

τ2 z
tz τ 1

˙

P Hg with τ 1 P H1, τ2 P Hg´1,
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and z P Cg´1 a column vector.

Definition 4.1.2. Suppose ρ : rΓg Ñ GLpV q is a finite dimensional repre-
sentation with finite kernel. A holomorphic function

ϕT : H1 ˆ Cg´1 Ñ V

is a Jacobi form of half-integral weight k, index T P Symg´1pQq, and repre-
sentation ρ if the function

(4.3) ΦT pτq
def
“ ϕT pτ 1, zq ¨ e2πiTrpT ¨τ2q

on Hg satisfies the transformation law

ΦT pγ ¨ τq “ jγpτq2kρpγ̃q ¨ ΦT pτq

for all elements (4.2) in the subset rJg Ă rΓg, and if for all α, β P Qg´1 the
function ϕT pτ 1, τ 1α ` βq of τ 1 P H1 is holomorphic at 8.

Any Jacobi form of representation ρ has a Fourier expansion

ϕT pτ 1, zq “
ÿ

mPQ
αPQg´1

cpm,αq ¨ qmξα1
1 ¨ ¨ ¨ ξ

αg´1

g´1 ,

where we have set qm “ e2πimτ 1

and ξαi
i “ e2πiαizi .

Remark 4.1.3. Suppose ρ : rΓg Ñ GLpV q is a finite dimensional repre-
sentation with finite kernel. Given a holomorphic Siegel modular form
ϕ : Hg Ñ V of half-integer weight k and representation ρ, there is a Fourier-
Jacobi expansion

ϕpτq “
ÿ

TPSymg´1pQq

ϕT pτ 1, zq ¨ e2πiTrpT ¨τ2q

in which each coefficient ϕT is a Jacobi form of the weight k, index T , and
representation ρ.

In practice, the representation ρ will always be a form of the Weil repre-
sentation. Let N be a free Z-module of finite rank endowed with a (nonde-
generate) quadratic form Q. Denote by

SN,g “ CrpN_{Nqgs – CrN_{N sbg

the finite dimensional vector space of C-valued functions on pN_{Nqg, and
by S˚

N,g its C-linear dual. For any µ P pN_{Nqg we denote by ϕµ P SN,g the
characteristic function of µ. As µ varies these form a basis of SN,g, and we
denote by ϕ˚

µ P S˚
N,g the dual basis vectors.

Denote by

(4.4) ωN,g : rΓg Ñ GLpSN,gq and ω˚
N,g : rΓg Ñ GLpS˚

N,gq

the Weil representation and its contragredient. To resolve some confusion in
the literature, we now pin down the precise normalization of (4.4). Suppose
N has signature pp, qq, and γ̃ “ pγ, jγq is as in (4.2).
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(1) If γ “
`

A 0
0 D

˘

then, noting that jγ is a constant function (in fact a
square root of detpAq “ detpDq “ ˘1),

ωN,gpγ̃q ¨ ϕµ “ jp´q
γ ¨ ϕµ¨A´1 .

(2) If γ “
`

I B
0 I

˘

and jγ “ 1 then

ωN,gpγ̃q ¨ ϕµ “ e´2πiTrpQpµ̃qBq ¨ ϕµ,

where Qpµ̃q P SymgpQq is the moment matrix of any lift µ̃ P pN_qg.

(3) If γ “
`

0 ´I
I 0

˘

and the square root jγpτq “
a

detpτq is the standard

branch determined by jγpiIgq “ egπi{4, then

ωN,gpγ̃q ¨ ϕµ “
eπigpp´qq{4

rN_ : N sg{2

ÿ

νPpN_{Nqg

e2πirµ,νs ¨ ϕν .

These relations determine ωN,g uniquely. The normalization is such that if
N positive definite of rank n, the theta series

ϑN,gpτq “
ÿ

µPpN_{Nqg

˜

ÿ

xPµ`Ng

e2πiTrpτQpxqq

¸

ϕ˚
µ

is a Siegel modular form of weight n{2 and representation ω˚
N,g.

Remark 4.1.4. Our Weil representation does not agree with the Weil repre-
sentation ρN,g of [Zha09, Definition 2.2]. Instead, the isomorphism

SN,g
ϕµ ÞÑϕ˚

µ
ÝÝÝÝÝÑ S˚

N,g

identifies ρN,g with ω˚
N,g. Alternatively, our ωN,g agrees with Zhang’s ρ´N,g,

where ´N has the same underlying Z-module as N , but is endowed with
the signature pq, pq quadratic form ´Q.

Remark 4.1.5. There is a recurring error in [Zha09], originating in the proof
of [Zha09, Theorem 2.9]. That proof claims that a certain generating series
of Borcherds is a modular form of representation ρ˚

L,1, where L is a quadratic

lattice of signature pn, 2q. In fact, this modular form has representation ω˚
L,1;

see the proof of Proposition 4.3.3. The point is that Borcherds works with
a lattice L of signature p2, nq, and to reformulate the theorem for signature
pn, 2q one must replace the quadratic form by its negative. This does not
change the space SL,1, but it does change the Weil representation (see the
previous remark).

Remark 4.1.6. When g “ 1 we omit it from the notation, so that

rΓ “ rΓ1 and H “ H1,

and the Weil representation and its contragredient are

ωN : rΓ Ñ GLpSN q and ω˚
N : rΓ Ñ GLpS˚

N q.
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4.2. Statement of modularity in low codimension. Throughout the
remainder of §4 we impose the following two hypotheses.

Hypothesis 4.2.1. The integral model M over ZrΣ´1s is regular. See
Proposition 2.2.4 for conditions on Σ that guarantee this.

Hypothesis 4.2.2. Recalling the integer rpLq ě 0 of Definition 3.1.1, we
assume that d is a positive integer satisfying

d ` 1 ď
n ´ 2rpLq ´ 4

3
.

The first hypothesis is needed3 to make sense of (4.5) below, which re-
quires a well-defined intersection product on the rational Chow groups of
M. This is available to us if M is regular, as explained in §A.2. The second
hypothesis is imposed so that we may make use of Proposition 3.3.1.

Suppose T 1 P Symd`1pQq and µ1 P pL_{Lqd`1. Hypothesis 4.2.2 and
Proposition 3.3.1 imply that the special cycle

ZpT 1, µ1q Ñ M
is flat over ZrΣ´1s, and equidimensional of codimension rankpT 1q in M. By
Definition A.1.4, there is an associated naive cycle class

rZpT 1, µ1qs P CHrankpT 1qpMq.

Define the corrected cycle class

(4.5) CpT 1, µ1q
def
“ c1pω´1q ¨ ¨ ¨ c1pω´1q

looooooooooomooooooooooon

d`1´rankpT 1q

¨rZpT 1, µ1qs P CHd`1pMq,

where c1pω´1q is the image of the inverse tautological line bundle (2.6) under
the first Chern class map of Definition A.3.1. Abbreviate

CpT 1q “
ÿ

µ1PpL_{Lqd`1

CpT 1, µ1q b ϕ˚
µ1 P CHd`1pMq b S˚

L,d`1.

The remainder of §4 is devoted to the proof of the following result.

Proposition 4.2.3. For any fixed T P SymdpQq, the formal generating
series

ÿ

mPQ
αPQd

C
ˆ

T α
2

tα
2 m

˙

¨ qmξα1
1 ¨ ¨ ¨ ξαd

d

with coefficients in CHd`1pMq bS˚
L,d`1 is a Jacobi form of index T , weight

1 ` n
2 , and representation

ω˚
L,d`1 :

rΓd`1 Ñ GLpS˚
L,d`1q.

3If we knew that there was a well-defined intersection product on the rational Chow
group of a normal (but not necessarily regular) stack, then Hypothesis 4.2.1 would be
unnecessary throughout §4. In fact, it would be sufficient to know that there is a well-
defined intersection product between Cartier divisors and arbitrary cycle classes on a
normal stack.
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Here Jacobi modularity is understood, as in Theorem A, after applying any
Q-linear functional CHd`1pMq Ñ C.

Proposition 4.2.3, when combined with the main result of [BWR15], is
already enough to show that

ÿ

T 1PSymd`1pQq

CpT 1q ¨ qT
1

is the q-expansion of a Siegel modular form of representation ω˚
L,d`1. See

Theorem 6.2.1 and its proof for details.

4.3. Auxiliary cycle classes. In this subsection we work with a fixed pos-
itive semi-definite T P SymdpQq and µ “ pµ1, . . . , µdq P pL_{Lqd.

Given a T 1 P Symd`1pQq with upper left dˆd block T , and a µd`1 P L_{L,
there is a morphism

(4.6) ZpT 1, µ1q Ñ ZpT, µq

of special cycles on M, where µ1 “ pµ1, . . . , µd`1q. This morphism sends an
S-valued point

px1, . . . , xd`1q P Vµ1pASq ˆ ¨ ¨ ¨ ˆ Vµd`1
pASq

of the source to its truncation

px1, . . . , xdq P Vµ1pASq ˆ ¨ ¨ ¨ ˆ Vµd
pASq.

The morphism (4.6) is finite and unramified, by the same argument as in
the proof of [AGHM17, Proposition 2.7.2].

Recall from (2.10) that T determines a positive definite quadratic space
W of dimension rankpT q, together with distinguished generators e1, . . . , ed P

W . As in (2.11), a functorial point S Ñ ZpT, µq determines an isometric
embedding

(4.7) W
ei ÞÑxi
ÝÝÝÝÑ V pASqQ.

This allows us to define a family of finite unramified stacks

(4.8) Ypm,µd`1, wq Ñ ZpT, µq

indexed by m P Q, µd`1 P L_{L, and w P W , with functor of points

Ypm,µd`1, wqpSq “

"

xd`1 P Vµd`1
pASq :

Qpxd`1 ´ wq “ m
rxd`1, eis “ rw, eis @1 ď i ď d

*

.

Note that the conditions rxd`1, eis “ rw, eis are equivalent to w being the
orthogonal projection of xd`1 to W Ă V pASqQ.

The following Proposition shows that the new stacks (4.8) are not really
new at all. They are special cycles we already know, but indexed in a
different way.
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Proposition 4.3.1. There is an isomorphism of ZpT, µq-stacks

(4.9) Ypm,µd`1, wq – ZpT 1, µ1q,

where µ1 “ pµ1, . . . , µd`1q, and

T 1 “

ˆ

T α
2

tα
2 m ` Qpwq

˙

,

for the column vector α P Qd with components αi “ rw, eis. Moreover,

m ‰ 0 ðñ rankpT 1q “ rankpT q ` 1,

and when these conditions hold both (4.6) and (4.8) are generalized Cartier
divisors (Definition 2.4.1).

Proof. Let W 1 be the quadratic space of dimension rankpT 1q determined by
T 1, exactly as the space W of (2.10) was determined by T . As we do not
assume that T 1 is positive semi-definite, the quadratic space W 1 need not
be positive definite, but it is nondegenerate (by construction). There are
distinguished vectors e1, . . . , ed`1 that span W 1, the vectors e1, . . . , ed span
a positive definite subspace W Ă W 1 isometric to (2.10), and the tuples

e “ pe1, . . . , edq P W d and e1 “ pe1, . . . , ed`1q P pW 1qd`1

satisfy Qpeq “ T and Qpe1q “ T 1. Using the relation between T 1 and w, one
checks first that w is the orthogonal projection of ed`1 to W , and then that

0 “ red`1 ´ w,ws “ Qped`1q ´ Qped`1 ´ wq ´ Qpwq.

In particular

(4.10) Qped`1 ´ wq “ m.

Now we construct the isomorphism (4.9). Fix an M-scheme S and a tuple

x “ px1, . . . , xdq P Vµ1pASq ˆ ¨ ¨ ¨ ˆ Vµd
pASq.

with moment matrix Qpxq “ T . This determines a point x P ZpT, µqpSq,
and an isometric embedding W Ñ V pASqQ by (4.7).

A lift of x to ZpT 1, µ1qpSq determines a special quasi-endomorphism

xd`1 P Vµd`1
pASq,

which then determines an extension of W Ñ V pASqQ to

W 1 ei ÞÑxi
ÝÝÝÝÑ V pASqQ.

The calculation (4.10) shows that Qpxd`1 ´ wq “ m, and combining this
with rxd`1, eis “ rxd`1, xis “ αi shows that xd`1 defines a lift of x to
Ypm,µd`1, wqpSq.

Conversely, any lift of x to Ypm,µd`1, wqpSq corresponds to an xd`1 P

Vµd`1
pASq with the property that Qpxd`1 ´ wq “ m, and the orthogonal

projection of xd`1 to W Ă V pASqQ is w. An elementary linear algebra ar-
gument shows that x1 “ px1, . . . , xd`1q has moment matrix T 1, so determines
a lift of x to ZpT 1, µ1qpSq. This establishes the isomorphism (4.9).
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Ifm “ 0 then (4.10) implies that ed`1´w is an isotropic vector orthogonal
to W , which is therefore contained in the radical of the quadratic form on
W 1. As this radical is trivial, ed`1 “ w P W . It follows that W 1 “ W , and
rankpT 1q “ rankpT q.

Now suppose m ‰ 0. It follows from (4.10) that ed`1 ‰ w, hence ed`1 ‰

W and

rankpT 1q “ dimpW 1q “ dimpW q ` 1 “ rankpT q ` 1.

It remains to show that (4.8) is a generalized Cartier divisor. In light of the
isomorphism (4.9), it suffices to show the same for (4.6).

By Remark 2.2.12 we may assume that T 1 is positive semi-definite, for
otherwise ZpT 1, µ1q “ H and the claim is vacuous. This assumption implies
that W 1 is a positive definite quadratic space, and so (4.10) implies m ą 0.
In particular m ` Qpwq ą 0. By Proposition 2.4.3, the right vertical arrow
in

ZpT, µq ˆM Zpm ` Qpwq, µd`1q //

��

Zpm ` Qpwq, µd`1q

��
ZpT, µq //M

is a generalized Cartier divisor. Proposition 2.4.6 allows us to realize ZpT 1, µ1q

as an open and closed substack of the upper left corner, and so there exists
an étale cover U Ñ ZpT, µq such that ZpT 1, µ1qU Ñ U is a disjoint union of
closed immersions Zi Ñ U , each of which is locally defined by the vanishing
of a section of OU . To see that Zi is an effective Cartier divisor on U , we
must show that this section is not a zero divisor. This relies on the following
lemma of commutative algebra.

Lemma 4.3.2. Suppose that S is a Cohen-Macaulay local Noetherian ring
with maximal ideal m; then an element a P m is a non-zero divisor if and
only if dimS{paq “ dimS ´ 1.

Proof. By Krull’s Hauptidealsatz [Sta22, Tag 00KV], we have

dimpS{paqq ě dimpSq ´ 1,

with equality holding exactly when a is not contained in any minimal prime
of S. On the other hand, saying that a is a non-zero divisor is equivalent
to saying that a is not contained in any associated prime of S. Since S is
Cohen-Macaulay, its associated primes are precisely its minimal ones, and
so the lemma follows. □

Recall that Hypothesis (4.2.2) guarantees that ZpT 1, µ1q has dimension

dimpMq ´ rankpT 1q “ dimpMq ´ rankpT q ´ 1 “ dimpZpT, µqq ´ 1.

As ZpT, µq is Cohen-Macaulay by Proposition 3.3.1, the desired conclusion
now follows from Lemma 4.3.2. □

https://stacks.math.columbia.edu/tag/00KV
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If m ‰ 0, Proposition 4.3.1 allows us to define, using Remark 2.4.2,

(4.11) rYpm,µd`1, wqs P CH1pZpT, µqq

as the cycle class associated to the generalized Cartier divisor (4.8). More
precisely, it is the first Chern class (Definition A.3.1) of the associated line
bundle.

We next extend the definition to m “ 0. In this case the condition
Qpxd`1 ´ wq “ 0 imposed in the definition of the domain of (4.8) can be
satisfied by at most the vector xd`1 “ w, and so

Yp0, µd`1, wqpSq “

#

ZpT, µqpSq if w P Vµd`1
pASq

H otherwise.

This implies that the morphism (4.8) is a closed immersion. On the other
hand, Proposition 4.3.1 tells us that there is a distinguished choice of pT 1, µ1q

for which rankpT q “ rankpT 1q and

Yp0, µd`1, wq – ZpT 1, µ1q.

