MATH 3311, FALL 2025: LECTURE 29, NOVEMBER 7

Video: https://youtu.be/6igdJEfXE-M
Semi-direct products

Definition 1. Suppose that H, K are groups and that we have a homomorphism
p: H — Aut(K)
Then the semi-direct product K x, H is the unique group with underlying set K x H and with product given
by
(k1,h1) - (k2, ho) = (k1p(ha)(k2), hiha).

To make sense of this correctly, we have to prove:

Proposition 1. K x, H with the above multiplication is a group with (e, e) as the identity. Moreover:
(1) K is isomorphic to the normal subgroup {(k,e) : k € K} < K x, H (we will use this to view K as a normal
subgroup of K x pH);
(2) H is isomorphic to the subgroup {(e,h) : h € H} < K x, H (we will use this to view H as a subgroup of
K x pH);
(3) H is a complement for K in K x, H;
(4) The conjugation action of H on K is given by the homomorphism
p: H— Aut(K)
that was part of the data for defining the semi-direct product.
Proof. It's not difficult to see that we have (e,e) - (k,h) = (k,h) - (e,e) = (k,h). The first holds because
p(e)(k) = k, and the second because p(h)(e) = e.

Next, we have to check for the existence of inverses. I claim that (k,h)~! = (p(h~!)(k~1),h™!). Indeed, we
see

(kv h)(p(h_l)(k_l)’ h_l) =

The most annoying thing to check to finish the proof of the fact that K x, H is a group is associativity, but
let’s just do it.

(k1,ha) - ((k2, he) - (k3, hs)) = (K1, ha) - (k2p(h2)(ks), hahs)
= (k1p(h1)(k2p(hz2)(k3)), hihahs)
= (k1p(h1)(k2)p(h1h2)(ks), hihohs).
On the other hand, we have
((k1,h1) - (k2, ha)) - (k3, hs) = (k1p(h1)(k2), hiha) - (s, hs)
= (k1p(h1)(k2)p(hih2)(ks), hihohs).

These are clearly equal.
For (1) and (2), note that

(k1,e)(ka,e) = (kip(e)(k2),e) = (kika,e) ; (e, h1)(e, ha) = (ep(h1)(e), hiha) = (e, h1h1),
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and
(k1, h)(kz, €) (ke he) ™0 = (kap(ha) (k2), ha) (p(hy ) (k) b ') = (kup(ha) (k2)ki s e).
The first pair of identities show that we have subgroups isomorphic to K and H, and the second shows that
(the subgroup isomorphic to) K is normal in K x, H.
For (3), note simply that, by construction, every element of K x, H can be written in the form
(ks e)(e, h) = (kp(e)(e), h) = (k, h).
For (4), note that by what we saw above, if (k1, h1) = (e, h), and ko = k, then we have

(ev h)(k7 e)(ev h)_l = (p(h)(k’), e)'