We deduce that for this choice of pT 1, µ1q the morphism (4.6) is a closed
immersion between stacks of the same dimension. Now form the first Chern
class

c1
`

ω´1|ZpT 1,µ1q

˘

P CH1pZpT 1, µ1qq,

where ω P PicpMq is the tautological bundle, and define

(4.12) rYp0, µd`1, wqs P CH1pZpT, µqq

to be its push-forward via (4.6).
Let Y pm,µd`1, wq be the generic fiber of (4.8), and let

(4.13) rY pm,µd`1, wqs P CH1pZpT, µqq

be the restriction of (4.11) and (4.12) to the generic fiber of ZpT, µq. The
following proposition is our version of [Zha09, Proposition 2.6]. One should
regard it as a corollary of a theorem of Borcherds [Bor99].

Proposition 4.3.3. The formal generating series
ÿ

mPQ
wPW

µd`1PL_{L

rY pm,µd`1, wqs b ϕ˚
µd`1

¨ qm`Qpwqξ
rw,e1s

1 ¨ ¨ ¨ ξ
rw,eds

d

converges4 to a holomorphic function

ϕT pτ 1, zq : H ˆ Cd Ñ CH1pZpT, µqq b S˚
L.

The corresponding function (4.3) on Hd`1 satisfies

ΦT pγ ¨ τq “ jγpτq2`nω˚
Lpγ̃q ¨ ΦT pτq

for all elements pγ, jγq P rΓ Ă rΓd`1 as in (4.2).

4Convergence is understood in the sense of Theorem A. That is to say, after applying
any C-linear functional CH1

pZpT, µqq Ñ C.
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Proof. The claim is vacuously true if ZpT, µq is empty. Hence, as in §2.3, we
may fix an orthogonal decomposition V “ V 5 ‘ W and use this to express

(4.14) ZpT, µq “
ğ

gPG5pQqzΞpT,µq{K

M 5
g .

as a disjoint union of smaller Shimura varieties. As in (2.12), each g P ΞpT, µq

determines lattices L5
g Ă V 5 and Λg Ă W .

The Shimura variety M 5
g has its own tautological line bundle ω5

g, its own

Kuga-Satake abelian scheme A5
g Ñ M 5

g , and its own family of special cycles

Z5
gpm, νq Ñ M 5

g

indexed by m P Q and ν P L5,_
g {L5

g. When m ‰ 0 there is an associated
class

rZ5
gpm, νqs P CH1pM 5

gq

by Remark 2.4.2 and Proposition 2.4.3. When m “ 0 we define

rZ5
gp0, νqs “

#

c1pω5,´1
g q if ν “ 0

0 otherwise.

Remark 4.3.4. At a prime p R Σ the lattice L5
g may be far from maximal.

Fortunately, we have no need for any integral model of M 5
g over ZrΣ´1s. All

constructions and proofs from §2.2 and §2.4 can be carried out (usually with
less effort) directly on the canonical model over Q.

Lemma 4.3.5. For every g P ΞpT, µq there is a canonical isomorphism of

M 5
g-stacks

(4.15) Y pm,µd`1, wq ˆZpT,µq M
5
g –

ğ

νPL5,_
g {L5

g

ν`wPg¨pµd`1`L
pZq

Z5
gpm, νq.

Here we regard µd`1 ` L
pZ Ă VAf

. Moreover,

(4.16) rY pm,µd`1, wqs|M5
g

“
ÿ

νPL5,_
g {L5

g

ν`wPg¨pµd`1`L
pZq

rZ5
gpm, νqs P CH1pM 5

gq

where the left hand side is the projection of (4.13) to the g-summand in

CH1pZpT, µqq –
à

gPG5pQqzΞpT,µq{K

CH1pM 5
gq.

Proof. Applying the proof of Proposition 2.4.7 to the morphism M 5
g Ñ M

of Remark 2.5, we see that that for any M 5
g-scheme S there is a canonical

isometry

V pASqQ “ V pA5
g,SqQ ‘ W,
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which restricts to a bijection

Vµd`1
pASq “

ğ

νPL5,_
g {L5

g

λPΛ_
g {Λg

ν`λPg¨pµd`1`L
pZq

VνpA5
g,Sq ˆ pλ ` Λgq.(4.17)

This isometric embedding W Ñ V pASqQ agrees with that of (4.7).

A S-point of the left hand side of (4.15) is an S-point of M 5
g Ă ZpT, µq,

together with a special quasi-endomorphism

xd`1 P Vµd`1
pASq

whose orthogonal projection to W is w, and such that Qpxd`1 ´ wq “ m.
Using (4.17), we find that there is a unique pair of cosets

ν P L5,_
g {L5

g and λ P Λ_
g {Λg

such that ν ` λ P g ¨ pµd1 ` L
pZq, and such that

xd`1 ´ w P VνpA5
g,Sq and w P λ ` Λg.

In particular, xd`1 ´ w determines an S-point of Z5
gpm, νq.

This construction establishes the isomorphism (4.15), from which (4.16)
follows directly. We note that when m “ 0 both sides of (4.16) are equal to

#

c1pω´1
M5

g
q if w P g ¨ pµd`1 ` L

pZq

0 otherwise.
□

Dualizing the tautological map SΛg b S˚
Λg

Ñ C yields a homomorphism

(4.18) C Ñ S˚
Λg

b SΛg

sending 1 ÞÑ
ř

wPΛ_
g {Λg

ϕ˚
w b ϕw. On the other hand, if we abbreviate

Lg “ V X gL
pZ,

we may use the inclusions

L5
g ‘ Λg Ă Lg Ă L_

g Ă L5,_
g ‘ Λ_

g

to define a homomorphism S˚
L5
g

b S˚
Λg

Ñ S˚
Lg

by

ϕ˚
ν b ϕ˚

w ÞÑ

#

ϕ˚
ν`w if ν ` w P L_

g

0 otherwise

for all ν P L5,_
g {L5

g and w P Λ_
g {Λg. This defines the second arrow in the

rΓ1-equivariant composition

(4.19) S˚
L5
g

(4.18)
ÝÝÝÑ S˚

L5
g

b S˚
Λg

b SΛg Ñ S˚
Lg

b SΛg Ñ S˚
L b SΛg

The third arrow is defined using the isomorphism S˚
Lg

– S˚
L induced by

g´1 : L_
g {Lg Ñ L_{L.
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It is a theorem of Borcherds [Bor99] that the formal generating series
ÿ

mě0

νPL5,_
g {L5

g

rZ5
gpm, νqs b ϕ˚

ν ¨ qm

with coefficients in CH1pM 5
gq bS˚

L5
g
is a modular form on H of weight 1` n5

2

and representation

ω˚
L5
g
: rΓ Ñ GLpS˚

L5
g
q.

More precisely, as Borcherds works only in the complex fiber, one should
use [HM20, Theorem B] for the corresponding modularity statement on the
canonical model.

Applying (4.19) to this last generating series coefficient-by-coefficient yields
the formal generating series

(4.20)
ÿ

mě0

νPL5,_
g {L5

g

ÿ

µd`1PL_{L
wPΛ_

g {Λg

ν`wPg¨pµd`1`L
pZq

rZ5
gpm, νqs b ϕ˚

µd`1
b ϕw ¨ qm

with coefficients in CH1pM 5
gq bS˚

L bSΛg , which is therefore a modular form

on H of weight 1 ` n5

2 and representation

ω˚
L b ωΛg : rΓ Ñ GLpS˚

L b SΛgq.

Consider the theta function H ˆ Cd Ñ S˚
Λg

defined by

(4.21) ϑwpτ 1, zq “
ÿ

wPΛ_
g

ϕ˚
w ¨ qQpwqξ

rw,e1s

1 ¨ ¨ ¨ ξ
rw,eds

d .

If, as in Definition 4.1.2, we define a function on Hd`1 by

Θwpτq “ ϑwpτ 1, zq ¨ e2πiTrpT ¨τ2q

then [Zha09, Lemma 2.8] implies the equality

Θwpγ ¨ τq “ jγpτqn´n5

ω˚
Λg

pγ̃q ¨ Θwpτq

for all (4.2) in the subgroup rΓ Ă rΓd`1.
Now use the tautological pairing SΛg b S˚

Λg
Ñ C to multiply (4.20) with

(4.21). Lemma 4.3.5 implies that the resulting generating series is
ÿ

mPQ
wPW

µd`1PL_{L

rY pm,µd`1, wqs|M5
g

b ϕ˚
µd`1

¨ qm`Qpwqξ
rw,e1s

1 ¨ ¨ ¨ ξ
rw,eds

d ,

which therefore satisfies the transformation law stated in Proposition 4.3.3.
Varying g and using (4.14) completes the proof of that proposition. □
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Corollary 4.3.6. The generating series
ÿ

mPQ
wPW

µd`1PL_{L

rYpm,µd`1, wqs b ϕ˚
µd`1

¨ qm`Qpwqξ
rw,e1s

1 ¨ ¨ ¨ ξ
rw,eds

d

defines a holomorphic function

H ˆ Cd Ñ CH1pZpT, µqq b S˚
L

satisfying the same transformation law under rΓ Ă rΓd`1 as the generating
series of Proposition 4.3.3.

Proof. Proposition 3.3.1 (which applies, thanks to Hypothesis 4.2.2) implies
the injectivity of the restriction map

CH1pZpT, µqq Ñ CH1pZpT, µqq,

and so the claim is immediate from Proposition 4.3.3. □

4.4. Proof of Proposition 4.2.3. Proposition 4.2.3 is vacuously true if T P

SymdpQq is not positive semi-definite. Indeed, in this case ZpT, µq “ H by
Remark 2.2.12, and it follows from (4.5) and (4.6) that the generating series
of Proposition 4.2.3 vanishes coefficient-by-coefficient. Thus we may assume,
as in §4.3 that T P SymdpQq is positive semi-definite, and let e1, . . . , ed P W
be as in (2.10).

By Hypothesis 4.2.2 and Proposition 3.3.1, for any µ “ pµ1, . . . , µdq P

pL_{Lqd the canonical finite unramified map

f pT,µq : ZpT, µq Ñ M

has equidimensional image of codimension rankpT q, and so induces (Propo-
sition A.1.3) a pushforward

f
pT,µq
˚ : CH1pZpT, µqq Ñ CHrankpT q`1pMq.

The following lemma relates the images of the cycle classes (4.11) and 4.12
under this map to the coefficients appearing in Proposition 4.2.3.

Lemma 4.4.1. For any m P Q, w P W , and µd`1 P L_{L we have the
equality

c1pω´1q ¨ ¨ ¨ c1pω´1q
looooooooooomooooooooooon

d´rankpT q

¨f
pT,µq
˚ rYpm,µd`1, wqs “ CpT 1, µ1q

in CHd`1pMq. On the right, T 1 P Symd`1pQq and µ1 P pL_{Lqd`1 have the
same meaning as in Proposition 4.3.1.

Proof. First suppose m ‰ 0, so that rankpT 1q “ rankpT q ` 1 by Propo-
sition 4.3.1. It follows directly from the definitions and the commutative
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diagram

Ypm,µd`1, wq

(4.8) ''

(4.9)
ZpT 1, µ1q

(4.6)yy
ZpT, µq

f pT,µq

��
M

that
f

pT,µq
˚ rYpm,µd`1, wqs “ rZpT 1, µ1qs

in the codimension rankpT q ` 1 Chow group of M, and intersecting both
sides with d ´ rankpT q copies of c1pω´1q proves the claim.

Suppose now that m “ 0, so that rankpT 1q “ rankpT q by Proposi-
tion 4.3.1. In this case

f
pT,µq
˚ rYp0, µd`1, wqs “ f

pT 1,µ1q
˚

`

ω´1|ZpT 1,µ1q

˘

“ c1pω´1q ¨ rZpT 1, µ1qs

holds in the codimension rankpT q ` 1 Chow group, where the first equality
is by the definition of (4.12), and the second is by Proposition A.3.3. Once
again, the claim follows. □

Lemma 4.4.2. Suppose m P Q and α P Qd. If

C
ˆ

T α
2

tα
2 m

˙

‰ 0

then there exists a unique w P W such that αi “ rw, eis for all i “ 1, . . . , d.

Proof. Our assumption implies that there is some µ1 P pL_{Lqd`1 for which

Z
ˆˆ

T α
2

tα
2 m

˙

, µ1

˙

‰ H.

Any non-empty scheme S mapping to it determines special quasi-endomorphisms

x1, . . . , xd`1 P V pASqQ.

The first d-coordinates x “ px1, . . . , xdq satisfy Qpxq “ T , and so determine
an isometric embedding

W
ei ÞÑxi
ÝÝÝÝÑ V pASqQ.

Using the relation rxd`1, xis “ αi for i “ 1, . . . , d, we see that the orthogonal
projection of xd`1 to W Ă V pASqQ is a vector w P W with the desired
properties. The uniqueness is clear, as e1, . . . , ed span the positive definite
quadratic space W . □

Lemma 4.4.3. For any m P Q and column vectors α P Qd and x, y P Zd

we have

ω˚
L,d`1pγ̃q ¨ C

ˆ

T α
2

tα
2 m

˙

“ e2πi
txα ¨ C

ˆ

T Ty ` α
2

ty tT `
tα
2

ty T y ` ty α ` m

˙

,
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where

(4.22) γ̃ “

ˆ

id
rΓ
,

ˆ

tx
ty

˙˙

P rΓ ˙ M2,dpZq “ rJd`1.

Proof. By the explicit formulas for (4.4), if we set

A “

ˆ

Id y
0 1

˙

P GLd`1pZq

then γ̃ acts on S˚
L,d`1 as

ω˚
L,d`1pγ̃q ¨ ϕ˚

µ1 “ e2πix1rµ1,µd`1s ¨ ¨ ¨ e2πixdrµd,µd`1s ¨ ϕ˚
µ1A

for any µ1 P pL_{Lqd`1. It follows that

C
ˆˆ

T α
2

tα
2 m

˙

, µ1

˙

b
`

ω˚
L,d`1pγ̃q ¨ ϕ˚

µ1

˘

“ e2πi
txαC

ˆˆ

T α
2

tα
2 m

˙

, µ1

˙

b ϕ˚
µ1A.

Indeed, the essential point here is that

C
ˆˆ

T α
2

tα
2 m

˙

, µ1

˙

‰ 0 ùñ Z
ˆˆ

T α
2

tα
2 m

˙

, µ1

˙

‰ H,

which implies, using Remark 2.2.8, that rµi, µd`1s ” αi pmod Zq.
The preceding paragraph allows us to compute

ω˚
L,d`1pγ̃q ¨ C

ˆ

T α
2

tα
2 m

˙

“ e2πi
txα

ÿ

µ1PpL_{Lqd`1

C
ˆˆ

T α
2

tα
2 m

˙

, µ1

˙

b ϕ˚
µ1A

“ e2πi
txα

ÿ

µ1PpL_{Lqd`1

C
ˆˆ

T α
2

tα
2 m

˙

, µ1A´1

˙

b ϕ˚
µ1

“ e2πi
txα

ÿ

µ1PpL_{Lqd`1

C
ˆ

tA

ˆ

T α
2

tα
2 m

˙

A,µ1

˙

b ϕ˚
µ1

“ e2πi
txα ¨ C

ˆ

tA

ˆ

T α
2

tα
2 m

˙

A

˙

.

In the third equality we have used the linear invariance of special cycles
proved in Proposition 2.4.5, which implies the same invariance for the cor-
rected cycle classes (4.5). □

Proof of Proposition 4.2.3. For a fixed µ P pL_{Lqd, consider the generating
series

ÿ

mPQ
wPW

µd`1PL_{L

f
pT,µq
˚ rYpm,µd`1, wqs b ϕ˚

µd`1
¨ qm`Qpwqξ

rw,e1s

1 ¨ ¨ ¨ ξ
rw,eds

d .

This agrees with the pushforward via ZpT, µq Ñ M of the generating series
of Corollary 4.3.6, and so converges to a holomorphic function

H ˆ Cd Ñ CHrankpT q`1pMq b S˚
L
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transforming under rΓ Ă rJd`1 as in Proposition 4.3.3.
The linear map S˚

L Ñ S˚
L,d b S˚

L – S˚
L,d`1 sending

ϕ˚
µd`1

ÞÑ ϕ˚
µ b ϕ˚

µd`1

is rΓ-equivariant, where the action on the source is via ω˚
L, and the action on

the target is via the restriction of ω˚
L,d`1 to rΓ Ă rΓd`1. Applying this map

to the above generating series, summing over µ, and using Lemma 4.4.1, we
find that

(4.23)
ÿ

mPQ
wPW

C
ˆ

T α
2

tα
2 m ` Qpwq

˙

¨ qm`Qpwqξα1
1 ¨ ¨ ¨ ξαd

d

(inside the sum, α P Qd has components αi “ rw, eis) defines a holomorphic
function

H ˆ Cd Ñ CHd`1pMq b S˚
L,d`1

transforming under the subgroup rΓ Ă rΓd`1 in the same way as a Jacobi
form of index T , weight 1 ` n

2 , and representation

ω˚
L,d`1 :

rΓd`1 Ñ GLpS˚
L,d`1q.

Using the change of variables m ÞÑ m ´ Qpwq and Lemma 4.4.2, we may
rewrite (4.23) as

ϕT pτ 1, zq
def
“

ÿ

mPQ
αPQd

C
ˆ

T α
2

tα
2 m

˙

¨ qmξα1
1 ¨ ¨ ¨ ξαd

d ,

which therefore transforms under rΓ Ă rΓd`1 in the same way.
To complete the proof, it only remains to check that this function also

transforms correctly under any γ̃ P M2,dpZq Ă rJd`1, which we write in the
form (4.22). Using Lemma 4.4.3, an elementary manipulation of the sum
defining ϕT shows that

ω˚
L,d`1pγ̃q ¨ ϕT pτ 1, zq “ e2πiτ

1ptyTyqe´4πiptz`txqTy ¨ ϕT pτ 1, z ´ yτ 1 ` xq.

Unpacking Definition 4.1.2 shows that this is precisely the transformation
law satisfied by a Jacobi form of the desired index, weight, and representa-
tion. □

5. Corrected cycle classes

Keep the quadratic lattice L Ă V and the integral model M over ZrΣ´1s

as in §2.1 and §2.2. In this subsection we construct from the naive special
cycles ZpT, µq, which need not be equidimensional, canonical cycle classes
CpT, µq in the Chow group of M.
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5.1. Construction of the classes. We will make essential use of Theorems
A.2.6 and A.2.7, as well as Proposition A.4.4. For this reason we assume,
throughout the entirety of §5, that M is regular (see Proposition 2.2.4).

Suppose Z is a Deligne-Mumford stack equipped with a finite morphism
π : Z Ñ M. In §A.2 we associate to this data a Q-vector space G0pZqQ,
with the descending filtration

F dG0pZqQ “
ď

closed substacks YĂZ
codimMpπpYqqěd

Image
`

G0pYqQ Ñ G0pZqQ
˘

from (A.13). By Remark A.2.3, any coherent OZ -module F determines an

rFs P G0pZqQ.

Fix a T P SymdpQq with d ě 1, and a tuple of cosets µ “ pµ1, . . . , µdq P

pL_{Lqd. We have defined in (2.8) a finite and unramified morphism

ZpT, µq Ñ M.

If we denote by t1, . . . , td P Q the diagonal entries of T , there are forgetful
morphisms ZpT, µq Ñ Zpti, µiq, sending an S-point

x “ px1, . . . , xdq P Vµ1pASq ˆ ¨ ¨ ¨ ˆ Vµd
pASq

to its ith coordinate xi P VµipASq. The product of these maps defines a
morphism of M-stacks

(5.1) ZpT, µq Ñ Zpt1, µ1q ˆM ¨ ¨ ¨ ˆM Zptd, µdq,

which presents ZpT, µqpSq as the locus of S-points of the codomain for which
the moment matrix Qpxq of x “ px1, . . . , xdq P

ś

i VµipASq is equal to T .
The moment matrix Qpxq is locally constant on S, and hence (5.1) is an
open and closed immersion, by the rigidity lemma for endomorphisms of
abelian schemes: if an endomorphism of AS is 0 at some point of S, then it
is 0 on the entire connected component of S containing that point [MFK94,
Corollary 6.2].

By iterating the pairing of Proposition A.4.4, we obtain a multilinear map

(5.2) F 1G0pZpt1, µ1qqQ b ¨ ¨ ¨ b F 1G0pZptd, µdqqQ

z1b¨¨¨bzd ÞÑz1X¨¨¨Xzd
��

F dG0

`

Zpt1, µ1q ˆM ¨ ¨ ¨ ˆM Zptd, µdq
˘

Q

��
F dG0pZpT, µqqQ,

where the second arrow is restriction via (5.1).
The multilinear map just defined has a distinguished input z1 b ¨ ¨ ¨ b zd.

If pti, µiq ‰ p0, 0q we define

zi “ rOZpti,µiq
s P G0pZpti, µiqqQ.
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If pti, µiq “ p0, 0q then Zp0, 0q “ M by Proposition 2.4.3, and we define

zi “ rOMs ´ rωs P G0pMqQ,

where ω is the tautological bundle (2.6).

Lemma 5.1.1. For all 1 ď i ď d we have zi P F 1G0pZpti, µiqqQ.

Proof. If pti, µiq ‰ p0, 0q then Proposition 2.4.3 implies that the image of
Zpti, µiq Ñ M is either empty or of codimension 1. Hence

F 1G0pZpti, µiqqQ “ G0pZpti, µiqqQ,

and the claim is vacuously true. If pti, µiq “ p0, 0q the claim follows from
the proof of Lemma A.3.2, especially the relation (A.12). □

Remark 5.1.2. The motivation for the definition of zi in the case pti, µiq “

p0, 0q comes from Lemma A.3.2, which implies that the image of rOMs ´ rωs

under

F 1G0pMqQ
(A.14)
ÝÝÝÝÑ F 1K0pMqQ

(A.10)
ÝÝÝÝÑ CH1pMq

is the first Chern class c1pω´1q.

Definition 5.1.3. The derived fundamental class

rOderived
ZpT,µq s P F dG0pZpT, µqqQ

is the image of z1 b ¨ ¨ ¨ b zd under (5.2). The corrected cycle class

CpT, µq P CHd
ZpT,µqpMq

is the image of the derived fundamental class under the composition

F dG0pZpT, µqqQ
(A.14)
ÝÝÝÝÑ F dK

ZpT,µq

0 pMqQ
(A.10)
ÝÝÝÝÑ CHd

ZpT,µqpMq.

Remark 5.1.4. A somewhat fancier way to understand this construction is
to calculate the fiber product

Zpt1, µ1q ˆM ˆ ¨ ¨ ¨ ˆM Zptd, µdq

in a derived sense, and hence as a derived stack over M.
When forming this derived fiber product, one should interpret any factor

of the form Zpti, µiq “ Zp0, 0q as itself being a derived stack. More pre-
cisely, inside the total space of the cotautological line bundle on M, one can
construct the derived self-intersection of the zero section. The result is a
derived stack whose underlying classical stack is canonically identified with
M, but with virtual dimension dimpMq ´ 1. Every instance of Zp0, 0q in
the above fiber product should be replaced by this derived stack.

The underlying classical stack of this derived fiber product is of course
just the classical fiber product, and the open and closed substack ZpT, µq

of this classical stack lifts canonically to an open and closed substack of the
derived fiber product, which we denote by ZderpT, µq.

By construction, ZderpT, µq is quasi-smooth over M of virtual codimen-
sion d: this is just the derived analogue of a local complete intersection of
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codimension d. A general result of Khan [Kha22, §6]—a derived generaliza-
tion of results found in [Gro71] for local complete intersections—now shows
that the structure sheaf of ZderpT, µq defines a class in F dK0pMqQ, whose
image recovers the corrected class CpT, µq defined above.

Note that the derived interpretation as explained here does not (yet) shed
any light on why Theorems C, D, and E from the introduction are true.

We will not need this perspective in this paper, but these ideas are ex-
plored further in [Mad22], where it is shown that the derived stack ZderpT, µq

admits a moduli interpretation, which leads to alternate proofs of Theorems
C, D and E.

The remainder of §5 is devoted to studying the properties of CpT, µq.

5.2. Intersections of cycle classes. We first explain how our corrected
cycle classes behave under the intersection pairing in the Chow ring, as this
is one of the few properties that follow directly from the definition.

Fix positive integers d1 and d2, symmetric matrices

T 1 P Symd1pQq and T 2 P Symd2pQq,

and tuples µ1 P pL_{Lqd
1

and µ2 P pL_{Lqd
2

.

Proposition 5.2.1. The corrected cycle classes

CpT 1, µ1q P CHd1

ZpT 1,µ1qpMq and CpT 2, µ2q P CHd2

ZpT 2,µ2qpMq.

of Definition 5.1.3 satisfy the intersection formula

CpT 1, µ1q ¨ CpT 2, µ2q “
ÿ

T“

´

T 1 ˚
˚ T 2

¯

CpT, µq,

where µ “ pµ1, µ2q is the concatenation of µ1 and µ2, and the product

CHd1

ZpT 1,µ1qpMq b CHd2

ZpT 2,µ2qpMq Ñ CHd1`d2

ZpT 1,µ1qˆMZpT 2,µ2q
pMq

on the left is the intersection pairing of §A.2.

Proof. Let t1
1, . . . , t

1
d1 and t2

1, . . . , t
2
d2 be the diagonal entries of T 1 and T 2. If

we abbreviate

Z 1
i “ Zpt1

i, µ
1
iq and Z2

i “ Zpt2
i , µ

2
i q,

there is a commutative diagram

ZpT 1, µ1q ˆ ZpT 2, µ2q

++
Z 1
1 ˆ ¨ ¨ ¨ ˆ Z 1

d1 ˆ Z2
1 ˆ ¨ ¨ ¨ ˆ Z2

d2

Ů

T

ZpT, µq

44
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in which the vertical “ is the canonical isomorphism of Proposition 2.4.6,
and both diagonal arrows are open and closed immersions. Here and below,
all fiber products are over M.

Using the pairing (A.18), the constructions of §5.1 provide us with a class

z1
1 X ¨ ¨ ¨ X z1

d1 X z2
1 X ¨ ¨ ¨ X z2

d2 P F d1`d2

G0pZ 1
1 ˆ ¨ ¨ ¨ ˆ Z 1

d1 ˆ Z2
1 ˆ ¨ ¨ ¨ ˆ Z2

d2qQ

whose restriction along the top diagonal arrow is

rOderived
ZpT 1,µ1qs X rOderived

ZpT 2,µ2qs P G0pZpT 1, µ1q ˆ ZpT 2, µ2qqQ,

and whose restriction along the bottom diagonal arrow is
ÿ

T

rOderived
ZpT,µq s P

à

T

G0pZpT, µqqQ “ G0

´

ğ

T

ZpT, µq

¯

Q
.

In particular, the vertical “ in the above diagram identifies

rOderived
ZpT 1,µ1qs X rOderived

ZpT 2,µ2qs “
ÿ

T

rOderived
ZpT,µq s.

The proposition follows by applying the composition

F d1`d2

G0

`

ZpT 1, µ1q ˆ ZpT 2, µ2q
˘

Q
(A.14)
ÝÝÝÝÑ F d1`d2

K
ZpT 1,µ1qˆZpT 2,µ2q

0 pMqQ

(A.10)
ÝÝÝÝÑ CHd1`d2

ZpT 1,µ1qˆZpT 2,µ2q
pMq

to both sides of this last equality. □

5.3. An alternate construction. In this subsection we will give a different
characterization of the derived fundamental classes of Definition 5.1.3. This
will be used in the proof of Proposition 5.4.1 below.

Consider again the situation of §5.1, where we have fixed µ P pL_{Lqd

and t1, . . . , td P Q are the diagonal entries of T P SymdpQq.
Fix an étale surjection U Ñ M with U scheme. The special divisors

Zpti, µiq Ñ M

are finite and unramified, and so, as in Definition 2.4.1, we may assume
that U is chosen so that the natural map Zi Ñ U is a closed immersion of
schemes for every 1 ď i ď d and every connected component

Zi Ă Zpti, µiqU .

Fix a tuple pZ1, . . . , Zdq with each Zi Ă Zpti, µiqU a connected component.
If pti, µiq ‰ p0, 0q then Zi Ă U is an effective Cartier divisor (Proposition
2.4.3), and its ideal sheaf IZi Ă OU determines a chain complex of locally
free OU -modules

CZi “ p¨ ¨ ¨ Ñ 0 Ñ IZi Ñ OU Ñ 0 Ñ ¨ ¨ ¨ q

supported in degrees 1 and 0. If pti, µiq “ p0, 0q, so that Zi “ U , we instead
define

CZi “ p¨ ¨ ¨ Ñ 0 Ñ ω|U
0
ÝÑ OU Ñ 0 Ñ ¨ ¨ ¨ q.
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The tensor product CZ1 bOU
¨ ¨ ¨ bOU

CZd
is a complex of locally free OU -

modules, whose ℓth homology

(5.3) HℓpCZ1 bOU
¨ ¨ ¨ bOU

CZd
q

is a coherent sheaf on U annihilated by the ideal sheaf of the closed sub-
scheme Z1ˆU ¨ ¨ ¨ˆU Zd Ă U . We may therefore view this sheaf as a coherent
sheaf on this closed subscheme.

By varying the tuple pZ1, . . . , Zdq, we obtain from (5.3) a coherent sheaf

(5.4) Hℓ

`

CZpt1,µ1qU
bOU

¨ ¨ ¨ bOU
CZptd,µdqU

˘

(this is just notation; no complex CZpti,µiqU
of OU -modules will be defined)

on the disjoint union

Zpt1, µ1qU ˆU ¨ ¨ ¨ ˆU Zptd, µdqU “
ğ

pZ1,...,Zdq

Z1 ˆU ¨ ¨ ¨ ˆU Zd,

which admits a canonical descent to a coherent sheaf

(5.5) Hℓ

`

CZpt1,µ1q bOM ¨ ¨ ¨ bOM OZptd,µdq

˘

(again, no complex CZpti,µiq
of OM-modules will be defined) on

Zpt1, µ1q ˆM ¨ ¨ ¨ ˆM Zptd, µdq.

This last sheaf may be restricted to the open and closed substack (5.1).

Proposition 5.3.1. The derived fundamental class of Definition 5.1.3 is
equal to

rOderived
ZpT,µq s “

ÿ

ℓě0

p´1qℓ ¨
“

Hℓ

`

CZpt1,µ1q bOM ¨ ¨ ¨ bCM OZptd,µdq

˘

|ZpT,µq

‰

.

Proof. An elementary but tedious exercise in homological algebra shows that

z1 X ¨ ¨ ¨ X zd “
ÿ

ℓě0

p´1qℓ ¨
“

HℓpOZpt1,µ1q bOM ¨ ¨ ¨ bOM OZptd,µdqq
‰

as elements of

G0pZpt1, µ1q ˆM ¨ ¨ ¨ ˆM Zptd, µdqqQ,

where each zi P G0pZpti, µiqq is as in §5.1, and the intersection on the left
is obtained by iterating the pairing of Lemma A.4.1. The claim follows
immediately from this.

We point out that verifying the equality above does not require unpacking
the use of derived algebraic geometry or the sheaf of spectra GZ1ˆMZ2 in the
proof of Lemma A.4.1. One need only verify the same equality in the naive
Grothendieck group Gnaive

0 of Remark A.2.1, with the X on the left defined
by (A.17), and use the commutativity of the diagram in Lemma A.4.1. □

Remark 5.3.2. The slightly complicated constructions above are done solely
to account for the failure of the special divisors Zpti, µiq Ñ M to be closed
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immersions. If they were closed immersions, we would simply have defined
complexes of locally free OM-modules

CZpti,µiq
“

$

’

&

’

%

p¨ ¨ ¨ Ñ 0 Ñ IZpti,µiq
Ñ OM Ñ 0 Ñ ¨ ¨ ¨ q if pti, µiq ‰ p0, 0q

p¨ ¨ ¨ Ñ 0 Ñ ω
0
ÝÑ OM Ñ 0 Ñ ¨ ¨ ¨ q if pti, µiq “ p0, 0q.

The sheaf (5.5) would then be understood in the literal sense, as the ℓth

homology of the tensor product of complexes.

5.4. Linear invariance. Suppose X is any abelian group. Given a d-tuple
x P Xd and an A P GLdpZq, we define xA P Xd using the habitual rule for
multiplication of a row vector by a matrix.

Fix a matrix T P SymdpQq and a tuple µ P pL_{Lqd. Fix also a matrix
A P GLdpZq, and set

pT 1, µ1q “ ptATA, µAq.

By Proposition 2.4.5 there is an isomorphism of M-stacks

(5.6) ZpT, µq – ZpT 1, µ1q,

sending an S-point x P V pASqdQ of the left hand side to the S-point xA P

V pASqdQ of the right hand side. Hence the special cycles in (5.6) have the
same images in M, and there is an equality

(5.7) CHd
ZpT,µqpMq “ CHd

ZpT 1,µ1qpMq

of Chow groups with support.

Proposition 5.4.1. The isomorphism (5.6) identifies the derived funda-
mental classes

rOderived
ZpT,µq s P G0pZpT, µqq and rOderived

ZpT 1,µ1qs P G0pZpT 1, µ1qq.

In particular, the equality CpT, µq “ CpT 1, µ1q holds in (5.7).

Proof. Using the alternate construction of Proposition 5.3.1, we are reduced
to proving the existence, for every ℓ ě 0, of an isomorphism

Hℓ

`

CZpt1,µ1q bOM ¨ ¨ ¨ bCM OZptd,µdq

˘

|ZpT,µq(5.8)

– Hℓ

`

CZpt1
1,µ

1
1q bOM ¨ ¨ ¨ bCM OZpt1

d,µ
1
dq

˘

|ZpT 1,µ1q

of coherent sheaves on (5.6). Here t1, . . . , td and t1
1, . . . , t

1
d are the diagonal

entries of T and T 1.
Moreover, it suffices to treat the case in which d ě 2 and

(5.9) A “

¨

˝

1 0
1 1

Id´2

˛

‚.

Indeed, the group GLdpZq is generated by A, the permutation matrices, and
the diagonal matrices, and the claim is easily proved in the latter two cases.
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As in the constructions of §5.3, choose an étale surjection U Ñ M fine
enough that the morphisms

Zpti, µiqU Ñ U and Zpt1
i, µ

1
iqU Ñ U,

for all 1 ď i ď d, restrict to closed immersions on all connected components

Zi Ă Zpti, µiqU and Z 1
i Ă Zpt1

i, µ
1
iqU .

To simplify notation, we abbreviate Z for the M-stack (5.6). Fix a geo-
metric point z of Z. The finite étale z-scheme zU defined by the cartesian
diagram

zU //

��

ZU

��
z // Z

decomposes as a finite disjoint union of points zU “
Ů

y.
Fix one connected component y Ă zU . Its image in ZU lands on some

connected component Z Ă ZU , whose images under the two maps

ZpT, µqU

��

ZU ZpT 1, µ1qU

��
Zpti, µiqU Zpt1

i, µ
1
iqU

are then contained in unique connected components

Zi Ă Zpti, µiqU and Z 1
i Ă Zpt1

i, µ
1
iqU .

The natural map Z Ñ U is a closed immersion, realizing Z as a connected
component of both intersections

Z1 ˆU ¨ ¨ ¨ ˆU Zd and Z 1
1 ˆU ¨ ¨ ¨ ˆU Z 1

d.

The construction (5.3) gives us coherent sheaves

HℓpCZ1 bOU
¨ ¨ ¨ bOU

CZd
q and HℓpCZ1

1
bOU

¨ ¨ ¨ bOU
CZ1

d
q

on these two intersections, and we will construct a Zariski open neighbor-
hood y P Vy Ă Z together with a canonical isomorphism

(5.10) HℓpCZ1 bOU
¨ ¨ ¨ bOU

CZd
q|Vy – HℓpCZ1

1
bOU

¨ ¨ ¨ bOU
CZ1

d
q|Vy

of coherent sheaves on Vy.
Before we construct (5.10), we explain how it implies the existence of the

desired isomorphism (5.8), and hence completes the proof of Proposition
5.4.1. Recalling from (5.1) that ZU is an open and closed subscheme of both

Zpt1, µ1qU ˆU ¨ ¨ ¨ ˆU Zptd, µdqU

and

Zpt1
1, µ

1
1qU ˆU ¨ ¨ ¨ ˆU Zpt1

d, µ
1
dqU ,
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varying the connected component y P π0pzU q in (5.10) defines an isomor-
phism

Hℓ

`

CZpt1,µ1qU
bOU

¨ ¨ ¨ bOU
CZptd,µdqU

˘

|Vz

– Hℓ

`

CZpt1
1,µ

1
1qU

bOU
¨ ¨ ¨ bOU

CZpt1
d,µ

1
dqU

˘

|Vz

between the sheaves of (5.4), after restriction to the Zariski open neighbor-
hood

Vz
def
“

ğ

yPπ0pzU q

Vy Ă ZU

of the image of zU Ñ ZU . Varying the geometric point z and gluing over
the resulting Zariski open cover tVzuz of ZU defines an isomorphism

Hℓ

`

CZpt1,µ1qU
bOU

¨ ¨ ¨ bOU
CZptd,µdqU

˘

|ZU

– Hℓ

`

CZpt1
1,µ

1
1qU

bOU
¨ ¨ ¨ bOU

CZpt1
d,µ

1
dqU

˘

|ZU
,

and finally étale descent via ZU Ñ Z defines the desired isomorphism (5.8).
We now turn to the construction of (5.10). Consider the first order infin-

itesimal neighborhood

Z Ă rZ Ă U

of the closed subscheme Z Ă U . In other words, if IZ Ă OU is the ideal

sheaf defining Z, then rZ is defined by the ideal sheaf I2Z . Similarly, denote
by

Zi Ă rZi Ă U, Z 1
i Ă rZ 1

i Ă U

the first order infinitesimal neighborhoods of Zi and Z 1
i. Clearly rZ is con-

tained in both rZi and rZ 1
i.

The following is the analogue of [How19, Theorem 5.1].

Lemma 5.4.2. For every 1 ď i ď d there are canonical sections

si P H0
`

rZi, ω|
´1
rZi

˘

and s1
i P H0

`

rZ 1
i, ω|

´1
rZ1
i

˘

with scheme-theoretic zero loci Zi Ă rZi and Z 1
i Ă rZ 1

i, respectively. After

restriction to rZ, these sections are related by s1
1 “ s1 ` s2, and s1

i “ si when
i ą 1.

Proof. By virtue of the moduli problem defining Zpti, µiq, there is a canon-
ical special endomorphism xi P VµipAZiq. The desired section

si “ obstxi P H0
`

rZi, ω|
´1
rZi

˘

is the obstruction to deforming xi, as in the proof of Proposition 2.4.3 (if xi “

0 we understand obstxi “ 0, because there is no obstruction to deforming
the 0 endomorphism). The section s1

i is defined similarly.
Because of the particular choice of matrix (5.9), after restriction to Z the

special quasi-endomorphisms xi and x1
i are related by x1

1 “ x1 ` x2, and
x1
i “ xi if i ą 1. This leads to similar relations between si and s1

i. □
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Lemma 5.4.3. Around every point of Z one can find a Zariski open affine
neighborhood V Ă U over which ω|V – OV , and sections

σ1, σ2 P H0pV, ω|
´1
V q and α P H0pV,OV q

such that

(i) σ1 has zero locus Z1 X V and agrees with s1 on rZ1 X V ,

(ii) σ2 has zero locus Z2 X V and agrees with s2 on rZ2 X V ,
(iii) α restricts to the constant function 1 on Z2 X V ,
(iv) the section

σ1
1
def
“ σ1 ` ασ2

has zero locus Z 1
1 X V and agrees with s1

1 on the closed formal sub-

scheme, lying between Z 1
1 XV and rZ 1

1 XV , defined by the ideal sheaf

IZ1
1XV ¨

`

IZ1
1XV ` IZ2XV

˘

Ă OV .

Proof. The proof is identical to that of [How19, Lemma 5.2], and makes
crucial use of the fact that M is regular and Noetherian. □

Choose a Zariski open V Ă U as in Lemma 5.4.3 containing the image of
the geoemtric point y Ñ Z Ă U . The sections of Lemma 5.4.3 determine
chain complexes of locally free OV -modules

DZ1 “ p¨ ¨ ¨ Ñ 0 Ñ ω|V
σ1
ÝÑ OV Ñ 0q

DZ2 “ p¨ ¨ ¨ Ñ 0 Ñ ω|V
σ2
ÝÑ OV Ñ 0q

DZ1
1

“ p¨ ¨ ¨ Ñ 0 Ñ ω|V
σ1
1

ÝÑ OV Ñ 0q,

and there are canonical isomorphisms

DZ1 – CZ1 |V , DZ2 – CZ2 |V , DZ1
1

– CZ1
1
|V .

Indeed, if t1 ‰ 0, so that Z1 Ă U is a Cartier divisor and σ1 ‰ 0, the first
isomorphism is

¨ ¨ ¨ // 0 // ω|V
σ1 //

σ1

��

OV
// 0

¨ ¨ ¨ // 0 // IZ1XV
// OV

// 0

If t1 “ 0, so that Z1 “ U and σ1 “ 0, then DZ1 “ CZ1 |V by definition. The
other isomorphisms are entirely similar.

Using the relation σ1
1 “ σ1 ` ασ2, we see that the diagram

¨ ¨ ¨ // 0 // ω|V b ω|V
B2 // ω|V ‘ ω|V

B1 //

g1
��

OV
// 0

¨ ¨ ¨ // 0 // ω|V b ω|V
B˚
2 // ω|V ‘ ω|V

B˚
1 // OV

// 0



52 BENJAMIN HOWARD AND KEERTHI MADAPUSI

determined by g1pη1, η2q “ pη1, η2 ´ αη1q and

B1pη1, η2q “ σ1pη1q ` σ2pη2q

B˚
1 pη1, η2q “ σ1

1pη1q ` σ2pη2q

B2pη1 b η2q “
`

σ2p´η2qη1, σ1pη1qη2
˘

B˚
2 pη1 b η2q “

`

σ2p´η2qη1, σ
1
1pη1qη2

˘

commutes, and defines the middle isomorphism in

CZ1 |V b CZ2 |V – DZ1 b DZ2 – DZ1
1

b DZ2 – CZ1
1
|V b CZ2 |V .

As our choice of (5.9) implies Zi “ Z 1
i and CZi “ CZ1

i
for all i ą 1, we

obtain an isomorphism

pCZ1 b ¨ ¨ ¨ b CZd
q|V – pCZ1

1
b ¨ ¨ ¨ b CZ1

d
q|V ,

of complexes of locally free OV -modules. This isomorphism depends on the
choices of sections in Lemma 5.4.3, which are not unique. However, exactly
as in the proof of [How19, Lemma 5.2], the conditions of that lemma imply
that different choices yield homotopic isomorphisms, and so the induced
isomorphism

HℓpCZ1 b ¨ ¨ ¨ b CZd
q|V – HℓpCZ1

1
b ¨ ¨ ¨ b CZ1

d
q|V

is independent of the choices.
In this last isomorphism both sides are coherent sheaves on V annihilated

by the ideal sheaf of the closed subscheme

Vy
def
“ V X Z,

yielding the desired isomorphism (5.10). □

5.5. Comparison with the naive cycle. The following result shows that
the corrected cycle class CpT, µq agrees with the class obtained by imitating
the construction of (1.1), whenever that construction makes sense. We re-
mark that the proof uses the linear invariance property of Proposition 5.4.1
in an essential way.

Proposition 5.5.1. Fix T P SymdpQq and µ P pL_{Lqd. If the naive special
cycle ZpT, µq is equidimensional with

dimpZpT, µqq “ dimpMq ´ rankpT q,

so that the naive cycle class

rZpT, µqs P CH
rankpT q

ZpT,µq
pMq

is defined (Definition A.1.4), then

CpT, µq “ c1pω´1q ¨ ¨ ¨ c1pω´1q
looooooooooomooooooooooon

d´rankpT q

¨rZpT, µqs P CHd
ZpT,µqpMq.
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Proof. We may assume that T is positive semi-definite, for otherwise the
Chow group with support CHd

ZpT,µq
pMq is trivial by Remark 2.2.12.

First suppose rankpT q “ d. In particular, T is positive definite, so has
all diagonal entries nonzero. Recalling the open and closed immersion (5.1),
consider a closed geometric point

s Ñ ZpT, µq Ă Zpt1, µ1q ˆM ¨ ¨ ¨ ˆM Zptd, µdq.

For every 1 ď i ď d, Proposition 2.4.3 implies that the natural map

Oet
M,s Ñ Oet

Zpti,µiq,s

on étale local rings is surjective with kernel generated by a single element
fi. As

Oet
ZpT,µq,s – Oet

M,s{pf1, . . . , fdq,

our assumptions imply that f1, . . . , fd P Oet
M,s is a regular sequence.

For every 1 ď e ď d the étale local ring at s of

Ye “ Zpt1, µ1q ˆM ¨ ¨ ¨ ˆM Zpte, µeq

is therefore Cohen-Macaulay of dimension dimpMq´e, and a result of Serre
[Ser00, Section V.B.6] implies that

Tor
Oet

M,s

ℓ

`

Oet
Ye,s,O

et
Zpte`1,µe`1q,s

˘

“ 0

for all ℓ ą 0. Using (A.17) and the commutative diagram of Lemma A.4.1,
one sees by induction on e that the intersection

rOZpt1,µ1qs X ¨ ¨ ¨ X rOZpte,µeqs P F eG0pYeqQ,

has the form

rOZpt1,µ1qs X ¨ ¨ ¨ X rOZpte,µeqs “ rOYes ` rFes ´ rGes

for coherent sheaves Fe and Ge on Ye with trivial stalks at any closed geo-
metric point s Ñ ZpT, µq Ñ Ye.

Taking d “ e shows that

rOderived
ZpT,µq s “ rOZpT,µqs P F dG0pZpT, µqq,

as both are equal to the image of the class

rOZpt1,µ1qs X ¨ ¨ ¨ X rOZptd,µdqs P F dG0

`

Zpt1, µ1q ˆM ¨ ¨ ¨ ˆM Zptd, µdq
˘

Q

under the second arrow in (5.2). The equality of cycle classes

CpT, µq “ rZpT, µqs

now follows from Theorem A.2.7.
Now consider the other extreme, in which T “ 0d has rank 0. In this case

Zp0d, µq “

#

M if µ “ 0

H if µ ‰ 0.
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If µ ‰ 0 the the proposition is vacuously true, as the Chow group with
support vanishes. On the other hand, by construction Cp0d, 0q is the image
of

prOMs ´ rωsq X ¨ ¨ ¨ X prOMs ´ rωsq
loooooooooooooooooooooomoooooooooooooooooooooon

d

P F dG0pMqQ

under

F dG0pMqQ
(A.8)
ÝÝÝÑ F dK0pMqQ

(A.10)
ÝÝÝÝÑ CHdpMq.

It follows from Lemma A.3.2 that this image is

Cp0d, 0q “ c1pω´1q ¨ ¨ ¨ c1pω´1q
looooooooooomooooooooooon

d

P CHdpMq,

as desired.
For the general case, let r “ rankpT q. As the cycle classes rZpT, µqs and

CpT, µq satisfy the same linear invariance property (Proposition 2.4.5 and
Proposition 5.4.1), we may reduce to the case in which

T “

ˆ

T 1 0
0 0d´r

˙

for a positive definite r ˆ r-matrix T 1. We may further assume that

µr`1 “ ¨ ¨ ¨ “ µd “ 0.

Indeed, if some µi ‰ 0 with r ă i ď d then Zp0, µiq “ H by Proposition
2.4.3, and so ZpT, µq “ H by (5.1).

Set µ1 “ pµ1, . . . , µrq. Directly from the moduli interpretation we see

ZpT, µq – ZpT 1, µ1q

as M-stacks. Combining this with the positive definite and rank 0 cases
already proved yields the first equality in

rZpT, µqs ¨ c1pω´1q ¨ ¨ ¨ c1pω´1q
looooooooooomooooooooooon

d´r

“ CpT 1, µ1q ¨ C
`

0d´r, 0
˘

“
ÿ

S

CpS, µq.

The second equality is by the intersection formula of Proposition 5.2.1, and
the sum runs over all matrices of the form

S “

ˆ

T 1 ˚

˚ 0d´r

˙

P SymdpQq.

The only nonzero terms come from positive semi-definite S, and the only
such S is S “ T . This completes the proof of Proposition 5.5.1. □

Corollary 5.5.2. For any T P SymdpQq and µ P pL_{Lqd, restriction to
the generic fiber

CHd
ZpT,µqpMq Ñ CHd

ZpT,µqpMq

sends the corrected cycle class CpT, µq to the class CpT, µq of (1.1).
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Proof. For a fixed pair pT, µq, it suffices to prove the claim after enlarging
the finite set of primes Σ that we have inverted on the base. By adding to
Σ all primes p for which ZpT, µq has an irreducible component supported in
characteristic p, we may assume that no such primes exist.

As the generic fiber ZpT, µq is equidimensional of codimension rankpT q

in the generic fiber M , for example by Proposition 2.3.2, also ZpT, µq is
equidimensional of codimension rankpT q in M. The claim now follows from
Proposition 5.5.1. □

5.6. Pullbacks of cycle classes. We will now consider the setup of (2.4),
so that we have an isometric embedding L Ñ L7 of quadratic lattices induc-
ing a morphism M Ñ M 7 of canonical models of Shimura varieties. Assume

our finite set of primes Σ is chosen so that both Lp and L7
p are maximal

at all p R Σ, so that the above morphism of canonical models extends to a
finite morphism

f : M Ñ M7

of integral models over ZrΣ´1s as in Remark (2.2.7). Assume further that
both integral models M and M7 are regular, so that the corrected cycle
classes of Definition 5.1.3 are defined for both integral models.

The results of §A.2 provide us with a pullback

f˚ : CHd
Z7pM7q Ñ CHd

Z7ˆM7MpMq

for any finite morphism Z7 Ñ M7. Given a pair pT 7, µ7q with T 7 P SymdpQq

and µ7 P pL7,_{L7qd, we can form the corrected cycle class

C7pT 7, µ7q P CHd
Z7pT 7,µ7q

pM7q,

and ask how its pullback is related to the corrected cycle classes on M.
The answer to this equation is exactly what one would expect given the

decomposition

(5.11) Z7pT 7, µ7q ˆM7 M –
ğ

TPSymdpQq

µPpL_{Lqd

ğ

νPpΛ_{Λqd

µ`ν“µ7

ğ

yPν`Λd

T`Qpyq“T 7

ZpT, µq,

of Proposition 2.4.7. Recall that here Λ Ă L7 is the positive definite qua-
dratic lattice of vectors orthogonal to L Ă L7, and the relation µ ` ν “ µ7

means that the natural map

pL_ ‘ Λ_q{pL ‘ Λq Ñ pL_ ‘ Λ_q{L7

sends

µ ` ν ÞÑ µ7 P L7,_{L7 Ă pL_ ‘ Λ_q{L7.

Proposition 5.6.1. The equality of cycle classes

f˚C7pT 7, µ7q “
ÿ

TPSymdpQq

µPpL_{Lqd

ÿ

νPpΛ_{Λqd

µ`ν“µ7

ÿ

yPν`Λd

T`Qpyq“T 7

CpT, µq
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holds in CHd
Z7pT 7,µ7qˆM7MpMq.

Proof. Fix one ZpT, µq appearing in the right hand side of (5.11), in the
part of the decomposition indexed by some ν P pΛ_{Λqd and y P ν `Λd. Let

t1, . . . , td be the diagonal entries of T , let t7
1, . . . , t

7

d be the diagonal entries

of T 7, and abbreviate

Zi “ Zpti, µiq and Z7

i “ Z7pt7

i, µ
7

iq

for the associated special divisors. We must have T positive semi-definite
(for otherwise CpT, µq “ 0), and hence all ti ě 0.

For every 1 ď i ď d, the codimension one case of Proposition 2.4.7 pro-
vides us with a commutative diagram

(5.12) Zi
//

��

Z7

i

��
M //M7,

which defines an open and closed immersion

j : Zi ãÑ Z7

i ˆM7 M
On moduli, this sends a special quasi-endomorphism xi P VµipASq to

(5.13) x7

i “ xi ` yi P V
µ7

i
pA7

Sq.

In particular, there is a homomorphism

(5.14) G0pZ7

i qQ
XrOMs
ÝÝÝÝÑ G0pZ7

i ˆM7 MqQ
j˚

ÝÑ G0pZiqQ

obtained by composing the intersection pairing

G0pZ7

i qQ b G0pMqQ
X
ÝÑ G0pZ7

i ˆM7 MqQ

of Lemma A.4.1 with restriction along j.

Lemma 5.6.2. Recall from §5.1 the distinguished classes

z7

i P G0pZ7

i q and zi P G0pZiq.

The homomorphism (5.14) sends z7

i ÞÑ zi.

Proof. First suppose pt7

i, µ
7

iq “ p0, 0q. As

0 “ t7

i “ ti ` Qpyiq,

both ti “ 0 and yi “ 0, and the latter implies νi “ 0. Thus Z7

i “ M7 and
Zi “ M, and we have

z7

i “ rOM7s ´ rω7s and zi “ rOMs ´ rωs.

Using (A.17) and the fact that the tautological bundle ω7 P PicpM7q pulls
back to the tautological bundle ω P PicpMq, we see that (5.14) sends

rOM7s ÞÑ rOMs and rω7s ÞÑ rωs.
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The lemma follows immediately from this.

Next assume that pt7

i, µ
7

iq ‰ p0, 0q and pti, µiq ‰ p0, 0q. Fix a geometric

point y Ñ Zi, which we can also view as a point on M,M7 and Z7

i . As
both

Zi Ñ M and Z7

i Ñ M7

are generalized Cartier divisors (Proposition 2.4.3), we can write

Oet
Z7

i ,y
– Oet

M7,y{pgq

for a nonzero g P Oet
M7,y

whose image in Oet
M,y satisfies

Oet
Zi,y – Oet

M,y{pgq.

It follows that

Tor
Oet

M7,y

ℓ pOet
Z7

i ,y
,Oet

M,yq –

#

Oet
Zi,y

if ℓ “ 0

0 if ℓ ą 0.

Allowing y to vary shows that

Tor
OM7

ℓ pOZ7

i
,OMq|Zi –

#

OZi if ℓ “ 0

0 if ℓ ą 0,

and hence (5.14) sends z7

i “ rOZ7

i
s to zi “ rOZis, as desired.

Finally, we treat the subtle case in which pt7

i, µ
7

iq ‰ p0, 0q and pti, µiq “

p0, 0q. This is the case that accounts for improper intersection between the
images of M Ñ M7 and Z7pT 7, µ7q Ñ M7. The left vertical arrow in (5.12)
is an isomorphism

Zi – M,

and the top horizontal arrow is identified with the closed immersion

i : M Ñ Z7

i

sending a functorial point S Ñ M to the point S Ñ Z7

i determined by the

special quasi-endomorphism yi P V
µ7

i
pA7

Sq of (5.13). This induces the open

and closed immersion

j : M – Zi ãÑ Z7

i ˆM7 M,

and the composition (5.14) factors as

(5.15) G0pZ7

i qQ

XrO
Z7
i

s

��

XrOMs // G0pZ7

i ˆM7 MqQ

j˚

��

G0pZ7

i ˆM7 Z7

i qQ

∆˚

��

G0pZ7

i qQ // G0pMqQ.
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Here ∆ : Z7

i Ñ Z7

i ˆM7 Z7

i is the diagonal morphism, which is both an
open and closed immersion, and the bottom horizontal arrow is the derived
pullback

(5.16) rFs ÞÑ
ÿ

ℓě0

p´1qℓ ¨ rTor
O

Z7
i

ℓ pF , i˚OMqs

along the closed immersion i.
Abbreviating

pS0, η0q “

ˆˆ

t7

i 0
0 0

˙

, pµ7

i, 0q

˙

and pS1
0, η

1
0q “

˜˜

t7

i t7

i

t7

i t7

i

¸

, pµ7

i, µ
7

iq

¸

,

there are canonical isomorphisms

Z7pS0, η0q – Z7

i – Z7pS1
0, η

1
0q.

Under the moduli interpretations, a special quasi-endomorphism x of A7

representing a point of the stack in the middle is sent to px, 0q on the left,
and px, xq on the right. Proposition 2.4.6 realizes

Z7

i – Z7pS1
0, η

1
0q Ă Z7

i ˆM Z7

i

as an open and closed substack, and this agrees with the diagonal embedding
denoted ∆ above.

The linear invariance proved in Proposition 5.4.1 implies the equality of
derived fundamental classes

rOderived
Z7pS0,η0q

s “ rOderived
Z7pS,ηq

s P G0pZ7

i qQ,

Unpacking their definitions shows that the composition of the left vertical
arrows in (5.15) sends

rOZ7

i
s ÞÑ rOderived

Z7pS1
0,η

1
0q

s “ rOderived
Z7pS0,η0q

s “ rOZ7

i
s ´ rω7|O

Z7
i

s,

The bottom horizontal arrow (5.16), which simplifies to rFs ÞÑ ri˚Fs when

F is a vector bundle on Z7

i , then sends

rOZ7

i
s ´ rω7|O

Z7
i

s ÞÑ rOMs ´ rωs.

Combining these calculations with the commutativity of the diagram shows

that (5.14) sends z7

i “ rOZ7

i
s to zi “ rOMs ´ rωs, as desired. □

Now consider the commutative diagram

ZpT, µq //

��

ZpT 7, µ7q

��

Z1 ˆM ¨ ¨ ¨ ˆM Zd
//

��

Z7
1 ˆM7 ¨ ¨ ¨ ˆM7 Z7

d

��
M

f //M7.
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The upper vertical arrows are open and closed immersions. The middle
horizontal arrow identifies

Z1 ˆM ¨ ¨ ¨ ˆM Zd Ă pZ7
1 ˆM7 ¨ ¨ ¨ ˆM7 Z7

dq ˆM7 M

as an open and closed substack, and induces a morphism

G0pZ7
1 ˆM7 ¨ ¨ ¨ ˆM7 Z7

dq Ñ G0pZ1 ˆM ¨ ¨ ¨ ˆM Zdq

exactly as in (5.14). It follows from Lemma 5.6.2 that this morphism sends

z7
1 X ¨ ¨ ¨ X z7

d ÞÑ z1 X ¨ ¨ ¨ X zd,

and so the commutativity of the diagram

G0pZ7
1 ˆM7 ¨ ¨ ¨ ˆM7 Z7

dq //

��

G0pZ1 ˆM ¨ ¨ ¨ ˆM Zdq

��
G0pZpT 7, µ7qq // G0pZpT, µqq

implies that the bottom horizontal arrow sends

rOderived
Z7pT 7,µ7q

s ÞÑ rOderived
ZpT,µq s.

Allowing ZpT, µq to vary over the right hand side of (5.11), we see that
in the commutative diagram

G0

`

Z7pT 7, µ7q
˘

Q
XrOMs //

(A.8)
��

G0

`

Z7pT 7, µ7q ˆM7 M
˘

Q

(A.8)
��

K
Z7pT 7,µ7q

0 pM7qQ
f˚

// K
Z7pT 7,µ7qˆM7M
0 pMqQ,

the top horizontal arrow sends

rOderived
Z7pT 7,µ7q

s ÞÑ
ÿ

TPSymdpQq

µPpL_{Lqd

ÿ

νPpΛ_{Λqd

µ`ν“µ7

ÿ

yPν`Λd

T`Qpyq“T 7

rOderived
ZpT,µq s.

Proposition 5.6.1 follows immediately from this and the diagram

F dK
Z7pT 7,µ7q

0 pM7qQ
f˚

//

(A.10)

��

F dK
Z7pT 7,µ7qˆM7M
0 pMqQ

(A.10)

��
CHd

Z7pT 7,µ7q
pM7q

f˚

// CHd
Z7pT 7,µ7qˆM7MpMq,

which commutes by the very definition of the bottom horizontal arrow. □
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6. Modularity in all codimensions

In this section we prove our main result. We remind the reader that V
is a quadratic space of signature pn, 2q with n ě 1, L Ă V is a lattice on
which the quadratic form is Z-valued, Σ is a finite set of primes containing all
primes for which Lp is not maximal (an assumption that will be strengthened
below), and

M Ñ SpecpZrΣ´1sq

is the integral model of dimension n ` 1 from §2.2.

6.1. Siegel theta series. Let pΛ, Qq be a positive definite quadratic space
over Z, satisfying Λ_ “ Λ. The self-duality condition implies that the rank
of Λ is even, say

rankpΛq “ 2k.

For any positive integer d, the genus d Siegel theta series

(6.1) ϑΛ,dpτq “
ÿ

yPΛd

qQpyq

is Siegel modular form of genus d and weight k. Here τ P Hd Ă SymdpCq

is the variable on the Siegel half-space of genus d, Qpyq P SymdpQq is the

moment matrix as in (2.9), and qQpyq “ e2πiTrpτQpyqq.

Theorem 6.1.1 (Böcherer [Böc89]). If 4 | k and k ą 2d, the space of C-
valued Siegel modular forms of genus d and weight k is spanned by the genus
d Siegel theta series (6.1) as Λ varies over all self-dual positive definite Z-
quadratic spaces of rank 2k.

6.2. The main result. We now extend the modularity of generating series
proved in [BWR15] from complex Shimura varieties to their integral models.

Assume throughout that Σ contains

‚ all odd primes p such that p2 divides rL_ : Ls, and
‚ p “ 2, if L2 is not hyperspecial.

In particular M is regular by Proposition 2.2.4, allowing us to define the
derived cycle classes

CpT, µq P CHdpMq

of Definition 5.1.3. By Proposition 5.5.1, these are given by the elementary
formula

(6.2) CpT, µq “ c1pω´1q ¨ ¨ ¨ c1pω´1q
looooooooooomooooooooooon

d´rankpT q

¨rZpT, µqs P CHdpMq

whenever the naive special cycle ZpT, µq Ñ M is equidimensional of codi-
mension rankpT q. Using the notation of §4.1, abbreviate

CpT q “
ÿ

µPpL_{Lqd

CpT, µq b ϕ˚
µ P CHdpMq b S˚

L,d.
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Theorem 6.2.1. For every integer 1 ď d ď n ` 1, the formal generating
series

(6.3) ϕpτq “
ÿ

TPSymdpQq

CpT q ¨ qT

valued in CHdpMqbS˚
L,d converges to a Siegel modular form of weight 1` n

2
and representation

(6.4) ω˚
L,d : rΓd Ñ GLpS˚

L,dq.

The convergence and modularity are understood in the sense of Theorem A:
they hold after applying any Q-linear functional CHdpMq Ñ C.

Proof. When d “ 1 the desired modularity is [HM20, Theorem B]. We re-
mark that the isomorphism SL – S˚

L sending ϕµ ÞÑ ϕ˚
µ identifies the repre-

sentation ρL in the statement of loc. cit. with the representation ω˚
L defined

in §4.1. Henceforth we assume d ě 2.
It is a theorem of Bruinier and Westerholt-Raum [BWR15] that (6.3) is

modular of the stated weight and representation if and only if two conditions
are satisfied:

(1) For every T P SymdpQq and A P GLdpZq, the coefficients satisfy the
linear invariance relation

CpT q “ CptATAq.

(2) For every T0 P Symd´1pQq, the generating series

ÿ

mPQ
αPQd´1

C
ˆ

T0
α
2

tα
2 m

˙

¨ qmξα1
1 ¨ ¨ ¨ ξ

αd´1

d´1

with coefficients in CHdpMq bS˚
L,d is a Jacobi form of weight 1` n

2 ,

index T0, and representation (6.4).

Let rpLq be the integer of Definition 3.1.1. If we assume that

n ě 3d ` 2rpLq ` 4

then the special cycles ZpT, µq Ñ M indexed by T P SymdpQq are equidi-
mensional of codimension rankpT q by Proposition 3.3.1, and so the equality
(6.2) holds. The linear invariance of condition (1) is Proposition 5.4.1 The
Jacobi modularity of condition (2) is (up to a change of notation) Propo-
sition 4.2.3. Note that we are using (6.2) to compare the cycle classes of
Definition 5.1.3 with the cycle classes (4.5) used throughout §4. This proves
the theorem when n ě 3d ` 2rpLq ` 4.

To treat the general case, let Λ be any positive definite self-dual quadratic
lattice over Z, chosen so that

rankpΛq ě 3d ` 2rpLq ` 4.

The Z-quadratic space L7 “ L ‘ Λ has signature pn7, 2q with

n7 ě rankpΛq ě 3d ` 2rpL7q ` 4,
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where we have used rpL7q ď rpLq. The quadratic lattice L7 determines its
own integral model M7 over ZrΣ´1s, with its own corrected special cycles

C7pT, µq P CHdpM7q.

As in Remark 2.2.7, there is a finite morphism f : M Ñ M7 of regular
stacks over ZrΣ´1s. The self-duality of Λ implies that SL7,d – SL,d, so there
is a pullback (§A.2)

f˚ : CHdpM7q b S˚
L7,d Ñ CHdpMq b S˚

L,d.

By the special case proved above, the generating series

ϕ7pτq “
ÿ

TPSymdpQq

C7pT q ¨ qT

valued in CHdpM7q b S˚
L7,d

is a Siegel modular form of genus d, weight

1 ` n7

2 , and representation ω˚
L7,d

. On the other hand, Proposition 5.6.1

(more precisely, the special case stated in the introduction as Theorem E)
implies the factorization of generating series

f˚ϕ7pτq “ ϕpτq ¨ ϑΛ,dpτq,

where the second factor on the right is the Siegel theta series (6.1). It follows
that ϕpτq is a meromorphic Siegel modular form of weight

1 `
n7

2
´

rankpΛq

2
“ 1 `

n

2

with poles supported on the zero locus of ϑΛ,dpτq.
It remains to verify that ϕpτq is holomorphic, which we do by allowing

Λ to vary. Fix a point τ0 P Hd in the genus d Siegel half-space. As in
the arguments of [Bai58], it follows from the construction of Poincaré series
found in [Car58] that there exists a Siegel modular form of genus d and some
weight k that does not vanish at τ0. Moreover, we may choose this form
in such a way that its weight satisfies 4 | k and 2k ě 3d ` 2rpLq ` 4. By
Theorem 6.1.1, there exists a self-dual Λ as above with

rankpΛq “ 2k ě 3d ` 2rpLq ` 4,

whose associated genus d Siegel theta series ϑΛ,d does not vanish at τ0. The

existence of such a Λ implies that ϕpτq is holomorphic near τ0.
5 □

5There is a subtlety in this proof pointed out to us by Steve Kudla. In the proof we
are implicitly making use of the following fact: The ring of formal q-series satisfying the
linear invariance property enjoyed by the series here is an integral domain, since it is
the complete local ring of the normal Baily-Borel compactification of the Siegel modular
variety. See the discussion in [Kud21, §8].
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Appendix A. Chow groups

We need a working theory of Chow groups (always with Q-coefficients) for
Deligne-Mumford stacks M , and in greater generality than is usually found
in the literature. For example, §3 and §4 make systematic use of Chow
groups of stacks that are not locally integral.

Throughout this section we fix a ring S that is either a field or an excellent
Dedekind domain (for example, S “ Z). The term stack will mean an
equidimensional and separated Deligne-Mumford stack of finite type over S.

A.1. Chow groups of Deligne-Mumford stacks. Our goal in this sub-
section is to define Chow groups of stacks, and show that it is covariant with
respect to finite morphisms. Most of what we need can be deduced directly
from the results of [Gil84].

As in [Gil84, Definition 3.2] a stack M has an underlying topological
space |M |, whose points are the integral closed substacks Z Ă M . Each
open substack U Ă M determines an open set |U | Ă |M |, whose points are
those integral closed substacks Z Ă M for which ZXU ‰ H. Any morphism
of stacks M 1 Ñ M induces a continuous map

(A.1) |M 1| Ñ |M |

by [Gil84, Corollary 3.4].

We write M pdq for the subset of |M | consisting of the those integral sub-
stacks of codimension d.

Remark A.1.1. A field-valued point x P Mpkq determines a map of topo-
logical spaces |Specpkq| Ñ |M | whose image is a single point. This point,

the Zariski closure of x, is an integral closed substack denoted txu Ă M .
Taking Zariski closures of field-valued points establishes a bijection between
the topological space |M | as defined above, and the more common definition
in terms of equivalence classes of field-valued points [Sta22, Tag 04XE].

Recall from [Gil84, §3] that a stack ξ is punctual if it is reduced and |ξ|

is a single point. The ring of global functions

kpξq “ H0pξ,Oξq

of such a ξ is a field. Moreover, if U Ñ ξ is an étale chart, then U “ SpecpEq

where E is a separable kpξq-algebra. If we write U ˆξ U “ SpecpE1q then
E1 is a free E-module (for either of the two natural maps E Ñ E1), and we
define the ramification index of ξ to be

epξq “
rankEpE1q

dimkpξqpEq
.

This is independent of the choice of chart.
According to [Sta22, Tag 0H22], one can associate to any Z P |M | a

distinguished punctual stack ξ together with a map ξ Ñ M such that the
image of |ξ| Ñ |M | is Z. This ξ is known as the residual gerb at Z, but
we will refer to it below simply as the generic point of Z. We usually
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conflate Z P M pdq with its generic point, for example by writing ξ P M pdq

and referring to ξ as a codimension d point of M .
If ξ is the generic point of an integral stack M , then we call kpξq the field

of rational functions of M , and also denote it by kpMq. If we write EtpMq

for the category of étale maps U Ñ M with U a scheme, then

kpMq “ lim
ÐÝ

pUÑMqPEtpMq

kpUq.(A.2)

For an integer d ě 0, define the vector space of d-cycles ZdpMq as the free

Q-vector space on the set M pdq of codimension d integral closed substacks.
In particular, each point ξ P M pdq gives us a basis vector rξs P ZdpMq.
By [Gil84, Lemma 4.3], we have

ZdpMq “ lim
ÐÝ

pUÑMqPEtpMq

ZdpUq.(A.3)

WhenM is an integral scheme there is a divisor map div : kpMq Ñ Z1pMq

defined by

divpfq “
ÿ

ξPMp1q

ordξpfqrξs.

Here

ordξpfq “ lengthpR{pgqq ´ lengthpR{phqq

where R “ OM,ξ is the local ring of M at ξ, and we have written f “ g{h
in its field of fractions. Combining this construction with (A.2) and (A.3)
allows us to extend the definition of the divisor map div : kpMq Ñ Z1pMq

to any integral stack M .
For any finite morphism π : M 1 Ñ M of stacks with dimpM 1q “ dimpMq´

r, there is a pushforward

π˚ : Zd´rpM 1q Ñ ZdpMq.(A.4)

Indeed, given a codimension d ´ r point ξ1 P |M 1|, its image under (A.1) is
a codimension d point ξ P |M |, and there is a canonical finite morphism of
punctual stacks ξ1 Ñ ξ. This allows us to define

π˚rξ1s “
epξq

epξ1q
¨ deg

`

kpξ1q{kpξq
˘

¨ rξs,

where the degree is the usual degree of a field extension.
In particular, if ξ P M pd´1q is the generic point of an integral closed

substack W Ă M there is a divisor map

divξ : kpξqˆ “ kpW qˆ div
ÝÝÑ Z1pW q Ñ ZdpMq,

where the final arrow is the pushforward along the inclusion W ãÑ M .

Definition A.1.2. Setting

RdpMq “
à

ξPMpd´1q

kpξq
ˆ
Q,
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define the (Q-coefficient) codimension d Chow group of a stack M by

CHdpMq “ coker

ˆ

RdpMq

ř

ξ divξ
ÝÝÝÝÑ ZdpMq

˙

.

As usual, cycles in the kernel of the natural map ZdpMq Ñ CHdpMq are
said to be rationally equivalent to 0.

Proposition A.1.3. Suppose π : M 1 Ñ M is a finite morphism of stacks
with dimpM 1q “ dimpMq ´ r. The pushforward on cycles (A.4) descends to

π˚ : CHd´rpM 1q Ñ CHdpMq.

Proof. Given a codimension d ´ r ` 1 point ξ1 P |M 1| with image ξ P |M |,
and an f P kpξ1qˆ, we need to check that π˚divξ1pfq P ZdpMq is rationally
equivalent to 0. This follows from the fact that kpξ1q is a finite field extension
of kpξq satisfying

π˚divξ1pfq “ divξ
`

Nmkpξ1q{kpξqpfq
˘

. □

We need the notion of Chow groups with support from [Sou92, I.2]. For
any finite map π : Z Ñ M as in Definition A.1.4, set

CHd
ZpMq “ CHd´rpπpZqq,

where πpZq Ă M is the stack theoretic image of π: the reduced closed
substack characterized by the property that for every étale map U Ñ M
with U a scheme, the closed subscheme U ˆM πpZq Ă U is equal to the
image of the finite morphism U ˆM Z Ñ U .

Definition A.1.4. Suppose π : Z Ñ M is a finite morphism of stacks with
Z equidimensional of dimension dimpZq “ dimpMq ´ r. Define

rZs “

n
ÿ

i“1

mi ¨ π˚rξis P CHr
ZpMq,

where ξ1, . . . , ξn P Zp0q are the generic points of the irreducible components
of Z, and mi is the length of the étale local ring Oet

Z,ξi
,

A.2. Chow groups and Grothendieck groups. The Chow groups de-
fined above are contravariant with respect to morphisms between regular
stacks, and also admit a bilinear intersection pairing. The key to these
properties are the results of [GS87, §8], [Sou92, Ch. I] and [Gil09], relating
Chow groups to Grothendieck groups of locally free sheaves.

For a scheme M , let K0pMq be the quotient of the free abelian group
generated by symbols rQ‚s, where Q‚ runs over finite complexes of vector
bundles on M , by the relations

‚ rQ‚s “ rR‚s whenever Q‚ and R‚ are quasi-isomorphic,
‚ rQ‚s “ rP‚s ` rR‚s whenever there is a short exact sequence

0 Ñ P‚ Ñ Q‚ Ñ R‚ Ñ 0.



66 BENJAMIN HOWARD AND KEERTHI MADAPUSI

If π : Z Ñ M is a finite morphism, the group KZ
0 pMq is defined in exactly

the same way, except that we only consider complexes that become exact
after restriction to the open subscheme M ∖ πpZq.

Still assuming that M is a scheme, we similarly write G0pMq for the
Grothendieck group of the category of coherent OM -modules. Thus G0pMq

is the abelian group generated by symbols rQs with Q is a coherent sheaf
on M , subject to the relations rQs “ rPs ` rRs whenever there is a short
exact sequence

0 Ñ P Ñ Q Ñ R Ñ 0.

Our G0pMq is the group denoted K 1
0pMq in [Sou92].

Remark A.2.1. One can naively imitate these definitions when M is a stack.
For example, we define Gnaive

0 pMq to be the free group generated by symbols
rQs where Q is a coherent sheaf on M , modulo the relations rQs “ rPs`rRs

whenever there is a short exact sequence as above. While Gnaive
0 pMq will be

of use to us, the analogous naive extensions of KZ
0 pMq and K0pMq will not.

For example, Theorem A.2.7 below is false if one uses these naive definitions.

In light of the previous remark, we associate Q-vector spaces K0pMqQ
and G0pMqQ to a stack M following the more sophisticated constructions
of [Gil09, §2]. This requires the machinery ofK-theory and G-theory spectra
as laid out in [TT90, §3]. Recall that EtpMq is the étale site of M , whose
objects are schemes U equipped with an étale morphism U Ñ M .

Quillen K-theory defines a presheaf

KM pU Ñ Mq
def
“ KpUqQ

on EtpMq valued in spectra over the Eilenberg-MacLane spectrum HQ (we
will call this a rational spectrum for concision), or, more prosaically, in
the derived category of bounded below chain complexes of Q-vector spaces;
see [Tak04, §2.1] for an elementary and explicit representation as a chain
complex. By a result of Thomason, this presheaf is in fact a sheaf, and one
now defines the rational K-theory KpMqQ to be its global sections. The
vector space K0pMqQ is defined as the 0th homology of KpMqQ.

A completely analogous construction, using the rational spectrum associ-
ated with the exact category of coherent sheaves, gives us a sheaf of spectra

GM pU Ñ Mq
def
“ GpUqQ

on EtpMq. Taking global sections defines the rationalG-theory spaceGpMqQ,
and the vector space G0pMqQ is defined as its 0th homology.

To get K0-groups with support along a finite map Z Ñ M , one now
repeats the construction using the presheaf

KZ
M pU Ñ Mq ÞÑ KZˆMU pUqQ

associating to U the rational spectrum associated with the exact category
of bounded complexes of vector bundles on U with cohomology sheaves
supported on the image of Z ˆM U Ñ U . Taking the 0-th homology group
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of the global sections of this presheaf (which is, once again, actually a sheaf)
defines the vector space KZ

0 pMqQ.
Still assuming that Z Ñ M is a finite morphism of stacks, fix a morphism

f : M 1 Ñ M

and set Z 1 “ Z ˆM M 1. Given an étale morphism pU Ñ Mq P EtpMq, if
we set U 1 “ U ˆM M 1 then pullback via U 1 Ñ U takes bounded complexes
of vector bundles on U , acyclic outside the image of Z ˆM U Ñ U , to
bounded complexes of vector bundles on U 1, acyclic outside the image of
Z 1 ˆM 1 U 1 Ñ U 1. This induces a pullback map on the corresponding sheaves
of spectra, and hence a map

f˚ : KZ
0 pMqQ Ñ KZ1

0 pM 1qQ.(A.5)

Now suppose we have finite morphisms of stacks Z1 Ñ M and Z2 Ñ M .
For any pU Ñ Mq P EtpMq the tensor product of bounded complexes of
vector bundles determines a map of rational spectra

KZ1ˆMU pUqQ b KZ2ˆMU pUqQ Ñ KZ1ˆMZ2ˆMU pUqQ,

which in turn gives rise to a canonical pairing

(A.6) KZ1
0 pMqQ b KZ2

0 pMqQ Ñ KZ1ˆMZ2
0 pMqQ

By construction, this pairing is compatible (in the obvious sense) with the
pullback (A.5).

The above vector spaces K0pMqQ, KZ
0 pMqQ, and G0pMqQ agree with

those defined at the beginning of this subsection when M is a scheme, and
the operations (A.5) and (A.6) are the obvious ones defined by pullbacks
and tensor products of complexes of sheaves. For general stacks M these
vector spaces do not admit obvious descriptions in terms of coherent sheaves
on M .

Remark A.2.2. When ξ is a punctual stack, the rank map K0pξqQ Ñ Q is
an isomorphism. To see this one reduces to the case where ξ admits a finite
étale cover SpecpLq Ñ ξ by a field L, and then uses [Gil09, Corollary 2.7],
which shows that K0pξqQ Ñ KpSpecpLqqQ – Q is an isomorphism.

Remark A.2.3. Every coherent sheaf F on M gives rise to6 a map of sheaves
of spectra HQ Ñ GM , which evaluates on global sections to a canonical
class

rFs P G0pMqQ.

Here HQ is the locally constant sheaf of spectra assigning to every con-
nected pU Ñ Mq P EtpMq the constant spectrum HQ (equivalently, the
object Qr0s in the derived category of bounded below complexes of Q-vector

6This can be seen for instance from the explicit chain complex from [Tak04, §2.1],
where GpXqQ is represented by a complex of Q-vector spaces whose degree 0 component
is a quotient of the free abelian group on the set of coherent sheaves on X.
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spaces). Recalling the notation of Remark A.2.1, this construction defines
a homomorphism of vector spaces

(A.7) Gnaive
0 pMqQ Ñ G0pMqQ,

which is surjective by [Gil09, Lemma 2.5].

Remark A.2.4. The homomorphism (A.7) need not be an isomorphism. Con-
sider the punctual stack

M “ rSpecpCq{Hs

determined by a finite groupH acting trivially on C. In this caseGnaive
0 pMqQ

is the free Q-module on the finite set of isomorphism classes of irreducible
representations of H, while G0pMqQ – Q by Remark A.2.2. The map (A.7)
sends an irreducible representation to its dimension.

Proposition A.2.5. Assume M is regular. Any finite morphism of stacks
π : Z Ñ M induces a pushforward homomorphism

(A.8) π˚ : G0pZqQ Ñ KZ
0 pMqQ.

It is an isomorphism if M is a scheme and π : Z Ñ M is a closed immersion.

Proof. In the case where M is a scheme, this is [Sou92, I.3.1 Lemma 4]. The
pushforward homomorphism sends the class of a coherent sheaf rFs P G0pZq

to any finite resolution of π˚F by vector bundles on M .
In general, for every pM 1 Ñ Mq P EtpMq we have a map

π1
˚ : GpZ 1qQ Ñ KZ1

pM 1qQ

of spectra arising from a functor of exact categories. The right hand side
can be identified with the rational spectrum associated with the category of
perfect complexes on M 1 that are acyclic outside of Z 1 (see the argument
in [TT90, Theorem 3.21], and the left hand side is associated with the exact
category of bounded complexes of coherent sheaves on Z 1 “ Z ˆM M 1. The
functor is now induced by pushforward along π1 : Z 1 Ñ M 1. □

Any finite morphisms of stacks Y Ñ Z Ñ M induce maps

KY
0 pMqQ Ñ KZ

0 pMqQ.

Define the coniveau filtration on KZ
0 pMqQ by

(A.9) F dKZ
0 pMqQ “

ď

closed substacks Y ĂZ
codimM pY qěd

Image
`

KY
0 pMqQ Ñ KZ

0 pMqQ
˘

,

and denote by

GrdγK
Z
0 pMqQ

def
“ F dKZ

0 pMqQ{F d`1KZ
0 pMqQ

the graded pieces of the filtration. For schemes, the following theorems of
Gillet-Soulé are proved in [GS87] and [Sou92]. The extensions to stacks are
addressed in [Gil09, §2.4].

Theorem A.2.6 (Gillet-Soulé). Suppose M is a regular stack.
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(1) Given finite morphisms Z1 Ñ M and Z2 Ñ M , the pairing (A.6)
restricts to a bilinear pairing

F d1KZ1
0 pMqQ b F d2KZ2

0 pMqQ Ñ F d1`d2KZ1ˆMZ2
0 pMqQ.

(2) Given a morphism f : M 1 Ñ M with M 1 another regular stack, and
a finite morphism Z Ñ M , the pullback (A.5) restricts to

f˚ : F dKZ
0 pMqQ Ñ F dKZˆMM 1

0 pM 1qQ.

Theorem A.2.7 (Gillet-Soulé). Let M be a regular stack. For any finite
morphism

π : Z Ñ M

with dimpZq “ dimpMq ´ r, there is a canonical isomorphism

(A.10) CHd
ZpMq – GrdγK

Z
0 pMqQ

carrying the class rZs P CHr
ZpMq of Definition A.1.4 to the image of rOZs

under

G0pZqQ
(A.8)
ÝÝÝÑ KZ

0 pMqQ.

Proof. In the case of schemes, the existence of this isomorphism is [GS87,
Theorem 8.2], and this argument is generalized to stacks in [Gil09, Theorem
2.8]. For the convenience of the reader, we recall some key inputs into these
proofs. This will also help us justify the last assertion about the relationship
between the cycle class rZs and the G-theory class rOZs, since this is not
made completely explicit in the references cited.

The starting point is the Brown-Gersten-Quillen spectral sequence with
first page

Ep,q
1 “

à

ξPMppqXπpZq

K´p´qpξqQ,

converging to the (higher) K-groups with support KZ
´p´qpMqQ. This con-

verges to the coniveau filtration on KZ
0 pMqQ. See [Sou92, Theorem 6]

or [Gil09, Theorem 2.8] .
Next, we have Bloch’s formula (due to Quillen), which shows that, on

the second page, we have Ep,p
2 – CHp

ZpMq. More precisely, we obtain the
composition

à

ξPMpp´1qXπpZq

kpξq
ˆ
Q –

à

ξPMpp´1qXπpZq

K1pξqQ “ Ep´1,p
1 Ñ Ep,p

1

“
à

ηPMppqXπpZq

K0pηqQ – Z
p
ZpMq.

The arrow in the middle is the differential in the spectral sequence, and
Quillen shows that this is exactly the divisor map whose cokernel is CHp

ZpMq

(for the case of stacks, we also need the observation from Remark A.2.2).
Finally, the interaction between this spectral sequence and Adams opera-

tions is used to show that the spectral sequence stabilizes on the second page
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(see [Sou92, §6.4], [GS87, Theorem 8.2] and [Gil09, §2.4]), which establishes
the isomorphisms

CHp
ZpMq – Ep,p

2 – GrpγK
Z
0 pMqQ.

Here, for ξ P M ppq X πpZq, the associated map

(A.11) K0pξqQ Ñ GrpγK
Z
0 pMqQ

can be described as follows. Let Y Ă M be the integral substack with
generic point ξ. Then we have F pKY

0 pMqQ “ KY
0 pMqQ, as well as an exact

sequence

F p`1KY
0 pMqQ Ñ KY

0 pMqQ Ñ K0pξqQ Ñ 0,

where the second map is just the map KY
0 pMq Ñ K0pξq obtained by re-

striction to the generic point. This arises from the localization sequence
for K-theory spectra [TT90, Theorems 6.8, 7.4, 7.6], which shows that, for
every closed substack Z Ă Y , we have a fiber sequence of sheaves of spectra

KZ
M Ñ KY

M Ñ KY ∖Z
M∖Z .

Taking global sections and then looking at H0 gives us an exact sequence

KZ
0 pMqQ Ñ KY

0 pMqQ Ñ KY ∖Z
0 pM ∖ ZqQ Ñ 0

To finish, we need to observe that

colimZĂY
Z‰Y

KY ∖Z
0 pM ∖ ZqQ – K0pξqQ,

which can be checked on the level of the corresponding sheaves of spectra.
This gives us an isomorphism

K0pξqQ – GrpγK
Y
0 pMqQ,

and composing it with the natural map

GrpγK
Y
0 pMqQ Ñ GrpγK

Z
0 pMqQ

now yields (A.11).
It still remains to verify the assertion about the class rZs. That rπ˚OZs P

F rKZ
0 pMqQ is immediate from the definitions. That its image in

GrrγK
Z
0 pMqQ – CHr

ZpMq

is rZs comes down to the fact that for any generic point ζ P Zp0q with image

ξ P M prq X πpZq, the image of Oζ in K0pξqQ – Q is

epξq

epζq
¨ deg

`

kpζq{kpξq
˘

. □

Combining Theorems A.2.6 and A.2.7 yields intersection pairings and
pullbacks on Chow groups of regular stacks. If M is a regular stack and
Z1, Z2 Ñ M are finite morphisms, there is a canonical bilinear intersection
pairing

CHd1
Z1

pMq b CHd2
Z2

pMq Ñ CHd1`d2
Z1ˆMZ2

pMq.
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For any morphism M 1 Ñ M between regular stacks and any finite morphism
Z Ñ M , there is a pullback

CHd
ZpMq Ñ CHd

Z1pM 1q,

where Z 1 “ Z ˆM M 1.

A.3. Line bundles and divisor classes. Suppose L is a line bundle on an
integral scheme M . A rational trivialization s of L is an equivalence class

of pairs pU, ξq, where U Ă M is a dense open subscheme, and ξ : OU
»
ÝÑ L|U

is a trivialization; two such pairs pU1, ξ1q and pU2, ξ2q are equivalent if the
trivializations ξ1, ξ2 agree on the intersection U1 X U2. Write kpLqˆ for the
set of such rational trivializations.

The divisor of s P kpLqˆ is the cycle

divpsq
def
“

ÿ

ξPMp1q

ordξpsqrξs P Z1pMq,

where the integer ordξpsq is defined as follows. Let R “ OM,ξ, and choose
an isomorphism L|SpecpRq – OSpecpRq. Via this isomorphism s corresponds
to a rational function f{g in the fraction field of R, and

ordξpsq “ lengthpR{pfqq ´ lengthpR{pgqq.

More generally, for a line bundle L on an integral stack M define

kpLqˆ def
“ lim

ÐÝ
pUÑMqPEtpMq

kpL|U qˆ.

From the case of schemes discussed above, we obtain a map

div : kpLqˆ – lim
ÐÝ

pUÑMqPEtpMq

kpL|U qˆ Ñ lim
ÐÝ

pUÑMqPEtpMq

Z1pUq – Z1pMq.

Note that kpOM qˆ “ kpMqˆ is the set of nonzero elements in (A.2).
IfM is any (not necessarily integral) stack, let Z1, . . . , Zr be its irreducible

components. Viewing these as integral stacks, we define

kpLqˆ “

r
ź

i“1

kpL|Ziq
ˆ

and

divpsq “
ÿ

i

divpsiq P Z1pMq

for any s “ ps1, . . . , srq P kpLqˆ. It is easy to see that the class of divpsq

in CH1pMq depends only on the isomorphism class of L, and not on the
particular choice of s. This allows us to make the following definition.

Definition A.3.1. The first Chern class map

c1 : PicpMq Ñ CH1pMq

sends a line bundle L to the cycle class rdivpsqs for any s P kpLqˆ.
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Suppose that D Ă M is an effective Cartier divisor. In other words, D a
closed substack whose ideal sheaf ID Ă OM is a line bundle. We have two
ways of associating to D a class in CH1pMq. First, we can take the class
rDs as in Definition A.1.4. Second, we can take the first Chern class of the
line bundle

LpDq
def
“ I´1

D .

These two constructions agree, as the canonical section OM Ñ LpDq deter-
mines an s P kpLqˆ with

c1pLpDqq “ rdivpsqs “ rDs.

Lemma A.3.2. If M is regular, the composition

PicpMq
c1
ÝÑ CH1pMq

(A.10)
ÝÝÝÝÑ Gr1γK0pMqQ

sends L ÞÑ rOM s´rL´1s. By slight abuse of notation, we are here identifying
rOM s and rL´1s with their images under

G0pMqQ
(A.8)
ÝÝÝÑ K0pMqQ.

Proof. If we write L´1 – ID b I´1
E for effective Cartier divisors D,E Ă M

with D X E Ă M of codimension ě 2, then c1pLq P CH1pMq is represented
by the class of the associated Weil divisor D ´ E.

Tensoring the short exact sequence

0 Ñ OM Ñ I´1
E Ñ I´1

E {OM Ñ 0

with ID shows that

rL´1s “ rIDs ` rID b pI´1
E {OM qs

holds in Gnaive
0 pMq, which we rewrite as

rOM s ´ rL´1s “ rOM{IDs ´ rID b pI´1
E {OM qs.

Using the assumption that D X E has codimension ě 2, and the fact that
IE is locally principal, one can check that the equalities

rID b pI´1
E {OM qs “ rI´1

E {OM s “ rOM{IEs

hold in Gnaive
0 pMq, up to a linear combination of classes rFs with F the

pushforward to M of a coherent sheaf on a codimension two closed substack
(contained in E). Hence

(A.12) rOM s ´ rL´1s “ rOM{IDs ´ rOM{IEs “ rODs ´ rOEs

holds in Gnaive
0 pMq up to the same ambiguity. Using the final claim of

Theorem A.2.7, we find that that the image of c1pLq “ D ´E under (A.10)
is equal to rOM s ´ rL´1s. □
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Proposition A.3.3. As in Proposition A.1.3, let π : M 1 Ñ M be a finite
morphism of stacks with image of codimension r. Suppose in addition that
M is a regular stack over Z, and that for every prime p, there exists a quasi-
projective scheme X over Zr1{ps equipped with the action of a finite group
G such that

rX{Gs – MZr1{ps.

For any line bundle L P PicpMq we have

π˚c1pπ˚Lq “ c1pLq ¨ rM 1s P CHr`1pMq.

Proof. We claim first that for any finite subset T Ă |M |, there exists an
r P Z` and a section s P H0pM,Lbrq whose vanishing locus is disjoint from
T . For this, choose a prime p that does not divide the characteristics of
kpξq for any ξ P T , and fix rX{Gs – MZr1{ps as in the statement of the

proposition. By [Liu02, Prop. 9.1.11] there is a section σ P H0pX,L|Xq

whose vanishing locus is disjoint from the pre-image of T in X. If we write
G “ tg1, . . . , gru, then

g1σ b ¨ ¨ ¨ b grσ P H0pX,Lbr|XqG “ H0pMZr1{ps,Lbrq

is a section whose vanishing locus in MZr1{ps is disjoint from T . Multiplying
this section by a sufficiently large power of p provides us with the desired
section s P H0pM,Lbrq.

We apply the paragraph above with T equal to the image under π of
the set of associated points7 of M 1. The Cartier divisor D of the resulting
section s P H0pM,Lbrq then has the property that

D1 def
“ D ˆM M 1

is an effective Cartier divisor on M 1, and Lbr – I´1
D . Recalling that the

Chow group CHr`1pMq has rational coefficients, it suffices to prove the
stated equality after replacing L by Lbr. Thus we may ease notation by
assuming r “ 1.

The left hand side of the desired equality is now just the cycle class rD1s

associated to the finite map D1 Ñ M by Definition A.1.4, so is represented
in Grr`1

γ K0pMqQ by the class rπ˚OD1s.
On the other hand, the right hand side is represented by

rOD bL
OM

π˚OM 1s “
ÿ

iě0

p´1qi ¨ rTorOM
i pOD, π˚OM 1qs.

Using the resolution

0 Ñ ID Ñ OM Ñ OD Ñ 0

of OD by vector bundles on M , the Tor sheaves in the sum can be computed
by taking the homology of the complex

¨ ¨ ¨ Ñ 0 Ñ ID bOM
π˚OM 1

f
ÝÑ π˚OM 1 Ñ 0,

7An associated point of a stack Z is one that is the image of an associated prime of R
for some étale map SpecpRq Ñ Z.
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where fpa b bq “ ab is the multiplication map. Our assumption that D1 is
an effective Cartier divisor on M 1 guarantees that f is injective with image
π˚ID1 Ă π˚OM 1 . It follows that the i “ 0 term in the sum is rπ˚OD1s, while
all terms with i ą 0 vanish. □

A.4. A generalized intersection pairing. Throughout this subsection
we assume that M is a regular stack. Our goal is to construct a refinement
of the intersection pairing of Theorem A.2.6.

Analogously to the coniveau filtration (A.9) on KZpMqQ, for a finite
morphism Z Ñ M we define

(A.13) F dG0pZqQ “
ď

Y ĂZ
codimM pY qěd

Image
`

G0pY qQ Ñ G0pZqQ
˘

,

where the union is over all closed substacks Y Ă Z whose image πpY q Ă M
has codimension ě d. This defines the coniveau-in-M filtration on G0pZqQ.
Of course the filtration depends on the morphism π : Z Ñ M , but we
suppress this from the notation as it will always be clear from context. It is
clear that (A.8) restricts to a morphism

(A.14) F dG0pZqQ Ñ F dKZ
0 pMqQ.

Suppose we are given finite morphisms

Z1

π1 !!

Z2

π2}}
M.

The natural map π : Z1 ˆM Z2 Ñ M is also finite, hence affine, and so

(A.15) Z1 ˆM Z2 – SpecOM
pπ˚OZ1ˆMZ2q.

Given coherent sheaves F1 and F2 on Z1 and Z2, respectively, we can form,
for every ℓ ě 0, the coherent sheaf

(A.16) TorOM
ℓ pπ1˚F1, π2˚F2q

on M . As the formation of Tor is functorial in both variables, (A.16) carries
an action of the OM -algebra

π˚OZ1ˆMZ2 – π1˚OZ1 bOM
π2˚OZ2 ,

which determines a lift of (A.16) to a coherent sheaf on (A.15). This lift
then determines a class

rTorOM
ℓ pπ1˚F1, π2˚F2qs P Gnaive

0 pZ1 ˆM Z2qQ

in the naive G-theory group of Remark A.2.1. In this way we obtain a
bilinear pairing

Gnaive
0 pZ1qQ b Gnaive

0 pZ2qQ
X
ÝÑ Gnaive

0 pZ1 ˆM Z2qQ
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defined by

(A.17) rF1s X rF2s “
ÿ

ℓě0

p´1qℓ ¨ rTorOM
ℓ pπ1˚F1, π2˚F2qs.

Note that the sum on the right hand side is finite as M , being assumed
regular, has finite Tor dimension.

Lemma A.4.1. There is a unique bilinear pairing

(A.18) G0pZ1qQ b G0pZ2qQ
X
ÝÑ G0pZ1 ˆM Z2qQ

making the diagram

Gnaive
0 pZ1qQ b Gnaive

0 pZ2qQ
X //

��

Gnaive
0 pZ1 ˆM Z2qQ

��
G0pZ1qQ b G0pZ2qQ

X //

π1˚bπ2˚

��

G0pZ1 ˆM Z2qQ

π˚

��

KZ1
0 pMqQ b KZ2

0 pMq
b // KZ1ˆMZ2

0 pMqQ

commute, where the top vertical arrows are the surjections of Remark A.2.3,
and the bottom vertical arrows are those of Proposition A.2.5.

Proof. In the case of schemes, so that G0 “ Gnaive
0 , this is clear from the

definitions.
For the stack case, recall that (A.7) is surjective. In particular G0pZ1qQ b

G0pZ2qQ is generated by elements of the form rF1sbrF2s for coherent sheaves
Fi on Zi, so there can be at most one pairing (A.18) making the top square
of the diagram commute.

The cleanest way to the prove existence of (A.18) involves a little bit of
derived algebraic geometry. Namely, the derived tensor product π1˚F1 bL

OM

π2˚F2 gives a coherent sheaf on the derived affine scheme over M with
underlying structure sheaf π1˚OZ1 bL

OM
π2˚OZ2 . The underlying classical

scheme here is just Z1 ˆM Z2. Therefore, using [Kha22, Corollary 3.4], this
actually gives a global section of the sheaf GZ1ˆMZ2 , which can be identified
explicitly with the right hand side of (A.17). □

Remark A.4.2. It is natural to expect that (A.18) restricts to

(A.19) F d1G0pZ1qQ b F d2G0pZ2qQ
?

ÝÑ F d1`d2G0pZ1 ˆM Z2qQ.

If π1 and π2 are closed immersions of schemes this is clear from Theorem
A.2.6 and the final claim of Proposition A.2.5. In general, even if one assume
that π1 and π2 are finite morphisms of schemes, we are unable to provide a
proof. If one attempts to imitate the proof of the analogous claim in The-
orem A.2.6, one is immediately obstructed by the lack of Adams operators
in this context.



76 BENJAMIN HOWARD AND KEERTHI MADAPUSI

To give a concrete sense of why finite maps are more difficult to deal
with than closed immersions, let C1, . . . , Cr be the connected components
of Z1 ˆM Z2. Given a class

rF1s b rF2s P F d1G0pZ1qQ b F d2G0pZ2qQ,

we may decompose

rF1s X rF2s “ c1 ` ¨ ¨ ¨ ` cr P

r
à

j“1

G0pCjqQ “ G0pZ1 ˆM Z2qQ.

The image of the sum c1 ` ¨ ¨ ¨ ` cr in KZ1ˆMZ2
0 pMqQ lies in the d1 ` d2

part of the coniveau filtration by Theorem A.2.6 and the commutativity of
the diagram in Lemma A.4.1, but if (A.19) holds then the image of each

individual cj in KZ1ˆMZ2
0 pMqQ must also lie in the d1 ` d2 part of the

coniveau filtration. Even this weaker property seems quite subtle. (Note
that the images of C1, . . . , Cr in M may no longer be disjoint, leading to
cancellation among the terms in c1 ` ¨ ¨ ¨ ` cr after pushforward to M .)

Remark A.4.3. One can define a coniveau-in-M filtration on Gnaive
0 pZqQ in

exactly the same way as (A.13), but it is dubious that one should expect
the analogue of (A.19) to hold with this naive definition.

The following weaker version of (A.19) is enough for our applications.

Proposition A.4.4. Suppose Z1 Ñ M and Z2 Ñ M are finite and unram-
ified. For any d ě 0, the pairing (A.18) restricts to

F dG0pZ1qQ b F 1G0pZ2qQ
X
ÝÑ F d`1G0pZ1 ˆM Z2qQ.

Proof. Assume first that

(A.20) codimM pZ1q ě d, codimM pZ2q ě 1.

If codimM pZ1 ˆM Z2q ě d ` 1 then

F d`1G0pZ1 ˆM Z2q “ G0pZ1 ˆM Z2q,

and there is nothing to prove. Thus we assume further that

d “ codimM pZ1q “ codimM pZ1 ˆM Z2q.

Lemma A.4.5. Suppose C Ă Z1 ˆM Z2 is an irreducible component with
codimM pCq “ d, and with generic point η. For any pair of classes pz1, z2q P

G0pZ1qQ ˆ G0pZ2qQ, there is a Zariski open substack U Ă Z1 ˆM Z2 con-
taining η for which

z1 X z2 P ker
`

G0pZ1 ˆM Z2q Ñ G0pUq
˘

.
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Proof. Let η̄ Ñ Z1 ˆM Z2 be a geometric point above η, and consider the
commutative diagram of étale local rings

(A.21) Oet
Z1ˆMZ2,η̄

Oet
Z1,η̄

99

Oet
Z2,η̄

ee

Oet
M,η̄

ee 99

at η̄. As both Z1 Ñ M and Z2 Ñ M are finite and unramified, all of
the morphisms in (A.21) are surjective. For any one of these local rings R,
we abbreviate G0pRq “ G0pSpecpRqq for the Grothendieck group of finitely
generated R-modules. If R Ñ S is any one of the four arrows in the above
diagram, we similarly abbreviate

KS
0 pRq “ K

SpecpSq

0 pSpecpRqq.

When R “ Oet
M,η̄, Proposition A.2.5 provides a canonical isomorphism

G0pSqQ – KS
0 pRqQ.

Consider the commutative diagram

G0pZ1qQ b G0pZ2qQ
X //

��

G0pZ1 ˆM Z2qQ

��
G0pOet

Z1,η̄
qQ b G0pOet

Z2,η̄
qQ //

–
��

G0pOet
Z1ˆMZ2,η̄

qQ

–
��

K
Oet

Z1,η̄

0 pOet
M,η̄qQ b K

Oet
Z2,η̄

0 pOet
M,η̄qQ // K

Oet
Z1ˆMZ2,η̄

0 pOet
M,η̄qQ

in which the middle arrow is defined in exactly the same way as the top
pairing, and the bottom pairing is that of Theorem A.2.6.

The bottom pairing is multiplicative with respect to the coniveau filtra-
tion, but

F dK
Oet

Z1,η̄

0 pOet
M,η̄qQ “ K

Oet
Z1,η̄

0 pOet
M,η̄qQ

F 1K
Oet

Z2,η̄

0 pOet
M,η̄qQ “ K

Oet
Z2,η̄

0 pOet
M,η̄qQ

and, as dimpOet
M,η̄q “ d by hypothesis,

F d`1K
Oet

Z1ˆMZ2,η̄

0 pOet
M,η̄qQ “ 0.

Thus the bottom horizontal arrow is trivial, and hence so is the composition

G0pZ1qQ b G0pZ2qQ
X
ÝÑ G0pZ1 ˆM Z2qQ Ñ K0pOet

Z1ˆMZ2,η̄qQ.
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As Oet
Z1ˆMZ2,η̄

is an Artinian local ring, by dévissage (see [Gil84, Lemma

7.3]) and Remark A.2.2, we have

K0pOet
Z1ˆMZ2,η̄qQ – K0pkpη̄qqQ – K0pηqQ.

Therefore the composition

G0pZ1qQ b G0pZ2qQ
X
ÝÑ G0pZ1 ˆM Z2qQ Ñ G0pηqQ – K0pηqQ.

is also trivial.
To finish, we only need to observe that

colimηPUG0pUqQ – G0pηqQ,

where on the left hand side the colimit is over pullbacks of inclusions of open
neighborhoods of η in Z1 ˆM Z2. This once again be checked on the level of
sheaves of rational spectra, where it comes down to the fact that the exact
category of coherent sheaves over a point of a scheme is equivalent to the
colimit of the exact categories of coherent sheaves over a system of affine
neighborhoods of the point; see for instance [Gro66, §8.5]. □

We can now complete the proof of Proposition A.4.4 under the assumption
(A.20). By Lemma A.4.5 there exists a Zariski open substack U Ă Z1ˆM Z2

such that
codimM ppZ1 ˆM Z2q ∖ Uq ě d ` 1,

and such that z1 X z2 lies in the kernel of the second arrow in

G0ppZ1 ˆM Z2q ∖ UqQ Ñ G0pZ1 ˆM Z2qQ Ñ G0pUqQ.

This sequence is exact [Gil84, Lemma 7.4], and so

z1 X z2 P Image
`

G0ppZ1 ˆM Z2q ∖ UqQ Ñ G0pZ1 ˆM Z2qQ
˘

Ă F d`1G0pZ1 ˆM Z2qQ.

We now reduce the general case to the case just proved. Suppose we are
given classes

z1 P F dG0pZ1qQ, z2 P F 1G0pZ2qQ.

By definition of the coniveau-in-M filtration, there are closed substacks Y1 Ă

Z1 and Y2 Ă Z2 such that

codimM pY1q ě d, codimM pY2q ě 1,

and z1 b z2 lies in the image of the left vertical arrow in the commutative
diagram

F dG0pY1qQ b F 1G0pY2qQ

G0pY1qQ b G0pY2qQ
X //

��

G0pY1 ˆM Y2qQ

��
F dG0pZ1qQ b F 1G0pZ2qQ

X // G0pZ1 ˆM Z2qQ.
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The special case of the proposition proved above shows that the top hor-
izontal arrow takes values in F d`1G0pY1 ˆM Y2qQ, and Proposition A.4.4
follows immediately. □

Appendix B. Quadratic lattices

This appendix contains some technical results on the existence of isometric
embeddings of quadratic lattices.

B.1. Embeddings of hyperbolic planes. Let L be a quadratic lattice
over Z. That is to say, a free Z-module of finite rank endowed with a Z-
valued quadratic form such that L b Q is nondegenerate.

Lemma B.1.1. Suppose L7 is an indefinite quadratic lattice such that

(1) for every prime p there exists an isometric embedding

αp : L b Zp Ñ L7 b Zp,

(2) rankZpL7q ě rankZpLq ` 4.

If there exists an isometric embedding a : L b Q Ñ L7 b Q such that

(B.1) apL b Zpq “ αppL b Zpq

for all but finitely many primes p, then a can be chosen so that (B.1) holds
for every prime p.

Proof. As all embeddings LbQp Ñ L7 bQp lie in a single SOpL7 bQpq-orbit,
there exists a g P SOpL7 b Af q such that

(B.2) gp ¨ apL b Zpq “ αppL7 b Zpq.

By assumption, the orthogonal complement

W
def
“ apL b QqK Ă L7 b Q

has dimension ě 4. As a quadratic space overQp of dimension ě 4 represents
every element of Qˆ

p , the spinor norm

SOpW b Qpq Ñ Qˆ
p {pQˆ

p q2

is surjective. Multiplying g by a suitable element of SOpW bAf q Ă SOpL7 b

Af q, which does not change the relation (B.2), we may assume that g has

trivial spinor norm and fix a lift to g P SpinpL7 b Af q.
Using strong approximation for the (simply connected) spin group we

may replace this lift by a g P SpinpL7 b Qq in such a way that (B.2) still
holds, and the resulting embedding ga : L b Q Ñ L7 b Q has the desired
properties. □

Let H be the hyperbolic plane over Z. In other words, H “ Zℓ ‘ Zℓ˚

where ℓ and ℓ˚ are isotropic vectors with rℓ, ℓ˚s “ 1. The following result
was used in the proof of Proposition 3.1.3.
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Proposition B.1.2. Let γ ě 0 be the minimal number of elements needed
to generate the finite abelian group L_{L. If L is indefinite with

rankZpLq ě 2γ ` 6,

then there exists an isometric embedding H Ñ L.

Proof. Using Lemma B.1.1 and the Hasse-Minkowski theorem, we are re-
duced to proving the existence of an isometric embedding H bZp Ñ LbZp

for every prime p.
Using the classification of quadratic lattices over Zp, one can find an

orthogonal decomposition

L b Zp – J1 ‘ ¨ ¨ ¨ ‘ Jt

in such a way that each Ji has Zp-rank either 1 or 2. Each summand satisfies
Ji Ă J_

i , and we collect together into one self-dual Zp-quadratic space K
those summands for which equality holds. This gives a decomposition

L b Zp – J1 ‘ ¨ ¨ ¨ ‘ Js ‘ K

in such a way that Ji Ĺ J_
i and K “ K_.

Equating the Zp-ranks of both sides shows that

rankZpLq “ rankZppJ1 ‘ ¨ ¨ ¨ ‘ Jsq ` rankZppKq ď 2s ` rankZppKq.

On the other hand, the definition of γ implies the existence of a surjective
Zp-module map

Zγ
p Ñ pL_{Lq b Zp –

s
à

i“1

J_
i {Ji,

which in turn implies s ď γ. Combining these gives the second inequality in

2γ ` 6 ď rankZpLq ď 2γ ` rankZppKq,

and so rankZppKq ě 6.
As every quadratic space over Qp of dimension at least 5 contains an

isotropic vector, there exists an isometric embedding

H b Qp Ñ K b Qp.

Certainly the image of H b Zp is contained in some maximal lattice (in the
sense of Definition 2.2.1) in K b Qp, and it is a theorem of Eichler that all
maximal lattices in K b Qp are isometric. Thus H b Zp can be embedded
isometrically into any maximal lattice in K b Qp, including K itself (which
is self-dual, hence maximal). In particular, H b Zp embeds isometrically
into L b Zp. □
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B.2. Embeddings into self-dual lattices. As above, let H be the hyper-
bolic plane over Z.

Lemma B.2.1. If r, s P Zě0 satisfy r ” s pmod 8q, then there exists a
quadratic space V over Q of signature pr, sq such that

V b Qp – pH b Qpq
r`s
2

for every prime p.

Proof. This is an application of the classification of quadratic forms over Q,
as found in [Shi10, Theorem 28.9]. □

The following result is needed to make sense of Definition 3.1.1.

Proposition B.2.2. Let L be a quadratic lattice over Z of signature pn,mq,
with m ą 0. There exist an integer r ě 1, a self-dual quadratic lattice L7 of
signature pn` r,mq, and an isometric embedding L Ñ L7 identifying L with
a Z-module direct summand of L7.

Proof. First, we claim that for every prime p and every quadratic lattice J
over Zp there is an isometric embedding

J Ñ pH b Zpq
rankZp pJq

realizing the source as a Zp-module direct summand of the target. As in
the proof of Proposition B.1.2, one can write J as an orthogonal direct sum
of quadratic lattices of rank ď 2, so we may assume that rankZppJq ď 2.
For rank 1 lattices, this just amounts to the fact that, for every m P Zp,
there exists a basis v, w P H b Zp with Qpvq “ m. If rankZ`ppJq “ 2 and
J is diagonalizable (which is always the case if p ą 2), we are immediately
reduced to the rank one case. This leaves us with the case where p “ 2 and
J is non-diagonalizable of rank 2. In this case there is a basis v, w P J such
that

Qpvq “ 2ka, Qpwq “ 2kb, rv, ws “ 2kc

for some a, b, c P Zˆ
2 and k ě 0. Suppose that e1, f1, e2, f2 is a standard

hyperbolic basis for pH b Z2q2, and set

v1 “ e1 ` 2kaf1 and w1 “ a´1ce1 ` e2 ` 2kbf2.

One can easily check that v ÞÑ v1 and w ÞÑ w1 defines an isometric embedding
J Ñ pH b Z2q2 onto a direct summand.

By the paragraph above, for every prime p and every r ě 0, there exists
an isometric embedding

(B.3) L b Zp Ñ pH b Zpqm`n`r

realizing the source as a Zp-module direct summand of the target. Choosing
r ě 4 so that n ` r ” m pmod 8q, Lemma B.2.1 allows us to choose a
quadratic space V 7 over Q of signature pn ` r,mq such that

V 7 b Qp – pH b Qpqm`n`r
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for every prime p. By the Hasse-Minkowski theorem, there exists an isomet-
ric embedding a : L b Q Ñ V 7.

Let L7 Ă V 7 be any maximal lattice containing apLq. By Eichler’s theorem
that all maximal lattices in a Qp-quadratic space are isometric,

L7 b Zp – pH b Zpqm`n`r

for every prime p. In particular, L7 is self-dual. For all but finitely many
primes p, the embedding

αp : L b Zp Ñ L7 b Zp

induced by a realizes the source as a Zp-module direct summand of the
target. For the remaining primes, we take αp to be the composition

L b Zp
(B.3)
ÝÝÝÑ pH b Zpqm`n`r – L7 b Zp.

By Lemma B.1.1, there exists an isometric embedding b : L Ñ L7 such
that bpL b Zpq “ αppL b Zpq for all p, from which it follows that bpLq is a
Z-module direct summand of L7. □
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